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Preface 

The aim of this book is to introduce the reader to some modern methods of 
projective geometry involving, in one way or another, certain techniques offormal 
geometry. Some of these methods are illustrated in the first part through the proofs 
of a number of results of projective geometry (of a rather classical flavor and having 
an obvious interest in themselves). In three of these proofs the crucial idea is to 
consider the first infinitesimal neighbourhood of a certain closed subvariety Y of 
an ambient projective variety X. In other words, the schemes with nilpotents can 
playa very important role, sometimes even when one deals with classical problems 
of projective geometry. When we want to study a certain closed embedding Y C X 
of algebraic varieties, quite often we are naturally led to consider all higher order 
infinitesimal neighbourhoods of Y in X. In other words, one is led to work with the 
formal completion X/ y of X along Y, which is a formal scheme, introduced into 
algebraic geometry by Zariski and Grothendieck in the 1950s. The formal scheme 
X/ y is very well suited to study the given embedding Y C X, and is an analogue 
of the concept of tubular neighbourhood of a submanifold of a complex manifold. 

The second part starts with a systematic and rather self-contained presenta
tion of the basic concepts of formal geometry that are necessary to prove a number 
of basic results concerning the extension of formal-rational functions to rational 
functions. As we mentioned before, this theory is due to Zariski and Grothendieck. 
It was subsequently developed by Hironaka, Matsumura, Hartshorne, Chow, Falt
ings and others. It provides powerful tools for proving deep results in algebraic 
geometry, such as the famous Zariski connectivity theorem. In fact, the second part 
will make clear the deep relationship between formal geometry and connectivity 
results in projective geometry (such as the Fulton-Hansen connectivity theorem). 
The formal geometry is closely related with a number of questions in complex 
analysis and complex-analytic geometry (considered by Severi, Remmert, Van de 
Ven, Barth, Rossi, Chow and others), such as the extension problem of meromor
phic functions or (more generally) of certain analytic entities. This relationship is 
also explained in the second part of the book. 

Besides, we have tried to apply several results of formal geometry (especially 
concerning the extension of formal-rational functions to rational functions) to 
projective geometry, in particular to the geometry of homogeneous spaces. These 
aspects are also closely related with various kinds of Grothendieck-Lefschetz the
orems in projective geometry. We hope to convince the reader that the interplay 
between projective and formal geometry is very important and fruitful. 
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The book is self-contained modulo the basic concepts and results of algebraic 
geometry and cohomology (for instance Hartshorne's textbook [73] is in principle 
enough as background material). It contains many recent results which have not 
appeared in any other textbook. The second part could be considered in particular 
as an introduction to formal schemes. The book addresses persons working in al
gebraic geometry and in complex geometry, as well as all mathematicians working 
in other fields, but interested in questions related to the ones touched upon here. 
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Introduction 

This book is devoted to some aspects concerning the interplay between projective 
geometry and formal geometry. It consists of two parts. The main aim of Part 1 
is to introduce the reader to some modern aspects and methods of projective ge
ometry. The material presented here has been conceived to touch three important 
themes: the connection between projective geometry and deformations of quasi
homogeneous singularities, cohomological dimension and connectedness results, 
and applications of formal geometry to projective geometry. Part 1 is based on 
a series of lectures the author gave in the Spring of 1999 at the Dipartimento di 
Matematica, Universita degli Studi di Milano (see [13]). 

As far as the first theme is concerned, Chapter 1 starts with the classical 
problem of classifying the extensions in JlDn+ 1 of a given closed subvariety Y in JlDn. 
This problem was very popular among Italian algebraic geometers in the first part 
of the last century. A renewed interest in it started in the 1970s. As a consequence 
of the modern methods used, the classical picture has been completed and better 
understood and many new results have been proved. In particular, the whole story 
has been put in a new perspective. It is beyond our scope to discuss all its aspects 
and results here. We rather restrict ourselves to presenting a remarkable result due 
to Zak-Uvovsky (Theorem 1.2), also because its proof presented here is relevant for 
the philosophy of this book. This proof relies on another fundamental result due to 
Mori-Sumihiro--Wahl (Theorem 1.3) which is also of interest in itself. Chapters 1-3 
provide the proofs of these two results and a number of applications, comments and 
examples. The condition involved in the Zak-Uvovsky theorem (the surjectivity 
of the Zak map) is better understood in the case of curves in terms of the so
called Gaussian maps (see Chapter 4). The study of Gaussian maps was initiated 
in 1987 by J. Wahl with the main motivation of understanding the geometry of 
curves lying on K3-surfaces. In Chapter 5 we present a result of Schlessinger which 
relates the deformation theory of the vertex of the affine cone Cy over a smooth 
projectively normal closed subvariety Y in JlDn with the projective geometry of 
Y. In particular, it becomes transparent that the surjectivity of the Zak map is 
naturally interpreted in terms of deformations of the vertex of the affine cone Cy 

over Y c JlDn. 
The second theme is presented in Chapter 7. First we prove a special case of 

a result of Hartshorne-Lichenbaum (conjectured by Grothendieck) which asserts 
that the cohomological dimension of a quasi-projective variety U of dimension n 
is :::; n - 1 if and only if U is not a projective variety. This result is then applied to 
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prove a generalization of the Fulton-Hansen connectedness theorem to weighted 
projective spaces. Then some applications of this connectedness result are given. 
We will come back to Fulton-Hansen's result in the second part of the book to 
reinterpret it in the framework of formal functions and then to prove a significant 
improvement of it. 

In Chapters 6 and 8 we present two results whose proofs involve, in an es
sential way, the first infinitesimal neighbourhood of a closed subvariety X C Ipm. 
The first result, due to Van de Ven, characterizes the linear subspaces as the only 
irreducible smooth closed subvarieties of IP'n for which the normal sequence splits. 
The second, due to Ellingsrud-Gruson-Peskine-Str0mme, gives a necessary and 
sufficient condition for a curve Y lying on a complete intersection surface X in IP'n 
to be the scheme-theoretic intersection of X with a hypersurface of IP'n (see Theo
rem 8.4). The methods of proving this latter result also yield a geometric proof of 
a result of Barth-Larsen which asserts that Pic(X) = Z for every smooth closed 
subvariety X of IP'n of dimension 2: nt2. We hope that the method of using the 
first infinitesimal neighbourhood will convince the reader less familiar with formal 
methods that formal geometry deserves to be studied and applied to projective 
geometry; in particular, this provides an excellent motivation for the second part 
of the book. At the end of Chapter 8, two appendices are added. In Appendix 
A we derive a special case of Lefschetz's theorem for the Picard group from the 
well-known topological Lefschetz theorem on hyperplane sections (see e.g. [105]). 
In Appendix B we review some elementary facts about cyclic covers. 

A very preliminary version of Part 2 is our survey [14]. The main sources of 
Part 2 are Grothendieck-Dieudonne [66], Hironaka-Matsumura [81], Hartshorne 
[75], Faltings [47], [48], Gieseker [58], Badescu [11], [15], Badescu-Schneider [17], 
[18] and Badescu-Beltrametti-Ionescu [19]. Fix an irreducible projective variety 
X over an algebraically closed field k. Let K(X) be the field of rational functions 
of X, and let K(XjY) denote the ring of formal-rational functions of X along a 
closed subscheme Y of X. Sometimes we shall call the formal-rational functions 
simply formal functions. If X is normal and Y is connected of positive dimension, 
then K(XjY) is a field. The field K(X) can be considered in a natural way as a 
subfield of K(X jy ), and the extension problem of formal-rational functions asks 
when can any formal-rational function on X along Y be extended to a rational 
function on X, i.e. when do we have K(X) = K(XjY)? If the latter equality holds, 
according with the terminology of Hironaka and Matsumura [81], we say that Y 
is G3 in X. 

The formal functions have been introduced and studied systematically in 
algebraic geometry by Zariski in [151]. In particular, Zariski used them to prove 
his famous connectedness theorem. Later on this theory was considerably extended 
and deepened by Grothendieck in the framework of formal schemes, by providing 
powerful tools (such as Grothendieck's existence theorem, see [66] III, Theorem 
(5.1.4)) to study related questions (see [67], [68]). 
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There is an analogous problem in the complex-analytic setting. Given a pair 
(X, Y) consisting of a complex irreducible projective variety X and a closed subva
riety Y of X, let U be a connected open neighbourhood of Y in X (in the complex 
topology), and denote by M(U) the (C.>algebra of all meromorphic functions on 
U. We get the field extensions K(X) ~ M(U) ~ K(X jy ), and therefore the ex
tension problem for meromorphic functions can be solved if it can be solved for 
formal functions, i.e. the equality K(X) = M(U) is a consequence of the equality 
K(X) = K(X jy ). 

Extension of analytic or formal objects like functions or subvarieties is a 
rather classical subject. The earliest reference we are aware of is a paper of Sev
eri [137], in which he proved that any meromorphic function defined in a small 
complex connected neighbourhood of a smooth hypersurface in lpm(<C) (n 2 2) 
can be extended to a meromorphic function on lpm (<C). After some partial exten
sion of Severi' s result by Remmert and Van de Ven [123], Barth [21] generalized 
the above-mentioned result of Severi to arbitrary closed positive-dimensional con
nected subvarieties of lpm(<C). On the other hand, Hironaka [78] extended Severi's 
result to arbitrary smooth projective varieties X and smooth hypersurfaces Y in X 
with ample normal bundle. His approach is algebraic and he actually considers the 
extension problem of formal-rational functions along Y. Further important con
tributions to the extension problem of meromorphic functions or analytic objects 
are due to Griffiths [63], Chow [35], Rossi [124], and others. 

The second part (which, as we said before, is a natural continuation of part 
one) contains six chapters. In Chapter 9 we present the basic definitions and con
cepts as well as some of the fundamental results (due to Grothendieck, Hironaka, 
Hironaka-Matsumura, Hartshorne, Faltings, and others) concerning the problem 
of extending formal-rational functions to rational functions. This (rather long) 
chapter can also be considered as an introduction to formal schemes and formal 
functions. 

Chapter 10 starts by explaining the relationship between formal geometry 
and the so-called Grothendieck-Lefschetz conditions Lef(X, Y) and Leff(X, Y) 
for a pair consisting of a closed subvariety Y of a projective ambient variety X. 
These conditions are crucial to prove algebro-geometrically various types of Lef
schetz theorems (see [68]). Moreover it turns out that, under some additional mild 
hypotheses, one has 

Leff(X, Y) =? Y G3 in X =? Lef(X, Y). 

In Chapter 10 one also relates, via Serre's GAGA [135], the problem of extend
ing formal-rational functions with the analogous problem in Complex Analysis of 
extending meromorphic functions defined in a small complex neighbourhood of a 
closed subvariety. 

Motivated by the strong connection of formal geometry with connectedness 
theorems in algebraic geometry given by Theorem 9.21 and Corollary 9.22, in 
Chapter 11 we interpret the Fulton-Hansen connectedness theorem in terms of 
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formal-rational functions. Then we strengthen this result to Theorem 11.2. One 
of the relevant consequences of this strengthening asserts that the diagonal em
bedding ~Y of the product Y x Y is G3 in Y x Y for every closed irreducible 
subvariety Y of]pn such that dim(Y) > ~ and n 2: 3. In other words, for every 
closed irreducible subvariety Y as above, the diagonal embedding ~Y C Y x Y en
joys an important positivity property. Some further applications of Theorem 11.2 
are given. We also include Zak's original proof of the finiteness of the Gauss map 
which used formal functions. At the end of this chapter we prove an impossibility 
cohomological criterion for a smooth projective variety Y of dimension 2: 2 to 
occur as the zero locus of a global section of an ample vector bundle on a smooth 
projective variety X with prescribed normal bundle (Theorem 11.25). 

In Chapter 12 one proves two criteria for extending formal-rational functions. 
The first one (Theorem 12.6) is a refinement of a result of Hartshorne (see [75], 
[74], or also Theorem 9.28). This result will be applied in the next chapter to ho
mogeneous spaces. The second result (Theorem 12.9) asserts that the G3 condition 
holds when Y is an effective Cartier divisor on X such that X \ Y is a semi-affine 
variety in the sense of Goodman-Landman [61]. In Appendix C following Chapter 
12 one proves a result of Hartshorne concerning the ampleness of the normal bun
dle of a curve lying in an abelian variety and an ampleness criterion of Gieseker 
for vector bundles on curves. 

Chapter 13 deals with formal functions on homogeneous spaces and presents 
some fundamental results due to Chow, Faltings, and others. In particular, apply
ing the main result of the previous chapter, we get more elementary proofs of some 
results of Faltings [47] concerning formal functions on homogeneous spaces. Various 
applications are given, e.g. concerning the s-geometrically non-degenerate closed 
subvarieties of an abelian variety. The concept of s-geometrically non-degenerate 
subvariety of an abelian variety is due to Ran-Debarre [122], [42], and some of its 
main properties are presented in Appendix D following Debarre [42]. 

In Chapter 14 the projective manifolds carrying quasi-lines are studied (fol
lowing [19]). A quasi-line Y of a smooth projective complex variety X of dimension 
n 2: 2 is a smooth rational curve Y c X whose normal bundle is isomorphic to the 
normal bundle of a line in ]pn. One proves (among other things) that the quasi
lines of X are precisely those smooth curves Y c X with ample normal bundle for 
which the canonical restriction map Pic(X) --t Pic(Y(1)) has finite cokernel (see 
Theorem 14.2). One shows by examples that there are pairs (X, Y), (X', yl), with 
Y quasi-line in X and Y' quasi-line in X' (with X and X' projective manifolds of 
dimension n 2: 3), such that (X, Y) and (X', yl) are not formally equivalent (Le. 
X/ Y ~ X/ y1 )' The projective manifolds carrying quasi-lines are special cases of 
rationally connected manifolds (see [94], or also [93]). Some of their properties are 
also included (e.g. they are stable under small projective deformations). 

Throughout this book the standard terminology and notation of algebraic 
geometry (see e.g. [73] or [138]and [139]) are used, unless otherwise specified. 
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Special Chapters of Projective 
Geometry 



Chapter 1 

Extensions of Projective Varieties 

We shall fix throughout an algebraically closed ground field k (of arbitrary char
acteristic, unless otherwise specified). 

Let Y be a smooth connected closed subvariety of dimension 2:: 1 of the 
n-dimensional projective space jp>n over k. 

Definition 1.1. A closed irreducible subvariety X of the projective space jp>n+l of 
dimension n + 1 is said to be an extension of Y (in jp>n+l) if the following two 
conditions are satisfied: 

1. dim(X) = dim(Y) + 1. 

2. There exists a linear embedding i : jp>n '----+ jp>n+l such that Y = X n H, where 
H := i(jp>n) and the intersection is taken in the scheme-theoretical sense. 

Example 1.1. Fix Y c jp>n as above and a linear embedding i: pn '----+ jp>n+l, and 
set H := i(JP'n). Pick an arbitrary point x E JP'n+l \ H, and let us denote by X 
the projective cone in jp>n+l over Y of vertex x. Clearly, X is an extension of Y in 
jp>n+l. These extensions will be called trivial extensions. 

One of the important problems of classical projective geometry is to classify 
all extensions in jp>n+1 of a given closed subvariety Y C jp>n. We shall prove a 
remarkable result due to Zak-L'vovsky in connection with this problem. In order 
to state it we need to fix some notation. 

For every algebraic variety Z we shall denote by n~ the sheaf of differential 
forms of degree 1 on Z (over k). Then we shall define the tangent sheaf T z of Z as 
the dual (n~)* = Homz(n~, Oz) of n~. It follows that Tz is a reflexive sheaf on 
Z (as the dual of a coherent sheaf). If Z is smooth then Tz is locally free, i.e. is a 
vector bundle on Z. Moreover, if Z is a closed subscheme of a scheme W of ideal 
sheaf I, then the Oz-module I/I2 is called the conormal sheaf of Z in W. The 
normal sheaf Nz1w of Z in W is by definition the dual (I/T)* = Homz(I/I2, Oz) 
of I/I2. It follows that N zlw is a reflexive sheaf on Z. If Z is smooth and W is 
smooth along Z (i.e. at each point of Z) then N zlw is locally free, i.e. N ZIW is a 
vector bundle on Z. 
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Coming back to our situation, let 

a o ----+. T y ---+. TIP''' IY -- NyllP''' ----+~ 0 

be the normal sequence of Y in Ipm. Consider also the Euler sequence of Ipm re
stricted to Y: 

b o --~. Oy - (n + l)Oy(l) -+ TIP''' IY ---+. 0, 

where Oy(l) is the sheaf of hyperplane sections of Y (with respect to the embed
ding Y '----' ]p'n), and (n + 1) Oy (1) denotes the direct sum of n + 1 copies of Oy (1). 
In particular, we get the surjective maps 

a( -1) : TIP''' (-1)1Y -+ Ny lIP''' (-1) and b( -1) : (n + l)Oy -+ TIP''' (-l)IY, 

and therefore the surjective map of vector bundles 

c:= a(-l) 0 b(-l): (n + l)Oy -+ Ny lIP''' (-1). 

Passing to global sections we get the map of k-vector spaces 

which we call the Zak map of Y in ]p'n. 

Now, we can state the main result of this chapter: 

Theorem 1.2 (Zak-L'vovsky [149], [103]). In the above situation, assume further
more that Y is of codimension r :::: 2 and non-degenerate in ]p'n, and that the Zak 
map (1.1) is surjective. Then every extension of Y in Ipm+1 is trivial. 

Theorem 1.2 is valid in arbitrary characteristic, even under more general 
hypotheses (see e.g. [9]; for earlier related results see [10]). The proof we shall 
give below is one of the proofs of [9] and is valid only in characteristic zero. This 
proof is based on the following fundamental result proved by Wahl in [146] and 
inspired by a paper of Mori and Sumihiro [108] (this result will be proved in the 
next chapter): 

Theorem 1.3 (Mori-Sumihiro-Wahl [146]). Let (X, L) be a normal polarized varie
ty (i. e. a normal projective variety X endowed with an ample line bundle L) of di
mension :::: 2. Assume that the characteristic of k is zero and that HO(X, Tx®L -1) 
i- O. Then there exists an effective divisor E in the complete linear system ILl such 
that X is isomorphic to the projective cone over the polarized scheme (E, L E), 

00 

where LE := LIE. In other words, X ~ Proj(A[T]), where A := EB HO(E,Lk), 
i=O 

with T an indeterminate over A, and the gradation of A[T] is given by deg( aTm) = 
m+deg(a) whenever aEA is a homogeneous element. Moreover, L~OProj(A[T])(1). 
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We shall also make use of the following two elementary results (which will 
be proved later): 

Proposition 1.4 (Schlessinger [129]). Let X be a normal variety of dimension 2: 2 
over k, Y a closed subvariety of X of codimension 2: 2, and F a coherent reflexive 
sheaf. Then the restriction map HO(X, F) ---> HO(X \ Y, F) is an isomorphism of 
k-vector spaces. 

Proposition 1.5 (Bertini-Serre). Let E be a vector bundle of rank r on an algebraic 
variety X over k. Assume that V is a finite-dimensional k-vector subspace of 
HO(X, E) which generates E (this means that for every x E X the Ox,x-module 
Ex is generated by V). Then there is a non-empty Zariski open subset Vo of V such 
that codimx(Z(s)) 2: min{r,dim(X) + 1} for every s E Va, where Z(s) denotes 
the zero locus of s, and codimx(Z(s)) > dim(X) means Z(s) = 0. 

Proof of Theorem 1.2. The proof which follows is taken from [9] and works only in 
characteristic zero (because it makes use of Theorem 1.3 which is in general false in 
positive characteristic). However, Theorem 1.2 is valid in arbitrary characteristic 
(see [9] for another proof which is characteristic free). 

Claim. (Mumford [109]) Under the hypotheses of Theorem 1.2, for every i 2: 2 one 
has HO (Y, NYlJI'n ( -i)) = O. 

Indeed, since NYlIl'n(-i -1) ~ NYlJI'n(-i) for every i (via the multiplication by a 
global equation of a hyperplane in ]p>n), it will be sufficient to prove the statement 
for i = 2. Assume that there exists a non-zero section s E H°(Y, NYlJI'n( -2)). Since 
Y is non-degenerate in ]p>n the k-linear map of vector spaces 

is injective. Moreover, the surjectivity of the Zak map (1.1) implies that the second 
space is of dimension :S n + 1. Since the first space is of dimension n + 1 this map 
is an isomorphism. In particular, every global section of NYlJI'n ( -1) is of the form 
hs, with h E HO(pn, OIl'n(l)), whence the zero locus of every global section of 
NY1II'n ( -1) contains the support of a non-zero divisor of Y. 

On the other hand, the surjective map c : (n+ l)Oy ---> NYlJI'n (-1) considered 
above shows that the vector bundle NYIII'n (-1) of rank r = codimIl'n (Y) 2: 2 is gen
erated by its global sections. Then, by Proposition 1.5, the zero locus of a general 
section of HO(Y,NYIII'n(-l)) should be of codimension 2: r 2: 2, a contradiction. 
The claim is proved. 

Let X be an arbitrary extension of Y in ]p>n+l. The hypotheses imply that 
Y is a Cartier divisor on X. Since Y is smooth, X is smooth at each point of Y. 
In other words, Y is contained in the smooth locus V := Reg(X) of X. Moreover, 
since Y is a hyperplane section of X, Sing(X) = X \ V is a finite (possibly empty) 
set of points. 
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On the other hand, the equality Y = X n H (scheme-theoretically) means 
that Y is the proper intersection of X with H. Then a simple general property of 
proper intersections implies that 

(1.2) 

Let f: X I ---t X be the normalization of X (in its field ofrational functions). 
Clearly, flf-1(V) : f-l(V) ---t V is an isomorphism. In other words, V can be 
identified with a Zariski open subset of X', denoted again by Vj in particular, Y is 
contained both in X and in X' as an ample Cartier divisor (OXI(Y) = f*(Ox(Y)) 
is ample because Y is ample on X and ampleness is preserved under inverse images 
of finite morphisms). Note also that OXI(Y) is generated by its global sections 
because it is the inverse image of the very ample line bundle Ox(Y) = Ox(l). 

Set Nx, := f*(NxllPn+l)** (bidual) and NXI(i) := Nx, ® OXI(iY) for all 
i E Z. Clearly, N xlIV ~ N xllPn+11V. Now, using (1.2) and all these observations, 
for every i ~ 1 we get the exact sequence 

which yields the exact sequence 

Here h' E HO(X' , OXI(Y)) is a global equation of Y in X'. By the above claim 
the last space is zero for every i ~ 2, therefore the first map (between the HO's) 
is an isomorphism for all i ~ 2. 

On the other hand, since OXI(l) is ample, by a general simple statement, 
HO(X',Nxl(-i)) = 0 for every i » O. Therefore by induction on i we get that 
HO(X',Nxl(-i)) = 0 for all i ~ 2. Then the exact sequence (1.3) (with i = 1), 
the claim and the surjectivity of the Zak map yield 

On the other hand, since X' is normal, V ~ X', codimxl(X' \ V) ~ 2 and Nx, is 
reflexive, by Proposition 1.4 we get 

Then (1.4) and (1.5) yield 

(1.6) 
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Now look at the commutative diagram 

o o 

I id 
Ov ----+-o Ov 

I j 
o ---' [ - (n + rV(l) - NXT~'V - 0 

0----+0 Tv 0 TIPn+11V --- NX1IPn+11V --- 0 

j j 
o o 

in which the last row is the normal sequence of X in jpn+1 restricted to V = 
Reg(X), the second column is the Euler sequence of jpn+1 restricted to V, and 
F:= Ker((n + 2)Ov(l) ----+ NX1IPn+11V). By Proposition 1.4 we have 

dimk H°(V, (n + 2)Ov) = dimk HO(X' , (n + 2)Ox') = n + 2. 

The top long row (after tensored by Ov ( -1)) yields the exact sequence 

where for every coherent Ox,-module G we put G( -1) := G®Ox'( -Y). Therefore 
the last equalities together with the inequality (1.6) yield H°(V, F( -1)) i= O. Then 
from the first column of the above diagram, taking into account that 

H°(V,Ov(-I)) = HO(X' ,Ox,(-I)) = 0, 

it follows that H°(V, Tv( -1)) i= o. Recalling that Tx ' = (01:,)*, X' is normal and 
codimx' (X' \ V) ~ 2, this last fact translates - via Proposition 1.4 - into 

(1.7) 

Now, (1.7) allows one to apply Theorem 1.3 to the normal polarized variety 
(X', Ox,(Y)) (in which Ox,(Y) is not only ample, but also generated by its global 
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sections) to deduce that X' is isomorphic to the projective cone over (E, Ox' (Y) ® 
OE) for some E E IOx'(Y)I. This implies that X' is in fact isomorphic to the 
projective cone over (Y, Oy(Y)). Finally, a simple standard argument shows that 
this implies that X must be the cone over Y. 0 

Proof of Proposition 1.4. We shall make use of the following well-known general 
facts (see [65]): 

a) Let X be a scheme, Y a closed subsecheme of X, and set U := X \ Y. Let 
F be a coherent Ox-module. Then for every i 2: 0 one can define the cohomology 
spaces H~(X, F) with support in Y, such that there is a canonical exact sequence 
(called the exact sequence of local cohomology) 

o --Y H~(X, F) --y HO(X, F) --Y H°(U, F) --Y H}(X, F) --Y ••• 

••• --Y H~(X, F) --Y Hq(X, F) --Y Hq(U, F) --Y H~+l(X, F) --Y ••• , 

where the maps Hq(X, F) --Y Hq(U, F) are the natural restriction maps. 

b) Assume now that X = Spec(A) is affine and Y = V(I) is given by the ideal 
I of the commutative Noetherian ring A. Let M be a finitely generated A-module, 
and let F := M be the coherent sheaf on X associated to M. Let JI, ... ,Jp E A 
be arbitrary elements of I. Then JI, ... ,fp is said to be an M -sequence if JI is 
not a zero divisor in M (i.e. JIm = 0, with m E M, implies m = 0), and Ji+l is 
not a zero divisor in M/(JIM + ... + JiM) for all i = 1, ... ,p - 1. The maximal 
non-negative integer p such that there is an M-sequence JI, ... ,fp E I is called 
the I-depth of the A-module M (denoted by I-depth(M)). One can prove that 
the following equality holds: 

I - depth(M) = inf {depth(Mp)}, 
pEV(I) 

where V(I) := {p E Spec(A) I I ~ p}, and depth(Mp):= pAp-depth(Mp). 

c) Let r 2: 0 be a non-negative integer. Then the following two statements 
are equivalent: 

i) I-depth(M) 2: r, i.e. pAp-depth(Mp) 2: r for all p E V(I). 

ii) H~(X, F) = 0 for all i < r, where X = Spec(X), Y = V(I), and F = M. 
In particular, if I-depth(M) 2: 2, then the restriction map HO(X, F) --Y HO(U, F) 
is an isomorphism, where X = Spec(A), Y = V(I) and F = M. 

d) If A is a normal ring (i.e. a Noetherian domain which is integrally closed 
in its fraction field) and if I is an ideal of A of height 2: 2 (which by definition 
means that every minimal prime ideal of A containing I has height 2: 2), then 1-
depth(A) 2: 2. This follows from a well-known criterion of normality due to Serre 
(see [133], IV-44, TMoreme 11, or also [1]). 
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Now we can proceed to the proof of Proposition 1.4. The conclusion of our 
proposition is local, so we may assume X = Spec(A) affine, Y = V(I), with I 
an ideal of A, and F = M, with M an A-module of the form M = HomA(N, A), 
with N a finitely generated A-module (because M is reflexive). Since A is normal 
of dimension ;:::: 2 and codimx (Y) ;:::: 2, the criterion of normality of Serre quoted 
above (see [133], IV-44, Theoreme 11) implies that pAp-depth(A) ;:::: 2 for every 
p E Y = V(I). By what we have said above it follows that I-depth(A) ;:::: 2, 
i.e. there is an A-sequence h, h E I. Using the properties recalled above, the 
conclusion of the proposition is a consequence of the following: 

Claim. h, h is an M-sequence, and in particular, I-depth(M) ;:::: 2. 

To prove the claim observe that since h is not a zero divisor in A we have the 
exact sequence 

h 
0---... · A---.... A----B:=AlhA----O, 

in which the map h is the multiplication by h. Since the functor Hom is left 
exact we get the exact sequence 

Since M = HomA(N, A), this shows first that h is not a zero-divisor in M, and 
second, that 

MlhM <:;; HomA(N,B) ~ HomB(N,B), 

where N := N I hN (it is immediate to see that N becomes a B-module and that 
there is the above identification of B-modules). 

Now we can apply the same argument to B = AI hA and to the non-zero 
divisor f' := h mod hA in B to prove that h is not a zero divisor in 
HomB(N, B), whence, a fortiori, not a zero divisor in the B-submodule MI hM. 
The claim (and thereby Proposition 1.4) is proved. 0 

Proof of Proposition 1.5. (See [51], Appendix B9 for a more general formulation.) 
Since V generates E, the canonical evaluation map <p: X x V ---+ E defined by 
<p(x, s) := s(x), is a surjective smooth morphism such that every fiber of <p is a 
k-vector subspace of V of dimension v - r, where v := dimk(V). Let C be the zero 
section of the canonical projection 1r: E ---+ X, so that C ~ X, and in particular, 
dim(C) = dim(X) =: d. It follows that <p-l(C) = {(x, s) I s(x) = O} is a closed 
irreducible subset of X x V of dimension d+v-r. Indeed, only the irreducibility of 
<p-l (C) has to be checked. Since <p is smooth with irreducible fibers, the restriction 
<p' := <p1<p-l(C) : <p-l(C) ---+ C is a smooth morphism with irreducible fibers. In 
particular, <p' is an open morphism (because it is flat). Then the irreducibility of 
<p-l (C) is a consequence of the following general simple fact: if <p': U' ---+ U is an 
open surjective morphism of algebraic varieties with all fibers irreducible and U 
irreducible, then U' is also irreducible (exercise). 
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Let p: X x V -t V be the second projection of X x V, and let us denote by 
Y the closure of p(cp-l(C)) in V. Then there are two cases to be considered: 

i) Y #- V. (This is always the case for example when r > d.) Then, setting 
Vo := V\ Y #- 0, for every s E Vo we get 

p-l(S) n cp-l(C) ~ {x E X I s(x) = O} = 0, 

i.e. Z(s) = 0, whence codimx(Z(s)) ~ d+ 1 ~ min{r,d+ I}. 

ii) Y = V. Then we get the dominant morphism q := plcp-l(C) : cp-l(C) -t V 
of irreducible varieties. By the theorem of the dimension of fibers (see e.g. 
[138], Theorem 7, page 76) there is a non-empty open subset Vo of V which 
is contained in q(cp-l(C)) = p(cp-l(C)) such that 

dim(q-l(s)) = dim(p-l(s) n cp-l(C)) = dim(cp-l(C)) - dim{V) 

=(d+v-r)-v=d-r, V'SEVo. 

In other words, codimx(Z(s)) = r :::; d for all s E Va. 

Proposition 1.5 is proved. o 

Remark 1.6. The proof of Proposition 1.5 actually shows that if Z(s) #- 0 for s 
general in V, then r :::; dim(X) and codimx(Z(s)) = r. 

Now we want to prove a generalization Theorem 1.2 of Zak-L'vovsky. First 
we shall need a definition. 

Definition 1.1. Let Y be a smooth connected closed subvariety of Ipm of dimension 
d ~ 1. Let m 2: 1 be an integer. A closed irreducible subvariety X of Ipm+m of 
dimension d + m is called an extension of Y in IPn+m if there is a linear embedding 
i : IPn <-t IPn+m such that Y = X n H (in the scheme-theoretic sense), where 
H := i(lPn). If there exists an extension X of Yin IPn+m which is not a cone, we 
sometimes also say that Y extends non-trivially m steps. 

Theorem 1.S. Let Y be a smooth connected non-degenerate closed subvariety of 
codimension ~ 2 oflPn . Assume char(k) = 0, dim(Y) ~ 1, and 

HO(y, NYl1l'n(-2)) = O. 

Set dimk HO(y, NYPl'n(-l)) =: n + r + 1 (by Proposition 3.1 below, r ~ 0). If 
m ~ r + 1 then every extension of Y in IPn+m is a cone over a closed subvariety 
oflPn+m - 1 . 

Remark 1.9. By the claim of the proof of Theorem 1.2, the surjectivity of the 
Zak map (1.1) implies that HO(Y,NYl1l'n(-2)) = O. Therefore Theorem 1.8 is a 
generalization of Theorem 1.2 in characteristic zero. 
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Proof. We shall proceed in a similar way as in the last part of the proof of Theorem 
1.2. Since dim(X) = dim(Y) + m and Y = X n H (scheme-theoretically), NYlx ~ 
mOy(l) and NXIIP'n+mIY ~ N yIH . (Notice that since X is smooth at each point of 
Y, N X IIp'n+m is a vector bundle along Y.) Let f: X I ~ X be the normalization of 
X. Then, exactly as in the proof of Theorem 1.2, Y c X' and NY1XI ~ mOy(l). 
Moreover, Nx, := f*(NXW>n+m)** is a vector bundle along Y such that NXIIY ~ 
NyIH . Since f is a finite morphism, OX/(l) := f*(Ox(l)) is an ample line bundle 
on X', generated by its global sections. For every coherent sheaf F on X' and for 
every integer i, set F(i) := F ® OX/(i). For an integer i > 0 consider the exact 
sequence (p ~ 0) coming from these isomorphisms, 

where I is the ideal of Y in X. Then we have 

PIP+! ® NX/( -i) ~ SP(mOy( -1)) ® NyIH ( -i) (1.9) 

~ (m-;+p) NyIH ( -i - p). 

The hypothesis that H°(Y, NYlJP'n( -2)) = 0 implies that H°(Y, NYIIP'n( -i)) = 0 for 
every i ~ 2. Then by ((1.9) we get HO(Y,IP IIp+l ® NX/( -1)) = 0 for all p ~ 1. 
Therefore (1.8) implies that the canonical maps 

are isomorphisms for every p ~ 1. This yields 

On the other hand we have the following: 

Claim. Let Y -I- 0 be a closed subvariety of the normal projective variety X' de
fined by the ideal sheaf I. Assume that Y meets every hypersurface of X'. Let F be 
a coherent torsion free Ox,-module such that the canonical maps HO(X',IP F) ~ 
HO(X' , F) are isomorphisms for every p ~ 1. Then HO(X' , F) = O. 

To prove the claim, let s E HO(X' , F) be a section of F and pick an arbitrary 
point y E Y. Then the hypothesis implies that Sy E I~ Fy for all p ~ 1. Since Fy 
is an OX',y-module of finite type and Iy is contained in the maximal ideal of the 
local ring OXI,y, by a well-known theorem of Krull (see [133]) we get 

It follows that Sy = O. Since y was an arbitrary point of Y, S vanishes along Y, 
whence slV = 0 for a certain open neighbourhood V of Y in X. By hypothesis 
codimx' (X' \ V) :::: 2. On the other hand, since F is torsion free the canonical map 
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F ---+ F** into the bidual is injective, whence s is also a section of the reflexive 
sheaf F**. By Proposition 1.4 the restriction map HO (X', F**) ---+ HO (V, F**) is 
an isomorphism. Since slY = 0, we infer that s = 0 as a section of F**, whence 
also as a section of F because F ~ F**. This proves the claim. 

Coming back to the proof of Theorem 1.8, in the claim we take F = I ® 
N x I ( -1). Since N x I is reflexive F is torsion free. Moreover, by (1.10), F satisfies 
the hypotheses of the claim. Therefore by the claim we get 

(1.11) 

Taking i = 1 and p = 0 in (1.8) and using (1.11) we infer that the restriction map 
HO(X',Nxl(-l)) ---+ H O(Y,NyIH (-l)) is injective, whence by hypotheses we get 

(1.12) 

At this point, if we set V := Reg(X), we have Y eVe X'. Then a diagram 
completely similar to the diagram considered in the proof of Theorem 1.2 (with 
(n + 2)Ov(1) replaced by (n + m + l)Ov(l)), and the inequality (1.12) yield 
HI(V, Tv( -1)) -I- O. Since X' is normal and codimxl(X' \ V) 2: 2 we get 

HO(X', TXI( -1)) ~ H°(V, Tv( -1)) -I- O. 

Now the conclusion follows from Theorem 1.3. o 
Remark 1.10. Under the hypotheses of Theorem 1.8, the closed subvariety Y ofpn 
cannot be extended non-trivially more than r steps. In this sense the hypothesis 
that HO(y, NYIlj>n(-2)) = 0 is essential. For, let Y be a smooth complete inter
section in pn of multi-degree (d l , ... , dr ), such that 2 :::; r :::; n - 1 and di 2: 2, 
i = 1, ... , r. Then HO(y, NYIlj>n (-2)) -I- 0, and clearly Y can be extended non
trivially in pn+m for every m 2: 1. We also note that by a result of Barth (see 
[22]), every smooth closed subvariety Y of pn of dimension 2: 1 which can be 
extended smoothly in pn+m for all m 2: 1 is necessarily a complete intersection. 

Examples of closed subvarieties Y c pn satisfying H°(Y, Nylipm (-2)) = 0 are 
given by the following: 

Proposition 1.11 (Wahl [147]). Let Y be a smooth projectively normal closed sub
variety of pn of dimension 2: 1. Let I be the saturated homogeneous ideal defining 
Y in the polynomial k-algebra P := k[To, T I , ... , Tn], and denote by A := PI I the 
homogeneous coordinate k-algebra of Y in pn. Assume furthermore that there is 
an exact sequence 

uP( -3) ---+ sP( -2) ---+ I ---+ 0, with s, t 2: 1, (1.13) 

where P(i) is the graded P-module such that P(i)j = PHj , Vi,j E 7l, and aP(i) is 
the direct sum of a 2: 1 copies of P( i). (This means that the ideal I is generated 
by s independent homogeneous polynomials of degree 2, and the relations among 
them are generated by independent linear ones.) Then HO(Y,NYlIl'n(-2)) = O. 
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We shall prove this result in Chapter 5 after we shall interpret the vanishing 
of H°(Y, NYlll'n (-2)) in terms of the deformation theory of the vertex of the affine 
cone over Y in Ipm. The next result produces examples satisfying the hypotheses 
of Proposition 1.11. 

Theorem 1.12 (Mumford-Green [111], [62]). Let L be a line bundle of degree 2: 
2g + 3 on a smooth projective curve Y of genus g. Let YeP := IP'(H°(Y, L)*) be 
the linearly normal projective embedding of Y given by the complete linear system 
ILl. Then Y is projectively normal in P and there is an exact sequence of the form 
(1.13). 

Remark 1.13. In fact, Mumford proved in [111] that there is a surjective map 
sP( -2) -+ I -+ ° (if deg(L) 2: 2g + 3) and subsequently M. Green refined Mum
ford's result in [62] in the above form (see [62] for a more general result, or also 
[98] or [100] for a simpler proof of Green's result). 



Chapter 2 

Proof of Theorem 1.3 

We shall prove Theorem 1.3 under the additional hypothesis that L is generated 
by its global sections. In fact we used Theorem 1.3 in the proofs of Theorems 1.2 
and 1.8 only under this additional hypothesis. 

00 

Set R := EB HO(X, Li). Since L is ample and X projective, there exists a 
i=O 

canonical isomorphism X ~ Proj(R) such that L ~ OProj(R)(l). Moreover, since 
X is normal, R is a normal finitely generated k-algebra (see [66]' III). Consider 
the normal affine cone Spec(R) over the polarized variety (X, L), and let mR := 
00 

EB HO(X, Li) be the irrelevant maximal ideal of R which corresponds to the vertex 
i=l 

of Spec(R). Set U := Spec(R) \ {mR}. Then there is a canonical morphism 7r: U --+ 

X. Since L is generated by its global sections, 7r is the projection of a locally trivial 
Gm-bundle, where Gm = k \ {O} is the multiplicative group of the ground field k. 
The next lemma and its proof take care of the structure of 7r more closely. 

Lemma 2.1. Under the hypotheses of Theorem 1.3, assume furthermore that L is 
generated by its global sections. Then there is a canonical exact sequence 

0--+ Ou --+ Tu --+ 7r*(Tx) --+ O. 

Proof. There is a general canonical exact sequence associated to the morphism 
7r: U --+ X (this exact sequence makes actually sense for every morphism f: V --+ 

W of algebraic varieties over k, see [73], Proposition 8.11, page 176) 

7r*(n~lk) --+ nijlk --+ nijlx --+ 0, 

which upon dualizing gives the exact sequence ([73], Proposition 8.11, page 176) 

0---" TUl x --_. Tu ~ 7r*(Tx). (2.1) 

Here TUl x is the relative tangent sheaf of 7r: U --+ X. To prove Lemma 2.1 it will 
be sufficient to check the following two facts: 
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i) Tu1x ~ Ou, and 

ii) The map a is surjective. 

Let us first fix some notation. For every s E Rl \ {O} = HO(X, L) \ {O}, let 
Rs be the ring of fractions of R with denominators in the multiplicative subset 
{I, s, S2, . .. ,sn, ... }. Since s is homogeneous, Rs becomes a graded k-algebra by 
setting degC~) = deg(t) - n whenever t E S is homogeneous. Then it makes sense 
to consider the subring R(s) of Rs whose elements are the fractions s~ E Rs such 
that tERn = HO(X,Ln) is a homogeneous element of degree n, i.e. deg(s~) = 
O. Clearly, R(s) is a k-subalgebra of Rs. Moreover, since s E R1, the inclusion 
R(s) c Rs is identified with the inclusion of R(s) in the R(s)-algebra R(s) [T, T-1] 

of Laurent polynomials in the indeterminate T. This is done by sending T ---7 S 

and T- 1 ---7 ~, as is easily checked. Since L is generated by its global sections, 

x = Proj(R) = U D+(s), where D+(s) := Spec(R(s)), 
sERl \{O} 

u = U D(s), where D(s) := Spec(Rs). 
sERl \{O} 

Then 1I"-1(D+(s)) = D(s) for all s E Rl \ {O} (and in particular, 11" is an affine 
morphism). Moreover, the restriction 1I"ID(s) : D(s) ---7 D+(s) corresponds to the 
inclusion R(s) C Rs, and since there is an isomorphism of R(stalgebras Rs ~ 
R(s)[T, T- 1], we see that D(s) ~ D+(s) x Gm. This gives explicitly the local 
structure of the (locally trivial) Gm-bundle 11": U ---7 X. 

Let A be a commutative ring, B a commutative A-algebra, and M a B
module. Denote by DerA(B,M) the set of all A-derivations D: B ---7 M. One 
can define the sum D + D' of two derivations D, D' E DerA(B, M) and the 
multiplication bD (with b E B) in an obvious way and one easily checks that 
D + D',aD E DerA(B,M). In other words, DerA(B,M) becomes a B-module in 
a natural way. If M = B, we shall also denote DerA(B) := DerA(B, B). 

The restriction of the exact sequence (2.1) to the affine open subset D(s) 
corresponds to the obvious exact sequence 

where as associates to any k-derivation D E Derk(Rs) the restriction DIR(s) E 

Derk(R(s) , Rs). 
Now, it is clear that the map a is surjective (i.e. that condition ii) above 

holds). Indeed, since this verification is local, it is sufficient to check that the map 
as (of (2.2)) is surjective for every s E Rl \ {O}. In fact, if 8 E Derk(R(s), Rs) then 
we can define D E Derk(Rs) by DIR(s) = 8 and D(T) = u for an arbitrary u E Rs 
(via the above isomorphism of R(s)-algebras Rs 3:! R(s) [T, T- 1]). Then, of course, 
D( ~) = - ;2. This proves condition ii) above. 
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It remains to prove condition i) above. To this end, consider the map D: R ~ 
R defined by D(r) := deg(r)r, for every homogeneous element r E R. It is obvious 
that D is a k-derivation such that D(Rn) ~ Rn for every n 2 O. Since char(k) = 0, 
it is also clear that D is surjective. Then by the universal property of nk1k , there 

is a unique homomorphism W E HomR(nk1k , R) of R-modules which, composed 

with the canonical derivation d: R ~ nk1k , coincides to D. Since D is surjective, 

W is also surjective. Passing to sheaves on Spec(R) and restricting to U we get the 
surjective map of Ou-modules W : nh1k ~ OU. 

If we denote by (3 : nh1k ~ nh1x the canonical surjection, we claim that there 

exists a unique map of Ou-modules Wi : nh1x ~ Ou such that Wi 0(3 = w. To check 

this, observe that DIR(s) = 0 for every s E Rl \ {O}, whence D E DerR(s) (Rs), so 
that the existence of Wi comes from the universal property of nRl IR taking into 

s (s) 

account that U = U D( s)). The surjectivity of w implies the surjectivity of 
sERl \{O} 

Wi : nh1x ~ Ou. But since rr: U ~ X is a smooth morphism of relative dimension 

1, nh1x is an invertible Ou-module. Therefore Wi is a surjective map between two 

invertible Ou-modules, whence Wi is necessarily an isomorphism. 
This proves condition i) above, and thereby Lemma 2.1. 0 

Lemma 2.2. Under the hypotheses of Lemma 2.1, for every coherent Ox-module 
F and for every p 2 0 there is a natural isomorphism of graded R-modules 

HP(U, rr*(F)) ~ EB HP(X, F Q9 Li). 
iEZ 

Proof. In the proof of Lemma 2.1 we already observed that the morphism rr is 
affine (rr-l(D+(s)) = D(s) for every s E Rl \ {O}). In particular, for every coherent 
Ox-module F, 

To conclude the proof of Lemma 2.2, it will be sufficient to show that for 
every coherent Ox-module F one has a canonical identification 

rr *(rr*(F)) ~ EB F Q9 Li. (2.3) 
iEZ 

To check this, since R is a finitely generated k-algebra such that X = Proj(R) = 
U D+(s), the sheaf F is associated to a finitely generated graded R-module 

sER1 \{O} 

M. Then by the proof of Lemma 2.1, Rs ~ R(s)[T, T-lj, whence we get canonical 
isomorphisms of R(s)-modules 

Ms ~ M Q9 Rs ~ M Q9 R(s)[T, T-lj ~ EB M(s)Ti. 
iEZ 
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Since this happens for every s E Rl \ {O}, these local isomorphisms patch together 
to give the isomorphism (2.3). 0 

The tangent sheaf TSpec(R) of the cone Spec(R) corresponds to the graded 
R-module 

TR = E9TR (i), 
iEZ 

where TR := Derk(R), and the piece TR(i) of weight i is given by 

Now, the next step in the proof of Theorem 1.3 is the following: 

Lemma 2.3. Under the above hypotheses, the k-vector space HO(X, Tx ® L-i ) is 
canonically identified to the k-vector space TR( -i), for all i 2:: 1. 

Proof. Since R is normal of dimension 2:: 2 and U = Spec(R) \ {mR}, we can 
apply Proposition 1.4 to deduce a canonical isomorphism of graded R-modules 
TR ~ H°(U, Tu). Then the exact sequence of Lemma 2.1 yields the cohomology 
exact sequence of R-modules 

By Lemma 2.2, we have for every p 2': 0: 

iEZ iEZ 

Now, by Mumford's vanishing theorem (see [110D, HP(X, Li) = 0, for every i < 0 
and p ::; 1 (because dim(X) 2': 2 and char(k) = 0; note that this vanishing for 
p = 0 is trivial). Therefore the above identification and the exact sequence (2.4) 
yield 

Lemma 2.3 is proved. o 

In view of Lemma 2.3, Theorem 1.3 is a consequence of the following: 

Proposition 2.4. Let (X, L) be a normal polarized variety of dimension 2:: 2 over 
k, with char(k) = o. Assume that there is a non-zero k-derivation D: R ---7 R of 

(Xl 

weight -1, i.e. D(Ri) ~ Ri- 1 for all i 2': 0, where R = EB HO(X,L i ). If L is 
i=O 

generated by its global sections, then the conclusion of Theorem 1.3 holds true. 

To prove Proposition 2.4 we need another two lemmae. 
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Lemma 2.5 (Zariski). Let R be a graded k-algebra such that char(k) = ° and there 
is a k-derivation D: R ----+ R of weight -1 and an element t E RI with the property 
that D(t) = 1. If A := {r E R I D(r) = O}, then A is a graded k-subalgebra of R, 
t is transcendental over A and R = A[t]. Moreover, D = -it on A[t]. 

Proof. The fact that A is a graded k-subalgebra of R is immediate. Let A[T] 
be the polynomial A-algebra in the indeterminate T. Grade A[T] by deg(aTm) = 
deg( a) + m for every a E A homogeneous and m 2: 0. Consider the homomorphism 
of graded k-algebras rp: A[T] ----+ R such that rplA = idA and rp(T) = t. Then it is 
immediate to check that the diagram 

A[T]-rp-. R 

:T I ID 
A[T] • R 

rp 

is commutative. So, it will be enough to show that rp is bijective. 

n 
Injectivity of rp: Assume that there exists a non-zero polynomial f(T) = 2: aiTi E 

i=O 
A[T] such that rp(f(T)) = 0. We may assume that f(T) is homogeneous in A[T] 

and of minimal degree. Thus ai E An-i ~ R n- i . Then a~(:p is a polynomial of 

smaller degree and still in Ker(rp). Thus a~(:p = 0, and since char(k) = 0, f E A. 
Since rp(f) = ° it follows that f = 0, a contradiction. 

Surjectivity of rp: We proceed by induction on n, the case n = 0 being clear. If 
n-I 

r E Rn (n > 0) then D(r) ERn-I, whence D(r) = 2: aiti, with ai E A n- I- i , 'Vi 
i=O 

(by induction hypothesis). Thus 

n-I 

D(r - " ~tHI) = ° L....-i+1 ' 
i=O 

n-I 
. '" ai tH 1 A L 2 5 . d l.e. r - u HI E. emma . IS prove . 

i=O 
o 

Lemma 2.6. Let (X, L) be a normal polarized variety over k such that L is gen
erated by its global sections and char(k) = 0. Assume that there is a non-zero 

00 

k-derivation D: R ----+ R of weight -1, where R = 2: HO(X,Li ). Then there exists 
i=O 

an element t E RI = HO(X,L) such that D(t) = 1. 
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Proof. Let to, ... , tn be a basis of the k-vector space HO (X, L). Since L is generated 
by its global sections we get a morphism u: X ~ lF such that U*(OJPn(I)) ~ L, 
and since L is also ample, u is a finite morphism (otherwise there would exist a 
curve C such that u(C) is a point, in which case LIC cannot be ample). If for 
some i, D(ti) =I- 0, then we can take t = a-1ti, with a := D(ti) E k \ {O}, and get 
D(t) = l. 

Assume therefore that D(ti) = 0 for every i = 0,1, ... , n. We shall show that 
this leads to a contradiction. Consider the map of graded k-algebras 

00 00 

i=O i=O 

which sends Tj to tj, j = 0, 1, ... ,n. Since u is finite the morphism of affine 
varieties u-1(D+(To)) ~ D+(To) is finite, whence the map of k-algebras 

is finite. In particular, every homogeneous element t E R satisfies a non-trivial 
algebraic equation 

We may assume m minimal with this property. Since the derivation D vanishes 
on k[to, ... , tmJ (by our assumption), we get by derivating 

(maotm-1 + (m - l)a1tm- 2 + ... + am-dD(t) = O. 

If D(t) =I- 0, since R is a domain, we get 

Recalling also that char(k) = 0, this contradicts the minimality of m. Therefore 
D(t) = 0 for every homogeneous t E R, whence D = 0, a contradiction. 0 

Lemmae 2.5 and 2.6 imply the following: 

Corollary 2.7. In the hypotheses of Lemma 2.6, there exists t E Rl such that 
D(t) = 1, R = A[t], and t is transcendental over A := {r E R I D(r) = O}. 

Proof of Proposition 2.4. By Corollary 2.7, R = A[tJ, with t E HO(X, L) such that 
D(t) = 1 and t is transcendental over A = {r E R I D(r) = O}. Since R is normal 
it follows that A is also normal. Set E := divx(t) E ILl, i.e. L = Ox(E), and 
consider the canonical exact sequences (n ~ 0) 

t 
0----. Ln- 1 --_. Ln -- OE(nE) = L'E ~ O. 



Chapter 2. Proof of Theorem 1.3 21 

Taking cohomology we get 

00 00 

n=O n=O 

We claim that Hl(x,Ln-l) = 0, "In E Z. Assuming this claim, the proof of 
Proposition 2.4 is finished, because from the exact sequence (2.5) it follows that 

00 

EB HO(E, LE) ~ R/tR = A[tlJtA[t] ~ A. 
n=O 

It remains therefore to prove the claim. Since A is normal, mA-depth(A) 2: 2, 
whence mwdepth(R)= mwdepth(A[t]) 2: 3. If U := Spec(R) \ {mR}, we can write 
the local cohomology exact sequence 

0= H1(Spec(R),Ospec(R)) ----+ Hl(U,OU)----+ (2.6) 

----+ H!R(Spec(R),Ospec(R)) ----+ H2(Spec(R),Ospec(R)) = O. 

By Lemma 2.2, 
00 

H1(U,Ou) ~ EB Hl(X,Li). (2.7) 
i=-oo 

Since mR-depth(R) 2: 3, H!R (Spec(R), OSpec(R)) = 0 (see property c) in the proof 
of Proposition 1.4), whence from (2.6) and (2.7) we get 

Hl(X, Li) = Hl(X, Ox (iE)) = 0 for all i E Z. 

In this way Proposition 2.4 and thereby Theorem 1.3 (under the extra hy
pothesis that L is generated by its global sections) are completely proved. 0 

Remark 2.8. The proof of Theorem 1.3, without the hypothesis that L is generated 
by its global sections, follows the same main ideas, but technically is more involved 
(see [146]). 



Chapter 3 

Counterexamples and Further 
Consequences 

First we show by counterexamples that Theorem 1.3 is in general false in positive 
characteristic. 

A Counterexample in Characteristic 2 

This example is given in [146J. Let X C 1P'2n (n 2: 2) be the hyperquadric in 1P'2n 
of equation 

f = T5 + T1Tn+1 + T2Tn+2 + ... + TnT2n 

over an algebraically closed field k of characteristic 2, and set L := Ox(l) = 
OlP'2n (1) I X. Then X is a smooth hyperquadric in 1P'2n, and in particular, X cannot 
be isomorphic to a cone over a polarized variety (E, L E). Set 

00 

R = EB HO(x, Ox(i)) ~ k[To, ... , T2nl/(f) 
i=O 

(being a smooth hypersurface, X is projectively normal in 1P'2n). 
Observe that because char(k) = 2, all the derivatives of the polynomial f 

vanish at the point P = [1,0, ... ,0] (and only at this point). In other words, all 
the projective tangent spaces at X have the point P in common, i.e. X is a strange 
variety in the terminology of [73], page 311. Moreover, the derivative 

8 
~ : k[To, ... , T2nJ-+ k[To, ... ·, T2nJ 
uTo 

has the property that /fa = O. Therefore 

8(gj) _ f 8g --- -, \7'gEk[To, ... ,Tn], i.e. 
8To 8To 8~O ((f)) ~ (f). 
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This implies that a~o yields a non-zero k-derivation D: R --+ R of weight -1. 

On the other hand, since X is a hypersurface in JP>2n (n 2:: 2), HP (X, L -i) = ° 
for all p = 0, 1 and for all i E Z. Therefore the arguments in the proof of Lemma 
2.3 can be carried out to prove that HO(X, Tx( -1)) i= ° (due to these vanishings, 
we don't have to appeal to Mumford's vanishing theorem). 

This shows that (X, L) is a smooth polarized variety of dimension 2:: 3 (which 
is not a cone), such that HO(X, Tx ® L -1) i= 0. 

A Counterexample in Characteristic 3 

Let k be an algebraically closed field of characteristic 3. In JP>3 consider the surface 
X of equation 

f = T5 + T1Ti + T2T; + T3Tf. 
We have * = 0, £ = Ti + 2T1T3 = Ti - T1T3, *k = Tj- T1T2, * 
T'f - T2T3· The closed subvariety in]p>3 of equations 

Tl- T2T3 = Ti - T1 T3 = T;- T1T2 = ° 
is (at least set-theoretically) the line 

as one can easily see. Thus Sing(X) is the point A = [0,1,1,1] and all other points 
of L \ {A} are strange points of X (Le. points in the intersection of all projective 
tangent spaces at all smooth points of X). In particular, X is a normal surface. 
Observe that B := [0,0,0, 1] EX, but the line AB has in common with X only 
the points A and B. In particular, X cannot be a cone. 

On the other hand, as in the previous example, since * = 0, we have 

aJ~) = fifo, whence the derivation 

yields a non-zero k-derivation D: R --+ R of weight -1, where 

00 

R = EBHO(X, Ox(i)) ~ k[To, T1, T2, T3]/(J). 
i=O 

As above we get HO(X,Tx ® L-1) i= 0, where L := Ox(1). In other words, 
the normal polarized surface (X, L) (which is not a cone) is a counterexample to 
Theorem 1.3 in characteristic 3. 

Here is another consequence of Theorem 1.3. 
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Proposition 3.1. Let Y be a smooth, connected, non-degenerate closed subvari
ety of codimension 2:: 2 oj'lllm. Assume dim(Y) 2:: 1 and char(k) = O. Then the 
Zak map z: HO(Y,(n + l)Oy) --t HO(Y,NylIpn(-l)) is injective. In particular, 
dimk HO (Y, NylJpm ( -1)) 2:: n + 1, with equality if and only if the map z is surjec
tive. 

Proof. Consider the following commutative diagram with exact rows and columns: 

o o 

id 
Oy ( - 1) -----+ Oy ( -1 ) 

I I 
o · F(-l) -- (n+ l)Oy --+ NylJpn(-l) ------ 0 

I I lid 

o o 
(which is completely analogous to the diagram used in the proof of Theorem 1.2). 
The first long row implies that Ker(z) = HO(Y,F(-l)) (the functor HO is left 
exact!). On the other hand, the first column yields the exact sequence 

o --t H°(y,Oy(-l)) --t HO(Y,F(-l)) --t HO(Y,Ty (-l)). 

Since Oy (1) is ample and dim(Y) 2:: 1, HO (Y, Oy ( -1)) = O. We claim that 
HO (Y, Ty ( -1)) = O. Indeed, assume first dim(Y) 2:: 2; if this space is -=1= 0, 
by Theorem 1.3 Y would be a cone. But since Y is smooth, this is possible 
only if Y is a linear subspace, and by non-degeneratedness, Y = ]p>n, contra
dicting codimlP'n (Y) 2:: 2. If dim(Y) = 1, HO (Y, Ty ( -1)) -=1= 0 immediately implies 
that Y is a line or a conic, which again contradicts codimlP''' (Y) 2:: 2. Therefore 
HO(Y,Ty (-I)) = 0, which implies Ker(z) = HO(Y,F(-l)) = O. 0 

Remark 3.2. Proposition 3.1 is in general false in positive characteristic. The two 
examples above also yield counterexamples to Proposition 3.1 in positive charac
teristic. 
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Corollary 3.3. Under the hypotheses of Proposition 3.1 assume furthermore that 
the characteristic of k is arbitrary, dim(Y) 2: 2 and 

(the first vanishing always holds in characteristic zero by the Kodaira vanishing 
theorem). Then the Zak map 

z: H°(Y, (n + l)Oy) ~ HO(y, NYl1l'n(-l)) 

is surjective. 

Proof. Indeed, the first column of the diagram from the proof of Proposition 3.1 
yields the exact sequence 

It follows that HI (Y, F( -1)) = O. On the other hand, from the cohomology se
quence associated to the first row of the same diagram we get 

i.e. z is surjective. D 

Examples 3.1. i) Let Vs : jp'r '----+ lpm(r,s) be the s-fold Veronese embedding of jp'r, 

with n(r, s) = r~S) - 1. Set Y := Vs(jp'r), and assume r, s 2: 2. Then Oy(l) := 

OlP'n(r,s) (l)IY coincides to OlP'r(S). 

Claim. HI(Y,Ty(-l)) = 0 for every r 2: 3 or for r = s = 2. Moreover, 

HI(Y,Oy(-l)) = 0 for every r 2: 2. 

Indeed, the second statement comes from the explicit cohomology of the projective 
space. For the first, the Euler sequence for jp'r yields the cohomology sequence 

The first space is zero because r 2: 2, while the last one is zero either if r 2: 3, or 
if r = s = 2. 

Therefore by Corollary 3.3, the Zak map ofY in jp'n(r,s) is surjective. Therefore 
the conclusion of Theorem 1.2 holds true in this case. This result goes back to C. 
Segre and G. Scorza, see [131]. 

Notice that if in Example 3.1, i) we assume r 2: 3, we get HI(y, Oy(i)) = 
HI(y, Ty(i)) = 0 for all i E Z. 

ii) Let i : jp'1 X jp'r '----+ lP'2r+1 be the Segre embedding of jp'1 X jp'r, with r 2: 2. 
Set Y = i(lP'1 X jp'r). Then Oy(l) = 0(1,1), where 

0(1,1) := pr (0lP'1 (1)) ® p;( OlP'r (1)), 
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where PI and P2 are the first and the second projections Of]p>1 X ]p>r respectively. 

Claim. HI(y, Oy(i)) = HI(y, Ty(i)) = 0 for every i E Z. 

Again the first statement is trivial. For the second we have Ty ~ pi (TlP'l ) EEl 
P2(TlP'r) = pi(OlP'l (2)) EElp2(TlP'r ). Then the conclusion follows easily from Kiinneth's 
formula and from the Euler sequence of ]p>r. 

In particular, by Corollary 3.3 the Zak map ofY = i(]p>1 x]p>r) in ]p>2r+1 (r 2': 2) 
is surjective. Therefore the conclusion of Theorem 1.2 holds true in this case. This 
result goes back to G. Scorza, see [132]. 

Another application of Theorem 1.3 is the following result. 

Theorem 3.4 (Fujita [50]). Let Y be a smooth projective variety over C which is 
embedded in the normal projective variety X as an ample Cartier divisor. Assume 
that dim(Y) 2': 2 and Hl(y, Ty ® Nyl\) = 0 for every i 2': 1, where NylX is the 
normal bundle of Y in X. Then X is isomorphic to the cone over the polarized 
variety (Y, NYl x ). 

Proof. Set L := NYl x , The normal sequence of Y in X 

o --t Ty --t Tx iY --t L --t 0 

yields the cohomology sequence (i 2': 1) 

For every i 2': 2 the first space is zero by hypotheses, and the third space is also zero 
by the Kodaira vanishing theorem (dim(Y) 2': 2). It follows that H 1(Y,Tx iY ® 
L -i) = 0 for every i 2': 2. Therefore the exact sequence 

o --t Tx ® Ox( -(i + 1)Y) --t Tx ® Ox( -iY) --t TxlY ® L-i --t 0 (3.2) 

yields for every i 2': 2 a surjection 

Hl(X, Tx ® Ox( -(i + 1)Y)) --t Hl(X, Tx ® Ox(-iY)). (3.3) 

On the other hand, since X is normal of dimension 2': 2, Y is an ample Cartier 
divisor on X, and Tx is a reflexive sheaf, a result of Enriques-Severi-Zariski-Serre 
[134]' or also [73], Corollary 7.8, page 244, shows that 

Hl(X, Tx ® Ox( -iY)) = 0 for every i» o. (3.4) 

Then (3.3) and (3.4) and an induction on i yield Hl(Tx ® Ox( -2Y)) = O. There
fore the exact sequence (3.2) (with i = 1) yields the surjection 

(3.5) 
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Finally, the exact sequence (3.1) (for i = 1) yields the cohomology sequence 

in which the last space is zero by hypothesis. Therefore the first map of (3.6) is 
surjective. Recalling also the surjection (3.5), we get a surjection 

and in particular, H O (X, T x ® Ox ( - Y)) i- o. At this point we can apply Theorem 
1.3 to the normal polarized variety (X, Ox(Y)) to get the conclusion. D 

Remark 3.5. We shall generalize Theorem 3.4 to higher codimension in Chapter 
11, see Theorem 11.25. 

Examples 3.2. In all these examples we shall assume that char(k) = O. 
i) (Y,L) = (lPn,Ojpn(S)), with n ~ 3 and s ~ 1. Then by Example 3.1, i), 

Hl(y, Ty ® Li) = 0, for every i E Z. 

ii) Let Y be an abelian variety of dimension d ~ 2. Then for every ample line 
bundle L on Y, we have Hl (Y, Ty ® L -i) = 0 for every i ~ 1. Indeed, in this case 
Ty is isomorphic to the trivial bundle of rank d, and the assertion follows from 
the Kodaira vanishing theorem for example. 

iii) Let Y = Yl X Y2 be a product of two smooth projective varieties Yi with 
dim(Yi) ~ 2, i = 1,2. Let Li be an ample line bundle on Yi, i = 1,2 and set 
L := Pi(Ll) ®P2(L2), where Pi: Y ----+ Yi is the canonical projection on Yi, i = 1,2. 
Then L is ample on Y. Moreover, Ty = pi(TyJ EB P2(Ty2 ). Then for every i > 0, 

Hl(y, Ty ® L-i ) 

= Hl(Y,pi(TY1 ® Lli) ® p2(L;-i)) EB Hl(Y,pi(L1i ) ® P2(TY2 ® L;-i)), 

and using Kiinneth's formulae we get Hl(y, Ty ® L-i) = 0 for every i ~ 1. 
iv) Let Y = Yl X Y2 X Y3 be a product of three smooth projective varieties 

Yl , Y2 and Y3 each of dimension ~ 1, and let L := pi(Ll ) ® P2(L2) ® p3(L3) , with 
Li an ample line bundle on Yi, i = 1,2,3. Then by arguments similar to those in 
the previous example we have Hl(y, Ty ® L-i ) = 0 for all i ~ 1. 

v) Let Y be a hyperelliptic surface. This is a surface with invariants b2 = 2, 
Pg = 0, q = 1 and X(Oy) = O. Moreover, there are two elliptic curves Bo and B l , 
a finite subgroup A c B l , an injective homomorphism a: A ----+ Aut(Bo), and a 
free action of A on Bl x Bo of the form a(bl,bo) = (bl +a,a(a)(bo)) (see e.g. [12], 
(10.25)). Then Y = (Bl x Bo)/A. Let f: Z := Bl x Bo ----+ Y be the canonical 
etale morphism. Then f*(Ty) = Tz = 20z (since Z is an abelian surface), and 
f*(L) is ample on Z. Since char(k) = 0 the vanishing of Hl(Ty ®L-i ) (for i ~ 1) 
follows from the vanishing Hl(J*(Ty) ® f*(L- i)) = H l (Z,2f*(L- i )) = 0 (Z is 
an abelian surface and f*(L) is ample on Z, see Example 3.2, ii). 
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To give another application of Theorem 3.4 we need the following result (see 
[74], page 110): 

Theorem 3.6 (Hartshorne). Let Y be an effective Cartier divisor on complete al
gebraic variety X such that the normal bundle N ylX is ample. Then there exist a 
birational projective morphism I: X ---t Z and an open subset U <::::; X containing 
Y with the property that IIU: U ---t I(U) is an isomorphism and Y' = I(Y) is an 
ample Cartier divisor on Z. In particular, X is a projective variety. 

Prool. We claim that the following three statements hold for every n ~ 0: 

i) N;lx = Oy(nY) is very ample, 

ii) The restriction map HO(X, Ox(Y)) ---t HO(y, N;lx) is surjective, and 

iii) The complete linear system InYI has no base points. 

i) is obvious. For ii) and iii) we adjust part of the proof (due to Kleiman) 
of the Nakai-Moishezon criterion, see e.g. [74]. Since N ylX is ample and Y is a 
complete scheme, HI (Y, N;IX) = 0 for n ~ O. Therefore from the cohomology 
exact sequence 

associated to the exact sequence 

o ---t Ox((n - l)Y) ---t Ox(nY) ---t N;lx ---t 0, 

the map an is surjective for n ~ O. Since X is complete, HI(X, Ox((n - l)Y)) 
is a finite dimensional vector space, it follows that the maps an actually become 
isomorphisms for n ~ O. Therefore the cohomology exact sequence of the above 
short exact sequence yields ii). Then i) and ii) immediately imply iii). 

Now let cp = CPlnYI : X ---t P = JP>(HO(X, Ox(nY))*) be the morphism defined 
by the base-point-free complete linear system InYI for n ~ O. Set ZI = cp(X). 
Then Y = cp*(YI ), with YI a very ample divisor on ZI. By the above claim, 
cplY: Y ~ YI and Yred = cp-I((Ydred). Let cp = g 0 I be the Stein factorization of 
the projective morphism cp, with I: X ---t Z a proper morphism with 1* (Ox) = 
Oz, and g: Z ---t ZI a finite surjective morphism (see [66] III, (4.3.3)). Notice that 
IIY: Y ---t Y' := g*(YI) is an isomorphism and Yred = I-I(y:ed ), so by Zariski's 
Main Theorem (see [66] III, (4.4.1)), I is an isomorphism in a neighbourhood of 
Y onto an open subset of Z. Moreover since cp = go I is a projective morphism, 
I is also projective by a simple general property (see [66] II, (5.5.5)). Finally, 
y' = g* (Yd is an ample Cartier divisor on Z because YI is ample on ZI and g is 
finite. 0 

Definition 3.7. Let i: Y '----t X and i' : Y' '----t X' be two closed embeddings of the 
projective varieties Y and Y' into the projective varieties X and X' respectively. 
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We shall say that i and i' are Zariski equivalent if there exist two Zariski open 
subsets U ~ X and U' ~ X' containing Y and Y' respectively, and an isomorphism 
cp: U ~ U' such that cp(Y) = Y'. 

Now Theorems 3.4 and 3.6 together imply the following: 

Corollary 3.8. Let (Y, L) be a smooth polarized variety over C of dimension 2 2 
such that HI (Y, Ty ® L -i) = 0 for every i 2 1. Assume that Y admits two 
embeddings Y '----+ X and Y '----+ X' in the normal projective varieties X and X' 
as effective Cartier divisors such that NylX ~ L ~ Ny1xl. Then the embeddings 
Y '----+ X and Y '----+ X' are Zariski equivalent. 



Chapter 4 

The Zak Map of a Curve. 
Gaussian Maps 

We first notice that the condition HI (Ty 0 L -1) = 0 of Corollary 3.3 is never 
fulfilled for any smooth projective curve Y embedded in lpm such that Y is non
degenerate and of codimension 2': 2. The aim of this chapter is to provide an 
interpretation of the Zak map of a linearly normal smooth curve Y c Ipm in terms 
of the so-called Gaussian maps. The advantage of Gaussian maps comes from the 
fact that in certain cases there are methods to check their surjectivity, see e. g. 
[147], [148], [38] and the references therein. 

General Gaussian maps 

Definition 4.1 (Wahl [148]). Let Y be a smooth projective variety, and let L, M 
be two line bundles on Y. Consider the canonical map 

/-lL,M : HO(y, L) 0 HO(y, M) ----+ HO(y, L 0 M). ( 4.1) 

Set R(L, M) := Ker(/-lL,M). We are going to define the Gaussian map 

( 4.2) 

associated to (L, M) on Y in the following way. 
Let 0: = ~ li 0 mi E R(L, M). Let U be an arbitrary affine open subset of Y 

i 

such that LIU ~ Ou' Sand MIU ~ Ou . T, so that (over U), li = aiS, mi = biT, 
with a;,b; E r(U,Oy). Since 0: E R(L,M), we have ~aib; = O. 

Then we set 
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Replacing S by S := u-IS and T by T := v-IT, with u and v units in qu, Oy), 
we have li = aiS and mi = biT, where ai := uai and bi = vbi. Then 

= ~)aidbi - bidai)S ® T + (L aibi) (udv - vdu) 
i i 

= L(aidbi - bidai)S ® T, 
i 

because L aibi = O. It follows that 'P L,M (a) is independent of the choices made, 
i 

whence it is a well-defined element in H°(Y, n}lk ® L ® M) as soon as we have 
checked that 

Lli®mi=O ===} 'PL,M(a) =0. 
i 

To this end, let {nj} be a basis of HO (Y, M). Then mi = L {3ijnj, with (3ij E k. 
j 

Then 
Lli ®mi = Lli ® (L{3ijnj) = L(L{3ijli) ®nj = 0, 

i i j j i 

whence (taking into account that {nj} is a basis of HO (Y, M) and of the properties 
of the tensor product), L{3ijli = O. Writing nj = cjT, with Cj E r(U,Oy), we 

i 
have bi = L {3ijCj and L (3ijai = 0, so 

j i 

L(aidbi-bidai) = L ai{3ijdcj - L{3ijCjdai = L(L{3ijai)dcj - L{3ijCjdai 
i i,j i,j j i i,j 

= - L (3ijCj dai = - L cjd(L (3ij ai) = - L cjdO = 0, 
i,j j i j 

so that 'PL,M(a) = 0, as required. 

Properties 

i) Let f: X ---) Y be a morphism of smooth projective varieties, and let L, M be 
two line bundles on Y. Then there is a natural commutative diagram 

R(f*(L), j*(M)) • HO(n1- lk ® j*(L) ® j*(M)) 
'Pr(L),J*(M) 
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ii) If N is a third line bundle on Y, there is a natural commutative diagram 

R(L,MQ9N) -----" HO(O~lkQ9LQ9MQ9N) 
'PL,M0N 
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iii) For every two line bundles Land M on a smooth projective variety Y we have 
the anti-commutative square 

( ) 'P L,M ° (1 ) R L,M --- H Y'OYlkQ9LQ9M 

I j 
R(M,L) --- HO(y,O~lkQ9MQ9L) 

'PM,L 

i.e. 'P M,L 0 U = -v 0 'P L,M, where u and v are the isomorphisms given by the 
commutativity of the tensor product. In particular, the Gaussian map 'PL,M is 
surjective if and only if 'PM,L is surjective. 

iv) Assume L = M and consider the natural map WL : A2HO(Y,L) -+ R(L,L) 
defined by 

We get a composite 

which is called the Wahl map associated to L on Y. Then we have the following: 

Claim. If char(k) -# 2 then Im(wL) = Im('PL,L), and in particular, Coker(wL) = 
Coker( 'P L,d· 

Indeed, the inclusion Im( W d ~ Im( 'P L,d is obvious. Conversely, let 0: = l:. li Q9 
i 

mi E R(L, L). Then define ,B := ~[l:. li Q9 mi + l:.( -mi) Q9liJ. Clearly, ,B E Im(wL) 
i i 

and 'PL,L(o:) = 'PL,L(,B). 

Of particular interest is the Wahl map 
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associated to a smooth projective curve Y of genus g ;:::: 2. Its main interest comes 
from the fact that Wy is a map intrinsically associated to the curve Y. As we 
shall see below, one of the fundamental questions related to Wy is whether Wy is 
surjective. A necessary condition for the surjectivity of Wy is obviously that 

dimk 1\ 2 HO (Y, wy) ;:::: dimk HO (Y, w~ ). 

Using Riemann-Roch, this condition amounts to 

1 
"2g(g - 1) 2: 5g - 5, 

or else, g 2: 10. 

Gaussian Maps of Polarized Curves 

Let Y be a smooth projective curve and L a very ample line bundle on Y. Let i = 
ilLI : Y ~ P := JP>(HO(y, L)*) be the linearly normal embedding into the projective 
space P given by the complete linear system ILl. In particular, i*(Op(l)) ~ L. 
Consider the evaluation map e: HO(Y,L) ® Oy -+ L. Since L is very ample, the 
map e is surjective. Moreover, its kernel is identified to n~lk(l)IY = n~lk®Op(l)® 
Oy, whence we get the exact sequence 

o -+ n~lk(l)IY -+ H°(Y, L) ® Oy -+ L = Oy(l) -+ 0, (4.4) 

which is nothing but the dual of the Euler sequence of P restricted to Y. Let M 
be another line bundle on Y. Tensoring (4.4) by M and taking cohomology we get 
the exact sequence 

o - HO(y,n~lk(l)IY®M) - HO(Y,L) ®HO(Y,M) ~ (4.5) 

f.lL,~ HO(Y,L®M) _ HI(y,n~lk(l)IY®M) ~ HO(Y,L)®HI(Y,M). 

In particular, we get the identification 

(4.6) 

On the other hand, the dual normal sequence of Y in P yields the exact 
sequence 

* b I a I 
0- NYIP®L®M - n plk (l)IY®M - nylk®L®M - 0, 

whence, taking (4.6) into account, the cohomology sequence 

If) - HO(a) 
R(L,M) .,-L,M - • HO(Y,n}lk 0L0M) __ +- (4.7) 

I (* HI (b) I I 
----+-. H Y,Nylk®L®M) --- H (Y,nplk (l)IY®M). 
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In particular from (4.7) we get 

(4.8) 

Therefore (4.8) implies the following: 

Lemma 4.2. Under the hypotheses of property iii) above the Gaussian map <()L,M 

is surjective if Hl(y, N;IP 0 L 0 M) = O. 

Corollary 4.3. Assume furthermore that HI (Y, L -10M) = 0 and that the very 
ample line bundle L is normally presented, i.e. the graded k-algebra R(Y, L) := 
00 

ill HO(y, Li) is generated by its homogeneous part of degree one and the ideal 
i=O 

00 

i=O 

is generated by its homogeneous part of degree 2, where S(V) denotes the symmet
ric k-algebra associated to a k-vector space V. Then the Gaussian map <()L,M is 
surjective. 

Proof. Since L is normally presented, there exists a surjection of the form 

mOp( -2) --t I y --t 0, 

where Iy is the ideal sheaf of Y in Op. This yields the surjection 

Since Y is a curve we get therefore a surjection 

HI (Y, m(L -1 ® M)) --t HI (Y, N;IP ® L ® M) --t O. 

Using the hypothesis that H 1(Y,L- 1 0 M) = 0 and Lemma 4.2 we get the con
clusion of our corollary. D 

If in Corollary 4.3 we take Y a non-hyperelliptic curve of genus 9 ~ 3, which 
is neither trigonal, nor a plane quintic, then by a theorem of Max Noether-Petri 
(see [3]), the canonical class L = Wy is very ample and normally presented. Take 
M of degree ~ 4g - 3. Then 

deg(L- 1 0 M) = deg(M) - deg(L) ~ (4g - 3) - (2g - 2) = 2g - 1. 

By Riemann-Roch, HI (Y, L -10M) = O. Therefore Corollary 4.3 yields: 

Theorem 4.4 (Lazarsfeld). Let Y be a non-hyperelliptic curve of genus 9 ~ 3 which 
is neither trigonal, nor a plane quintic. Let M be a line bundle on Y of degree 
~ 4g - 3. Then the Gaussian map <{)wy,M is surjective. 
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Remark 4.5. The conclusion of Theorem 4.4 still holds if we take M of degree 
4g - 4, provided M 1i- w~. 

Corollary 4.6. Under the hypotheses of Theorem 4.4 the map r.p M,wy is surjective. 

Proof. The conclusion follows from Theorem 4.4 and from property iii) above. D 

Theorem 4.7 (Wahl). Let Y be a smooth projective curve of genus 9 > 0 and 
let L be a very ample line bundle on Y. Let i: Y <-+ P = lP'(HO (Y, L)*) be the 
linearly normal embedding given by ILl into the projective space P. Then there is 
a canonical isomorphism 

Coker( z) ~ Coker ( r.p L,wy ) * , 

where z: H°(Y, L)* ----+ H°(Y, NylP( -1)) is the Zak map ofY in P. In particular, 
the Zak map z is surjective if and only if the Gaussian map r.p L,wy is surjective. 

Proof. The proof that follows is taken from [39]. Using (4.8) we get 

or by duality on Y, 

On the other hand, by a general classical statement due to Petri (see [148], 
or [39]) the map /-tL,wy is surjective (recall that L is very ample and 9 > 0 by 
hypotheses). If in (4.5) we take M = Wy, we get that the map 

is injective. Therefore by duality the map 

is surjective. Then the definition of the Zak map, (4.9) and the surjectivity of the 
map (4.10) yield the conclusion of the theorem. D 

Corollary 4.8. Let Y be a smooth projective non-hypereZZiptic curve of genus g 2: 3 
which is neither trigonal, nor a plane quintic. Let L be a line bundle on Y of degree 
2: 4g - 4 such that L 1i- w~. Then the Zak map associated to the linearly normal 
embedding i = ilLI : Y <-+ lP'n, with n = h°(y,L) -1 = deg(L) - g, is surjective. 
In particular, every extension in lpm+l of the embedded curve Y c lP'n is a cone. 

Proof. Since 4g - 4 2: 2g + 1 for g 2: 3, L is very ample on Y. Then the corollary is 
a consequence of Theorem 4.7 and of Corollary 4.6. For the last statement apply 
Theorem 1.2. D 
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Now we come back to the Wahl map Wy : /\ 2 HO (Y, wy) -? HO (Y, w~) of a 
curve Y of genus 9 2: 2. As we saw in property iv) above, the surjectivity of Wy 

implies 9 2: 10. Then we have the following fundamental result: 

Theorem 4.9 (Ciliberto-Harris-Miranda [38]). The Wahl map Wy of a general 
curve Y of genus 9 2: 10 and 9 -I 11 is surjective. 

The conclusion of Theorem 4.9 is false for 9 = 11 (see [107], via Theorem 
4.11 below). Note that the surjectivity of the Wahl map Wy is an open condition 
in the moduli space Mg of isomorphism classes of curves of genus g. For some 
genera 9 2: 10 Wahl produced for the first time explicit examples of some complete 
intersection curves Y with Wy surjective (see [147]). Therefore for those genera 
Theorem 4.9 is due to Wahl. The method of Ciliberto-Harris-Miranda is entirely 
different, the main idea being to study the Wahl map for certain degenerations of 
curves of genus g. 

Corollary 4.10. Let Y '----+ lP'g-l be the canonical embedding of a general projective 
curve Y of genus 9 2: 10, 9 -I 11. Then every extension of Y in lP'g is a cone. 

Proof. By Theorems 4.9 and 4.7 and the property iv) above, the Zak map of 
Y '----+ lP'g-l is surjective. Then the conclusion follows from Theorem 1.2. D 

Theorem 4.11 (Wahl [147]). Let Y be a smooth non-hyperelliptic projective curve 
of genus 9 2: 3 which is contained in a K3 surface S. Then the Wahl map Wy of 
Y is not surjective. 

Proof. The genus formula and the fact that the canonical class Ks is trivial yield 
(y2) > 0, where (y2) = (y2)S denotes the self-intersection of Y on S. It follows 
that (y. C) 2: 0 for every irreducible curve C on S. Assume that there exists an 
irreducible curve C on S such that (Y . C) = O. Using the Hodge index theorem 
(see e.g. [26], or [25], or [12]) we get (C2 ) < O. Then from the genus formula we get 
C ~ lP'1 and (C2 ) = -2. The Hodge index theorem also implies that there are only 
finitely many such (-2)-curves. Then a projective contractibility criterion of M. 
Artin (see [4], or also [12], chapter 3) shows that there exists a birational morphism 
f: S -? X, with the following properties: X is a normal projective surface having 
finitely many singular points (which are rational double points) such that the 
canonical divisor Kx of X is Cartier (in particular, all the singularities of X 
are Gorenstein), f*(Kx) is a canonical divisor Ks on S, and the canonical map 
Hl (X, Ox) -? Hl (S, Os) is an isomorphism. In our case, since S is a K3-surface, 
Ks = 0 and q = h1(S,Os) = O. It follows that Kx = 0 and h1(X,Ox) = O. In 
other words, X is a singular K3-surface. Moreover, by construction, f defines an 
isomorphism flU: U ~ f(U) from a Zariski open neighbourhood U of Yin S (we 
can take U = S \ E, where E is the union of all irreducible (-2)-curves C such 
that (Y . C) = 0). In particular, Y can also be embedded (via flY) in X as a 
Cartier divisor. Again by construction, (Y . D)x > 0 for every irreducible curve 
Don X. Since f*(Y) = Y, it also follows that (y2)X = (y2)S > O. Then by the 
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Nakai-Moishezon criterion of ampleness (see e.g. [74], or also [12], chapter 1) we 
infer that Y is an ample Cartier divisor on X. 

Now the adjunction formula together with the fact that Wx = Ox(Kx) ~ 
Ox yield Ox (Y) IY ~ Wy. Therefore for every n 2: ° we get the exact sequence 

° ----t Ox((n - l)Y) ----t Ox(nY) ----t w~ ----t 0, 

which yields the cohomology sequence 

° ----t HO(X, Ox((n - l)Y)) ----t HO(X, Ox(nY)) ----t HO(y,w~) ----t 

----t HI(X, Ox((n - l)Y)) ----t HI(X, Ox(nY)) ----t HI(y,W~) ----t 

----t H2(X, Ox((n - l)Y)) ----t H2(X, Ox(nY)) ----t 0. 

This exact sequence together with the equalities HI(X,Ox) = 0, h2(X,Ox) = 

hl(y,wy) = 1 and H2(X, Ox(nY)) ~ HO(X, Ox( -nY)) = 0, for all n > 0, show 
that HI(Ox(nY)) = ° for every n 2: 0. Therefore we get the exact sequences 

00 00 

In particular, if we set A := EB HO(X,Ox(nY)) and R := EB H°(Y,w~), we 
n=O n=O 

get AltA ~ R, where tEAl = HO(X,Ox(Y)) is a global equation of Y in X. 
Now, by a classical result of Max Noether (see [3]), the canonical ring R of a non
hyperelliptic curve Y of genus 9 2: 3 is generated by RI . It follows that A is also 
generated by Al (because AltA ~ Rand deg(t) = 1) and dimHO(X,Ox(Y)) = 
9 + 1. In particular, X is an extension of Y in jp9 in the sense of Definition 1.1. 
This extension cannot be trivial because otherwise X (and hence also S) would 
be birationally equivalent to Y x jpl. At this point we can apply Theorem 1.2 to 
deduce that the Zak map of Yin jp9- I cannot be surjective. Therefore by Theorem 
4.7 and property iv) above the Wahl map Wy cannot be surjective. 0 

Remarks 4.12. i) In the proof of Theorem 4.11 we could have used Theorem 3.6 
instead of the more delicate contractibility Theorem of M. Artin. Wahl's proof of 
Theorem 4.11 given in [147] is completely different from the above one. Another 
proof of this result can be found in [27]. 

ii) The major interest of Theorem 1.2 consists in the fact that it holds also 
for the case when Y is a curve, in which case the cokernel of the Zak map can be 
interpreted (via Theorem 4.7 above) in terms of the cokernel of a certain Gaussian 
map. Moreover, the Theorems 4.4 and 4.9 above produce very interesting examples 
of surjective Gaussian maps. 



Chapter 5 

Quasi-homogeneous Singularities and 
Projective Geometry 

Let X be a smooth variety and Y a closed subvariety having only one singularity 
y E Y. Then we may consider the normal sequence of Y in X 

cp 
0----+· Ty ---+. TxlY - NYlx. 

Since Y is smooth outside y and X is smooth, cp is surjective outside the point y. 
Therefore 

T~,y := Coker(cp) 

is a coherent sheaf concentrated at the point y. In particular, T~,y (sometimes 
also denoted by T~) is a finite-dimensional vector space over k (because it is a 
coherent sheaf concentrated at one point). Then T~,y is called the space of first 
order infinitesimal deformations of the isolated singularity (Y, y). This space turns 
out to be an extremely important intrinsic invariant of (Y, y), i.e. Tf,y depends 
only on the singularity (Y, y), and not on the choice of the embedding Y '----+ X 
into the smooth variety X (see [127], or [5], or [120], cf. also Corollary 5.3 and 
remark 5.4 below). 

The definition of Tf,y = T~ being local, we may assume that Y = Spec(A), 
with A a finitely generated k-algebra. Then we may write A = k[T1 , ... , Tnl/ I, 
where 1 is an ideal of the polynomial k-algebra P := k[Tl, ... ,Tn], and therefore 
we may take X = Spec(k[T1 , ... , Tn]) = An, and as Y '----+ X the closed subvariety 
V(I) of X defined by the ideal I. Then the canonical exact sequence (see [73], 
Proposition 8.12, page 176) 

1/12 --> n~lk ® p A --> n~lk --> 0 

yields for every A-module M the exact sequence 

o - HomA(n~lk' M) = Derk(A, M) ---+ HomA(n~lk ®p A, M) = 
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where by definition Tl(Alk, M) := Coker(cpM). The A-module Tl(Alk, M) is 
called the module of deformations of Alk by M. Taking M = A we get that 
T~,y is the sheaf associated to the A-module Tl(Alk,A). 

Definition 5.1. Let A be a commutative k-algebra of finite type, and M an A
module. An extension of A over k (or of AI k) by M is an exact sequence 

J E: 0 ---+. M ---+. E ---+. A ---+. 0, 

where E is a commutative k-algebra, j is a surjective homomorphism of k-algebras, 
i(M) = Ker(j) is a square-zero ideal of E (in particular, i(M) becomes an A
module), and i defines an isomorphism of A-modules between M and i(M). 

Two extensions E and 

j' 
E': 0 ---+. M ---+-. E' ---... A ---... 0 

of AI k by M are said to be equivalent if there exists a k-algebra homomorphism 
u: E -+ E' inducing a commutative diagram 

M .E j .A 

idM uj idA 

M E' .A • 
i' j' 

In this case it follows easily that u must be an isomorphism of k-algebras. The set 
of equivalence classes of extensions of Alk by M will be denoted by EX1(Alk, M). 

Theorem 5.2. With the above definitions and notation, there is a natural bijection 

a: Exl(Alk,M) -+ Tl(Alk,M). 

Proof. We shall follow [127] and [92]. Consider an extension 

j 
E : 0 ---+. M ---... E ---... A ---... o. 

Since P is a polynomial k-algebra the canonical surjection g: P -+ A = PI 1 
factors through a (not necessarily unique) k-algebra homomorphism f: P -+ E, 
i.e. j 0 f = g. Since g(1) = 0, f(1) ~ Ker(j) = M. However, i(M) is a square
zero ideal of E, hence f induces a homomorphism of A-modules h: 1112 -+ M, 
and thus, an element of Tl(Alk, M). If f' : P -+ E is another lifting of g, then 
i-1(f - 1') : P -+ M is a k-derivation, thus the map 

a: Exl(Alk,M) -+ Tl(Alk,M) 

given by (E) -+ a(E) := h is well defined. 
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Conversely, let h be an arbitrary element of Tl(Alk, M), with h an element 
ofHomA(III2,M), i.e. h: 1--+ M, an A-homomorphism which vanishes on 12. On 
the product P x M consider the usual addition and the multiplication defined by 

(x,m)(x',m'):= (xx',x'm+xm'), V'(x,m), (x',m') E P x M, 

where M is regarded as a P-module by the restriction of scalars via the canonical 
map of k-algebras g: P --+ A. With this multiplication, P x M becomes a k-algebra, 
and it is easy to see that {(x, -h(x)) I x E I} is an ideal of P x M. Set 

Eh := (P X M)/{(x, -h(x)) I x E I}. 

Let jh: Eh --+ A be the map defined by jh(x;0 = x mod I E A, V'(x;0 E Eh. 
Clearly, jh is a well defined surjective homomorphism of k-algebras. For every 

(x;0, (~) E Ker(jh) we have 

(x;0(~) = (xx',~xm') = (~) = (xx':=h(xx')) = (0,0), 

because x, x' E I and h vanishes on 12. In other words, Ker(jh) is a square-zero --ideal of Eh. Moreover, it is easily checked that the map (x, m) --+ m + h(x) yields 
a well-defined isomorphism of A-modules Ker(jh) ~ M. In other words, in this 
way we get an extension Eh of Alk by M. 

We prove now that if h = h' (with h' E HomA (I I 12 , M)), the extensions Eh 
and E' h (of AI k by M) are equivalent. The equality h = h' means that there is a 
derivation d E Derk(P, M) such that h' = h + dlI: 1--+ M (h and h' are regarded 
as k-linear maps which vanish on 12 ). Then it is easily checked that the function -- --cp: Eh --+ Eh' defined by cp((x,m)) := (x,m+d(x)) yields an isomorphism of 
extensions (Eh) ~ (Eh')' 

Therefore we get a well-defined map (3: Tl (Alk, M) --+ EXl (Alk, M) given by 
(3(h) := class of (Eh), which is easily checked to be the inverse of the map a. 0 

Corollary 5.3. Tl(Alk, M) is independent of the choice of the presentation A = 
PI I. In particular, if (Y, y) is an isolated singularity, T~,y is independent of the 
embedding Y '---+ An. 

Proof. The corollary follows from Theorem 5.2 because the set Exl(Alk, M) is 
independent of the presentation A = PI I. 0 

Remark 5.4. One can prove that the A-module structure of Tl(Alk, M) is also 
independent of the choice of the presentation. Roughly speaking, this is done in 
the following way: one can intrinsically define an addition on Exl (Alk, M) and 
a scalar multiplication A x Exl(Alk, M) --+ Exl(Alk, M) such that Exl(Alk, M) 
becomes an A-module (i.e. depending only on Alk and on M). Then one checks 
that the bijective map a is in fact an isomorphism of A-modules (see [127] for 
details). 
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Quasi-homogeneous singularities 

00 

Assume now that A = EB Ai is a finitely generated graded k-algebra such that 
i=O 

Y := Spec(A) has an isolated singularity y at the maximal irrelevant ideal mA := 
00 

EB Ai. The singularities (Y, y) of the form Y = Spec(A) and y = mA, where 
i=l 
A is a finitely generated graded k-algebra are called quasi-homogeneous. Since A 
is finitely generated there are homogeneous elements al, . .. ,an E A of positive 
degrees d1 , ... ,dn respectively such that A = k[al' ... ,an]. Consider the polyno
mial k-algebra P := k[T1 , ... , Tn] graded by the conditions that deg(Ti ) = di , 

Vi = 1, ... , n. Then the map cp: P ~ A of graded k-algebras defined by CP(Ti) = 
ai, Vi = 1, ... , n, becomes a surjective homomorphism of graded k-algebras. If 
1:= Ker(cp), then I is a homogeneous ideal of P such that A = PII. Let M be a 
graded A-module. By the definition of Tl(Alk, M) we have the exact sequence 

in which the first three A-modules are graded and u and v are homomorphisms of 
graded A-modules. In particular, Tl(Alk, M) becomes a graded A-module. 

On the other hand, by Corollary 5.3 and Remark 5.4, the A-module 
Tl(Alk,M) is independent of the presentation A = PII, i.e. Tl(Alk,M) is in
dependent of the choice of the system of homogeneous generators al, ... , an of 
the graded k-algebra A. One can prove that the structure of a graded A-module 
of Tl(Alk, M) thus obtained is also independent of the choice of homogeneous 
presentation A = PII (see [120]). In particular, the space Tf,-,y = Tl(Alk,A) of 
first order infinitesimal deformations of the quasi-homogeneous isolated singularity 
(Y,y) (corresponding to the irrelevant ideal mA) has an intrinsic decomposition 

Tf,-,y = ED T{,y (i) 
iEZ 

which corresponds to the structure of the graded A-module of Tl(Alk,A). The 
subspace Tf,-,y(i) is called the space of first order infinitesimal deformations of 
weight i of the quasi-homogeneous isolated singularity (Y, y). Since the singularity 
(Y, y) is isolated, Tf,-,y is a finite-dimensional k-vector space, and in particular 
Tf,-,y(i) i- 0 only for finitely many values of i E Z. 

Cones over projectively normal varieties 

Let Y be a closed smooth subvariety of the n-dimensional projective space lpm of 
dimension ;::: 1. We recall that Y is called projectively normal in lpm if the Serre 
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map (see [134], or also [73]) 

0:: k[Y]--+ R(Y):= E!1HO(Y,Oy(i)) 
iEZ 

is an isomorphism, where k[Y] := k[To, . .. ,Tnl/ I(Y) is the homogeneous coordi
nate k-algebra of Y in IP'n (with To, . .. ,Tn n + 1 variables over k and I(Y) the 
saturated ideal of Y in IP'n). Geometrically, this means that Y is irreducible and 
for every i 2: 1 the linear system cut out on Y by all hypersurfaces of degree i 
is complete. The ring R(Y) is normal since Y is smooth. On the other hand, the 
Serre map 0: of any closed irreducible subvariety Y c IP'n is TN-surjective, i.e. 
the maps O:i: k[Y]i --+ HO(y, Oy(i)) are isomorphisms for all i » ° (see [134]). It 
follows that (for a not necessarily projectively normal closed subvariety Y ~ IP'n) 
the ring R(Y) is the normalization of k[Y] in its field of quotients. Therefore Y is 
projectively normal if and only if the ring R := k[Y] is normal. 

Set C := Spec(k[To, ... , Tn]) = An+l. Inside C we have the affine cone 
Cy := Spec(R) = Spec(k[Y]) with vertex x = (0,0, ... ,0) (which corresponds to 
the maximal irrelevant ideal mR)' Since Y is smooth and projectively normal in IP'n, 
Cy is a closed normal subvariety of C having an isolated singularity at x. Moreover 
the gradings of R and of k[To, ... , Tn] (deg(Ti) = 1, i = 0, ... , n) yield obvious 
Gm-actions on Cy and on C such that the closed embedding Cy ~ C becames 
Gm-invariant. Set Uy := Cy \ {x} and U := C \ {x}. Then Uy and U are Gm-
invariant open subsets of Cy and of C respectively, such that the closed embedding 
Uy ~ U is also Gm-invariant. We have natural projections 'Try: Uy --+ Y and 
'Tr: U --+ IP'n such that the following diagram (in which the horizontal arrows are 
the natural inclusions) 

(5.1) 

Y ---__+_" IP'n 

is cartesian. 
Our aim is to compute in geometric terms the space Tb = Tb x of first order y y, 

infinitesimal deformations of the isolated singularity (Cy , x). By the definition of 
Tby we have the exact sequence 

Since Cy is an affine variety, by passing to global sections we get the exact sequence 
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On the other hand, since Tcy, Tc I Cy and N Cy IC are reflexive sheaves on the 
normal variety Cy of dimension ~ 2, and since x is a point of Cy , by Proposition 
1.4 we get 

HO(Tcy) ~ HO(Uy, Tcy), HO(TcICy) ~ HO (Uy , TcICy), 

HO(Ncylc) ~ HO(Uy , NCyl c ), 

Therefore the above exact sequence becomes 

0-+ HO(Uy,Tcy ) -+ HO(Uy,TcICy ) -+ HO(Uy,Ncylc)-+ 

-+ HO(T6y ) = Tl(Rlk,R) -+ O. (5.2) 

Since Uy c U is a closed immersion of smooth varieties we have the normal 
exact sequence 

(5.3) 

whose cohomology sequence together with the exact sequence (5.2) yield in par
ticular the inclusion 

(5.4) 

Now look at the commutative diagram with exact rows and columns 

0 0 

j j 
0 • GUy • Tuy • 7r~(Ty) • 0 

id j j j 
0 • GUy - TulUy - 7r*(TJPn)IUy = 7r~(TJPnIY) - 0 

j 
c:,; 

j 
NUylU • 7r~(NYIJPn) 

j j 
0 0 

The fact that the first two rows are exact comes from Lemma 2.1 (applied to 7ry 
and to 7r), the equality in the second row from the commutativity of diagram (5.1), 
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the last column is the pull back of the normal sequence of Y in Ipm, and the middle 
column is just (5.3). In particular, NuylU ~ Jrt-(NYlIl'n). Then (5.2) yields 

(5.5) 

Now we have to examine the map Q more closely. 

Claim. There is a canonical identification Tu ~ Jr*((n + I)OlP'n(I)) such that the 
map 

Qi: HO(Uy,TuIUY)i -) H°(Uy,Jrt-(NY1IP'n))i 

is identified (up to multiplication by a non-zero constant) to the Zak map 

z( i + 1) : HO (Y, (n + 1 )Oy (i + 1)) -) HO (Y, NYllP'n (i)) 

(twisted by i + 1). 
Then (5.5) and the claim yield the following result: 

Theorem 5.5 (Schlessinger [128], [129], [120]). Let Y c Ipm be a smooth projectively 
normal closed subvariety of lP'n of dimension 2: 1, and let Cy be the affine cone 
over Y in lP'n. Then there is a natural identification 

T8 y (i) ~ Coker(z(i + 1)), 

where z(i + 1) : HO((n+ I)Oy(i + 1)) -) HO(NYllP'n(i)) is the Zak map ofY in lP'n 
twisted by i + 1. 

It remains to prove the above claim. To do this we shall make use of the 
following special cases of the well-known Bott's formulae: 

First observe that the isomorphism classes of vector bundle extensions 

of TlP'n by OlP'n are classified by Hl(pn, n~n) which by (5.6) is a one-dimensional 
vector space. Therefore either E ~ OlP'n EB TlP'n, or the above exact sequence is 
isomorphic (up to multiplication of the second map by a non-zero constant) to the 
Euler sequence of lP'n. 

On the other hand, the isomorphism classes of vector bundle extensions of 
Jr*(TlP'n) by Jr*(OlP'n) = Ou are classified by Hl(U,Jr*(nij)), which by Lemma 2.2 
and (5.6) is isomorphic to EB Hl(lP'n,n~n(i)) ~ Hl(lP'n,n~n) ~ k. We infer that 

iEZ 
every vector bundle extension of Jr* (TlP'n) by Jr* (OlP'n) = Ou is the pull back via Jr 
of a vector bundle extension of TlP'n by OlP'n. In particular, considering the exact 
sequence 
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(given by Lemma 2.1) it follows that either Tu ~ Ou EEl 7r*(TlP'n), or 

Tu ~ (n + 1)7r*(OlP'n(1)). (5.7) 

Notice that Tu ~ (n+ 1)Ou, or else nh ~ (n+ 1)Ou. Then the first possibility is 
ruled out because otherwise Lemma 2.2 would imply 

HO(lP'n, (n + 1)OlP'n) ~ HO(lP'n, OlP'n) EEl HO(lP'n, n~n), 

which contradicts the first equality of (5.6). 
Therefore there is an isomorphism of the form (5.7). This fact together with 

the above remarks prove the above claim, and thereby Theorem 5.5, completely. 
o 

In view of Theorem 5.5, Theorem 1.2 implies: 

Corollary 5.6. Under the hypotheses of Theorem 1.2 assume furthermore that Y 
is smooth and projectively normal in IP'n and T6y ( -1) = 0, where Cy is the affine 
cone over Y in IP'n. Then every extension of Y in IP'n+1 is trivial. 

Corollary 5.6 is especially interesting because it makes a connection between 
two completely different things: the deformation theory of the vertex of the cone 
over Y in IP'n (which is of local nature), and a problem of global projective geometry 
(i.e. the classification of extensions of Y in IP'n+1). 

Definition 5.7. Let (Y,y) be an isolated singularity of an affine variety Y (with 
Y smooth outside y). Then (Y, y) is called a rigid singularity if T},y = 0, i.e. if 
the space of first order infinitesimal deformations of (Y, y) is zero. Clearly, (Y, y) 
is rigid if y is a smooth point of Y. 

The following result provides a criterion for the vertex x of the affine cone 
Cy over a smooth projectively normal closed subvariety Y in IP'n to be rigid. 

Proposition 5.S. Let Y be a smooth projectively normal closed subvariety of IP'n of 
dimension ~ 1 such that HI(y, Oy(i)) = HI(y, Ty(i)) = ° for all i E Z. Then 
T6y = 0, i.e. the vertex x of Cy is a rigid singularity. 

Proof. By (5.4) it will be sufficient to prove that HI (Uy , Tuy) = 0. To do this 
consider the following cohomology sequence associated to the first row of the 
diagram of the proof of Theorem 5.5: 

HI(Uy , OUy) ---+ HI(Uy , Tuy) ---+ HI(Uy, 7rir(Ty )). 

Therefore the middle space is zero if the first and the last spaces are both zero. 
But by Lemma 2.2 and our assumptions we have 

HI(Uy , OUy) = EB HI(y, Oy(i)) = 0, and 
iEZ 

H I(Uy,7rir(Ty )) = $ HI(y,Ty(i)) = 0. 
iEZ 

o 
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By Proposition 5.8 and Examples 3.1, i) and ii), the vertex of the affine cone 
over the Veronese variety Y = vs(lpr), with r 2:: 3 and s 2:: 2, or over the Segre 
variety Y = i(pl X pr), with r 2:: 2, is a rigid singularity. 

Remark 5.9. (Pinkham [120].) Under the hypotheses and notation of Definition 
1.1, assume that X is a non-trivial extension in pn+l of a smooth subvariety 
Y <-t pn. Thus Y = X n H, with H = Ipm a hyperplane in pn+l. Consider a linear 
embedding j : Ipm+l <-t Ipm+2, and let Cx C pn+2 be the projective cone over X of 
vertex a point x E Ipm+2 \j(pn+l). Then H is a 2-codimensionallinear subspace in 
pn+2 which generates a pencil of hyperplanes {HdtEII'l (all hyperplanes of pn+2 
containing H). If we denote by 0 the point [1, 0] E pI, we may assume that H ° is the 
hyperplane of the pencil containing x. Finally, for every t E pI set X t := Cx n H t . 

Then we get a family {XthEII'l of projective varieties parametrized by pI such 
that Xo is isomorphic to the cone Cy over Y of vertex x and Xt ~ X for every 
t E pI \ {O}. In particular, we get a non-trivial deformation of the singularity 
(Cy , x). For example, if Y is projectively normal in pn and X is smooth, then this 
family is fiat and yields a "smoothing" of the vertex x of the cone Cy . Thus any 
non-trivial extension X of Y in pn+l produces an interesting deformation of the 
vertex of the projective cone Cy over Y. This construction is called "sweeping out 
the cone with hyperplane sections" (see [120], page 46). 

We close this chapter by proving Proposition 1.11. 

Proof of Proposition 1.11. Let 1 be the saturated homogeneous ideal of Y in the 
polynomial k-algebra P := k[To, TI, ... , Tn], and set A = PI 1 (the homogeneous 
coordinate k-algebra of Y in pn). Since Y is projectively normal in pn we can 
apply Theorem 5.5 to get 

T8y (-2) = Coker(HO(y, (n + l)Oy( -1)) -- HO(y, NYIIl'n (-2))), 

whence T8y (-2) = HO(y, NYlIl'n( -2)) because HO(y, (n+ l)Oy( -1)) = O. There
fore we have to check that T8y (-2) = TI(Alk,A)(-2) = o. Every element 
t E TI(Alk,A)(-2) is represented by a homomorphism 'P E HomA(1112,A)(-2) 
of degree -2. To prove the proposition it will be enough to show that under its 
hypotheses we have 'P = O. 

By our hypotheses, there is a system of generators h, ... ,fs of 1 of degree 
2. We may assume that h, ... , fs is minimal. A relation r among h, . .. ,Is is 
a system of homogeneous polynomials (rl, ... , r s) of the same degree such that 
rdl + ... + rsfs = O. The hypotheses also say that there is a generating set 
r l , ... , rU of independent relations ri = (ri, ... , r!), with deg(r}) = 1. 

Then the classes fi' Vi = 1, ... ,s of Ii in 1112 form a system of generators 
of 1112. Therefore 'P is perfectly determined by the constants 'P(fi)' Vi = 1, ... ,s. 
Now, assume that 'P i- o. Then there is an i such that <P(fi) i- 0 (in k). We may 
assume 'P(fl) i- o. Then for every i = 2, ... , s we have 'P(fi) = ai'P(fI), with 
ai E k. Replacing h, ... ,1s by h, h - adl' fs - ash, we may therefore assume 
that <P(Jl) =f. 0 and <P(Ji) = 0, Vi = 2, ... , s. 
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On the other hand, we claim that there is a linear relation r = (rl, ... , rs) 
among 11, ... , fs such that rl #- 0. Indeed, considering the obvious relation f = 
(12,-11,0, ... ,0) among 11, ... ,fs, by hypothesis we know that there are linear 
forms Cl, ... , Cu E Pl such that f = clrl + ... + curu. In particular, 12 = clri + 
... + curt, which forces rt #- ° for at least one i E {I, ... , u} (because 12 #- 0). 

Now, fixing a relation r = (rl,"" rs) among 11, ... , fs with rl #- 0, we have 
0= rp(rll1 + .. ·+rsfs) = rl rp(fd. Since rp(fd is a non-zero constant, it follows that 
rl = 0, a contradiction. In this way we have proved that HomA(I/I2,A)_2 = 0, 
which implies Tl(Alk, A)( -2) = 0. 0 



Chapter 6 

A Characterization of Linear 
Subspaces 

In this chapter we prove the following characterization of linear subspaces: 

Theorem 6.1 (Van de Ven [144]). Let Y be a smooth closed irreducible subvariety 
of Ipm of dimension d 2: lover the field <C of complex numbers. Then the normal 
sequence 

o ---+ Ty ---+ TlP'n IY ---+ NY1lP'n ---+ 0 

splits if and only if Y is a linear subspace of IP'n . 

One implication is easy. Namely, assume that Y is a linear subspace of IP'n. 
Let L be a linear subspace of IP'n of dimension n - d - 1 such that Y n L = 0. 
Projecting from L we get a morphism 7f : IP'n \ L ---+ Y = IP'd such that 7f 0 i = idy , 

where i: Y L-+ IP'n is the natural inclusion. Therefore we get a canonical map 
Tpn\L ---+ 7f*(Ty), which, restricted to Y, yields a map TpnlY ---+ i*7f*(Ty) = Ty. 
This is the desired splitting of the normal sequence. 

The other implication is non-trivial. The proof that follows is due to Mustata
Popa [115], and its main idea is to make use ofthe first infinitesimal neighbourhood 
Y(l) = (Y, OlP'n/I2) of Yin IP'n, where I is the ideal sheaf of Yin Opn. The first 
step is to interpret the splitting of the normal bundle in terms of Y(l). Precisely, 
we have the following general 

Lemma 6.2. Let Y be a closed subvariety of an algebraic variety X, and let I be 
the ideal sheaf of Y in Ox. Let 

I/I2 ~ n~1Y --+. n~ ---~ 0 

be the dual of the normal sequence of Y in X. Then 0" admits a left inverse (i. e. 
a map s : n~ IY ---+ I/I2 of coherent Oy-modules such that so 0" = id) if and only 
if the canonical closed immersion i: Y L-+ Y (1) (with Y (1) the first infinitesimal 
neighbourhood of Y in X) admits a retraction, i. e. there exists a morphism of 
schemes r: Y (1) ---+ Y such that r 0 i = idy . 
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Remark 6.3. Lemma 6.2 shows that the normal sequence 

o ~ Ty ~ TxlY ~ NylX ~ 0 

of a smooth closed subvariety Y of a smooth algebraic variety X splits if and 
only if the closed embedding Y ~ Y(l) admits a retraction. In Chapter 8 we 
shall encounter a somewhat similar problem. Precisely, if Z eYe X are closed 
embeddings of smooth algebraic varieties (with codimy(Z) = 1) then the splitting 
of the canonical exact sequence of normal bundles 

o ~ NzlY ~ NZlx ~ NYIXIZ ~ 0 

can also be expressed in terms of the first infinitesimal neighbourhood Y(l) of Y 
in X (see Lemma 8.1 below). 

Proof of Lemma 6.2. The existence of a retraction 71" is equivalent to the existence 
of a map of sheaves of rings 71"' : Oy = OX II ~ Ox 1I2 such that the composite 

//) I 71"' //) I 2 canonical//) I 
vx I -- vx I • vx I 

is the identity. On the other hand, the existence of a map s : nilY ~ III2 such 
that so 6 = id is equivalent to the existence of a derivation D : Ox ~ III2 such 
that D II coincides to the canonical map I ~ IIP . 

Given D E Der(Ox,III2) such that DII : I ~ IIP is the canonical map, 
we define 71"' : Ox ~ Ox 1I2 by 71"' = <p - D, where <p : Ox ~ Ox 1I2 is the 
canonical map. One checks easily that 71"' is a map ofrings and 7I"'II = O. Therefore 
one obtains a map 71"' : OX II ~ Ox 1I2, which composed with the canonical map 
Ox 1I2 ~ OX II, is the identity. Conversely, given 71"' one easily gets back D by 
D = <p -71"'. 0 

Proof of Theorem 6.1. 
Step 1. We may assume that Y is non-degenerate in lP'n. 

Indeed, let L be the linear subspace of lP'n generated by Y. Then we have the 
commutative diagram of dual normal sequences 

If s : n~ ~ n~n I Y is a map such that u 0 s = id, then v 0 (a 0 s) = u 0 s = id. 
In other words, if the top sequence splits so does the bottom one. 

Henceforth we will assume that Y is non-degenerate and then we have to 
prove that Y = lP'n. We shall first consider the case d = dim(Y) ~ 2. 
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Step 2. HI(y, N~l1P'n) = o. 
Indeed, from the splitting of the dual of the normal sequence of Y in Ipm we get 

(6.1) 

On the other hand, the restricted Euler sequence 

yields the cohomology sequence 

The first space is clearly zero. Moreover, since k = C and dim(Y) ~ 2, by the 
Kodaira vanishing theorem the last cohomology space is zero (because d ~ 2). 
Therefore dim HI (Y, n~n IY) = 1. On the other hand, dim HI (Y, n~) ~ 1 because 
by a theorem of Neron-Severi HI (Y, n~) contains N S(Y) ®z C, where N S(Y) is 
the Neron-Severi group of Y. These two observations together with (6.1) prove 
step 2. 

Step 3. HO(y,N~IIt'n(l)) = o. 
Indeed, from the restricted Euler sequence 

o - n~n IY(l) -- (n + l)Oy ~ Oy(l) • 0 

we get 
(6.2) 

where ( := HO(f3) : H°(Y, (n+ l)Oy) -+ H°(Y, Oy(l)). On the other hand, in the 
commutative diagram 

rv 

H O (IP'n , (n + l)Oll'n) ~ H O (IP'n , Oll'n (1)) 

~ I I inj 

HO(y, (n + l)Oy) ~ HO(y, Oy(l)) 

the first vertical map is an isomorphism, the first horizontal map is also an iso
morphism, and the second vertical map is injective (because Y is non-degenerate 
in IP'n). It follows that the map ( is injective. Recalling (6.2), this implies that 
HO(Y,n~n!y(l)) = O. Using the splitting of the dual normal sequence we get 

0= HO(y, n~n !y(1)) ~ HO(y, N~Ill'n (1)) EB HO(y, n~(l)). 

This proves step 3. 
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Step 4. Let i: Y --t Y(l) be the natural inclusion of Y in its first infinitesimal 
neighbourhood in jpn. Then the map i* : Pic(Y(l)) --t Pic(Y) is injective, where 
Pic(Z) denotes the Picard group of a scheme Z. 

Indeed, from the truncated exponential sequence 

(where for any scheme Z, 0'2 denotes the sheaf of multiplicative groups of germs 
of all nowhere zero functions of Oz, and where the map II]} --t 0~(1) is given 

by u --t 1 + u), we get the cohomology sequence 

Then step 4 follows from HI (Y, N'; IIl'n) = ° (by step 2). 

Step 5. (Conclusion in case dim(Y) :2: 2). 

By Lemma 6.2 our hypothesis says that there is a retraction r: Y(l) --t Y of the 
inclusion i: Y '----t Y(l). Set L := r*Oy(l). Since r 0 i = id, i*(L) ~ Oy(l) = 
OY(1)(l)IY. Since the map i* : Pic(Y(l)) --t Pic(Y) is injective (step 4), L ~ 
OY(I)(l), i.e. r*(Oy(l)) ~ OY(I)(l). 

On the other hand, in the exact sequence 

the first HO is zero by step 3. Therefore the map i* : HO(Y(l),OY(I)(l)) --t 

HO (Y, Oy (1)) is injective. Now, let to, . .. ,tn be a basis of HO (jpn , Oll'n (1) ), and 
set Si := r*(tiIY) E HO(Y(l), OY(1)(1)), i = 0, ... , n. Since i* is injective, Si = 

tiIY(l), i = 0, ... ,no Since OY(1) (1) is very ample we get that i 0 r = i(l), where 
i(l) : Y(l) '----t jpn is the canonical inclusion. But this last fact is impossible, unless 
Y = jpn. This proves Theorem 6.1 in case dim(Y) :2: 2. 

Step 6. Theorem 6.1 holds true if dim(Y) = 1. 

The argument of this step is taken from [95]. The splitting of the normal bundle 
of Y in jpn implies that TII'n IY ~ Ty EB NY1II'n. Since TII'n is an ample vector bundle, 
its restriction TII'n IY is also ample, whence Ty is ample. Since Y is a curve, this 
is possible only when Y ~ jpl. Set e := deg(Y). Then Oy(l) ~ 011'1 (e). It remains 
to prove that e = 1. To this extent look at the commutative diagram with exact 
rows and columns 



Chapter 6. A Characterization of Linear Subspaces 53 

o 

j 

0-----+. N;'llI'n ---- (n+ 1)011'1 (-e) ---•• E ----~. 0 

I id 
Oy -------+. Oy 

I 
o o 

in which the first row is the dual of the normal bundle of Y in lpm, and the middle 
column is the dual of the Euler sequence of ]p'n restricted to Y. The splitting of 
the top row yields a map s : f!} = 011'1 (-2) ----) f!~n IY such that a 0 s = id. 
In particular, s is injective. The injectivity of s and the above diagram yield an 
injective map 0ll'1 (-2) '----t (n + l)Oy( -1) = (n + 1)0ll'1 (-e). This forces e :::; 2. 

If e = 2, Y is a plane conic. Then the dual of the Euler sequence 

yields the exact sequence 

Since Y is a plane conic, the last map is an isomorphism. Therefore 

But this contradicts the existence of the injective map s : 0ll'1 (-2) ----) f!~2IY. 
Therefore e = 1, so the proof of step 6 (and thereby the proof of Theorem 6.2) is 
complete. D 

Remark 6.4. The main reason why we included the above proof of Theorem 6.2 
here consists primarily in the use of the first infinitesimal neighbourhood of a 
closed subvariety in an ambient variety. This illustrates very well the philosophy 
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that using schemes with nilpotents in the study of some rather classical ques
tions of projective geometry could sometimes provide natural proofs. In chapter 
8, following Ellingsrud, Gruson, Peskine and Stn'lmme [46], we shall apply again 
this method (of using the first infinitesimal neighbourhoods) in connection with a 
problem of complete intersection. 



Chapter 7 

Cohomological Dimension and 
Connectedness Theorems 

Cohomological Dimension 

Definition 7.1. Let Z be an irreducible algebraic variety over k. We shall denote by 
Coh(Z) the category of all coherent sheaves Oz-modules. According to Hartshorne 
[75], or also [74], we define the cohomological dimension, cd( Z), of Z by 

cd(Z) = max{n 2: 0 13F E Coh(Z) such that Hn(Z,F) of- O}. 

A general result says that 0 :::; cd(Z) :::; dim(Z) (see [134]' or [66] III, or [73]); 
moreover, a result of Serre asserts that cd(Z) = 0 if and only if Z is affine (see 
[134] and [136], or also [66] III, or [73]). 

The aim of this chapter is to prove the following special case of a basic result 
due to Hartshorne-Lichtenbaum (see [65], or also [75] or [90]). This special form 
of the theorem will be sufficient to prove a generalization of the connectedness 
theorem of Fulton-Hansen (see Theorem 7.14 below). 

Theorem 7.2 (Hartshorne-Lichtenbaum). Let X be an irreducible projective vari
ety of dimension n 2: 1, let Y be a closed subset of X, and set U:= X \ Y. Then 
cd(U) = n if and only ifY = 0. 

Before proceeding to the proof (which follows Kleiman [90] closely) we need 
some preparation. 

Lemma 7.3. For every irreducible quasi-projective variety V of dimension n the 
following two conditions are equivalent: 

(i) Hn(V, F) = 0 for all F E Coh(V). 

(ii) Hn(v, L) = 0 for all invertible sheaves L on V. 
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Proof. Clearly (i)===}(ii). Conversely, assume that (ii) holds. Since V is a quasi
projective variety, every F E Coh(V) is a quotient of direct sums of invertible 
sheaves. Indeed, pick an ample line bundle L on V. Since L is ample, F ® Lm is 
generated by its global sections for m » O. Since F ® Lm is coherent, it follows 
that there is a surjection pOv ----7 F ® Lm ----7 0 for some p 2: 1, and therefore a 
surjection E := pL -m ----7 F ----7 O. Thus we get an exact sequence of the form 

0----7 G ----7 E ----7 F ----7 0, 

where E is a finite direct sum of line bundles and G a coherent sheaf on V. This 
yields the cohomology sequence 

By (ii) the first space is zero (the functor Hn commutes with the direct sums), 
and since n + 1 > dim(V) = n the third space is also zero, whence the middle 
space is zero as well. D 

Lemma 7.4. Let W be a closed subvariety of an algebraic variety V. For a fixed 
integer n 2: 1 the following two conditions are equivalent: 

(i) Hn(w, F) = 0 for all coherent Ow-modules F. 

(ii) Hn(v, F) = 0 for all quasi-coherent Ov-modules F with Supp(F) t:: W. 

Proof. The implication (ii)===}(i) is obvious. Conversely, let F be a quasi-coherent 
Ov-module with support in W. F is the direct limit of all its coherent Ov
submodules G. Since the functor Hn commutes with direct limits, Hn(v, F) is 
the direct limit of the Hn(v, G) 'so Hence we may assume F coherent. Now, let Z 
be the closed subscheme of V defined by the annihilator ideal of F. By hypothesis, 
Zred is a closed subvariety of W, where Zred denotes the (reduced) subscheme of 
Z defined by the nilpotent radical I of Oz. Since Z is a Noetherian quasi-compact 
scheme, there is an integer m > 0 such that 1m = O. Then for any coherent 
Oz-module F consider the exact sequences 

where 1° := Oz. Therefore we get the cohomology sequences 

Clearly the quotients Ii F j Ii+l Fare OZ,ed-modules, and hence also Ow-modules. 
Therefore by (i), 

Hn(V,IiFjli+lF) = Hn(W,IiFjIi+lF) = 0 for all i = 0, 1, ... ,m-l. 

In particular, Hn(V,Im-1F) = Hn(V,Im-1FjImF) = O. Using this, (7.1) and an 
obvious descending induction on i we get Hn (V, F) = 0, as desired. D 
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Proof of Theorem 7.2. Assume first that y = 0, i.e. U = X is projective. We have 
to find a coherent sheaf F E Coh(U) such that Hn(u, F) i- o. Choose an ample 
line bundle L on U. Since U is projective, Hn(u, L -m) i- 0 for every m » 0 (for 
example use duality on U). 

Conversely, assume Y i- 0. Then we have to prove that Hn(u, F) = 0 for 
every F E Coh(U). We proceed by induction on n = dim(X). If n = 1 then U 
is an affine curve and the conclusion follows from a well-known vanishing result 
of Serre (see [134]' or also [73]). Assume therefore n ::::: 2. By Lemma 7.3 we may 
assume that F is invertible, and in particular, a torsion free sheaf. 

N ow we need the following: 

Claim. Under the hypotheses of Theorem 7.2 assume n ::::: 2. Then there is a closed 
irreducible subscheme Z of U of dimension n -1 such that U\ Z is affine. Moreover, 
the scheme Z is quasi-projective, but not projective. 

We first prove the above claim. Blow up X along Y to get the birational 
morphism f: X' ---) X with exceptional locus Y' = f- 1 (Y). Then Y' is an effective 
Cartier divisor on X'. Since X is projective and irreducible, X' is also projective 
and irreducible. Choose a projective embedding X' '----+ lP'm. Since n ::::: 2, by Bertini 
(see e.g. [87]) we can find an irreducible hyperplane section T of X'. Because T 
is a very ample Cartier divisor on X' (T i- yl) and Y' is a Cartier divisor on 
X', Y' + aT is very ample for a » O. Therefore X' \ (T U yl) is an affine open 
subset of X'. Set ZI := f(T U yl) and Z := Un ZI. Then Z is irreducible because 
Z = f(T) n U and T is irreducible. Moreover, U \ Z = X \ ZI ~ X' \ (T U yl), 
and in particular U \ Z is affine. Finally, Z is not projective because Z = f(T) \ y 
and Y n f(T) i- 0 (T n Y' i- 0 because T is a hyperplane section on X' and 
dim(yl) = n - 1 > 0). Thus the claim is proved. 

To conclude the proof of Theorem 7.2 in case n ::::: 2, apply the above claim to 
find Z as above. Let i: U \ Z '----+ U be the canonical inclusion. Then i is an affine 
morphism because for every affine open subset V of U, i-I (V) = Vn (U\ Z) (on a 
separated scheme the intersection of any two affine open subsets is again affine!). 
Now, starting with a torsion free coherent sheaf F on U, consider the canonical 
map 0:: F ---) i*i*(F). Since Supp(Ker(o:)) <;;; Z, Ker(o:) is a torsion subsheaf of F, 
and since F is torsion free, Ker( 0:) = O. Therefore we get the exact sequence 

o ---) F ---) i* i* (F) ---) G ---) 0 

(where G := Coker(F ---) i*i*(F))) which yields the cohomology sequence 

Hn- 1(U,G) ---) Hn(U,F) ---) Hn(U,i*i*(F)). 

Note that i*i*(F) (and hence also G) is only a quasi-coherent Ou-module. 

(7.2) 

Since i is an affine morphism Hn(U,i*i*(F)) ~ Hn(u \ Z,i*(F)), and the 
latter space is zero because n > 0 and U\ Z is affine, by Serre's Theorem. Therefore 

(7.3) 
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On the other hand, Supp( G) ~ Z. Since Z is an irreducible quasi-projective 
(but not projective) variety of dimension n - 1, by the inductive hypothesis, 
Hn-l(Z, H) = 0 for every coherent Oz-module H. Then by Lemma 7.4 we get 

Hn-l(u,G) = O. 

Finally, (7.2), (7.3) and (7.4) yield Hn(u, F) = O. 

(7.4) 

o 
Remark 7.5. Theorem 7.2 can be restated by saying that cd(U) ::; n - 1 if and 
only if Y i= 0. The above inductive proof of Theorem 7.2 required considering 
effectively the category of quasi-coherent (and not only of coherent) sheaves. 

We illustrate now the use of the notion of cohomological dimension by proving 
the following useful result, which is going to playa crucial role in the proof of the 
connectedness Theorem of Fulton-Hansen: 

Theorem 7.6. Under the hypotheses of Theorem 7.2 assume n 2: 2 and cd(U) ::; 
n - 2. Then Y is connected. 

Proof. Assume that Y is not connected, i.e. Y can be written as Y = Y1 UY2 , with 
Y1 and Y2 non-empty closed subsets of Y such that Y1 n Y2 = 0. Because X is 
projective of dimension n, by Theorem 7.2 and Lemma 7.3, there is an invertible 
sheaf L on X such that Hn(x,L) i= O. 

In the exact sequence 

the last space is zero by Theorem 7.2 because Yi i= 0 for i = 1,2. It follows that 
hyi(X,L) 2: hn(X,L) for i = 1,2, where hW(V,F) := dimk Htv(V, F) for every 
coherent sheaf F on an algebraic variety V and for every closed subvariety W of 
V. Moreover, since Y = Y1 U Y2 and Y1 n Y2 = 0, by Mayer-Vietoris we have 
Hy(X, L) ~ HYl (X, L) EB H y2 (X, L), and hence, hy(X, L) 2: 2hn(x, L). 

On the other hand, in the exact sequence 

the first and the last spaces are zero by cd(X \ Y) ::; n - 2, whence hy(X,L) = 
hn(x, L), contradicting the inequality hy(X, L) 2: 2hn(x, L), because hn(x, L) 2: 
1. 0 

We shall use Theorem 7.6 to prove two results (Corollaries 7.7 and 7.11) due 
to Grothendieck (see [68], expose XIII). 

Corollary 7.7. Let X be an irreducible algebraic variety of dimension n 2: 2 over 
k, and let f: X --+ Pro j (S) be a finite morphism, where S is a finitely generated 
graded k-algebra. Let h, ... ,tr E S+ be homogeneous elements of positive degrees. 
If r :::; n -1 (resp. r ::; n) then f-1(V+(h, ... ,tr )) is connected (resp. non-empty), 
where V+(t1, ... ,tr) is the locus of Proj(S) of equations h = ... = tr = O. 
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Proof. In the standard notation of [66] II, set Y := f-l(V+(h, ... , tr)) and P := 

Proj(S). Since P\ V+(h, ... , tr) = D+(h) U··· U D+ (tr) , D+(ti) := Spec(S(ti)) is 
affine Vi = 1, ... , r, and f is finite, it follows that X \ Y is the union of the affine 
open subsets f-l(D+(ti)), i = 1, ... , r. Therefore by tech, cd(X \ Y) :s: r - 1 :s: 
n - 2 (resp. cd(X \ Y) :s: n - 1 if r :s: n). The conclusion follows from Theorem 
7.6 (resp. from Theorem 7.2). 0 

The above corollary can be slightly refined. First we need the following: 

Definition 7.8. Let V be an algebraic variety over k, and let d ~ 0 be a non
negative integer. V is said to be d-connected if every irreducible component of V 
is of dimension ~ d + 1 and if V \ W is connected for every closed subvariety W 
of V of dimension < d. 

For example, every irreducible variety X of dimension n ~ 1 is (n - 1)
connected. An algebraic variety X is O-connected if and only if X is connected 
and every irreducible component of X is of dimension ~ 1. 

Example 7.1. Let X be the closed subvariety of the affine space A 4 having two 
irreducible components Xl and X 2 , where Xl is the plane of equations Xl = X2 = 

o and X 2 the plane of equations X3 = X4 = O. Then Xl n X 2 = {X}, where 
X = (0,0,0,0). Thus X is O-connected. On the other hand, X is not 1-connected 
because X \ {x} has two connected components Xl \ {x} and X 2 \ {x}. 

Definition 7.9. A sequence Zo, Zl,"" Zn of (not necessarily pairwise distinct) 
irreducible components of an algebraic variety V is called a d-join within V if 
dim(Zd ~ d + 1 for every i = 0,1, ... , n and if dim(Zj_1 n Zj) ~ d for every 
j = 2, ... ,no 

The following elementary result (whose proof is left as an exercise to the 
reader) will not be used in the sequel, but it better explains the concept of d
connectedness. 

Proposition 7.10. An algebraic variety X is d-connected if and only if X = Zo U 
Zl U ... U Zn for some d-join ZO, Zl, ... ,Zn within X. 

Corollary 7.11. Under the hypotheses of Corollary 7.7 assume that r :s: n -1. Then 
f-I(V+(t l , ... , tT)) is (n - r -l)-connected. 

Proof. Since S is a finitely generated k-algebra, Proj(S) is a projective scheme over 
k, whence X is a projective variety because f is a finite morphism. Let X C JP'N 
be an arbitrary projective embedding of X, and let A be a general linear subspace 
of JP'N of dimension N +r - n + 1. Since dim(X) = nand Y := f-I(V+(tl, ... , tr)) 
is locally given by r equations in X, every irreducible component Z of Y is of 
dimension ~ n - r. It follows that dim(ZnA) = dim(Z) +dim(A) - N ~ (n - r) + 
(N + r - n + 1) - N = 1, and in particular, A meets every irreducible component 
ofY. 
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Set y' := Y n A. If A is defined by linear equations srH = ... = Sn-l = 0 
in JPlN then X \ Y' is the union of the n - 1 affine open subsets f- 1(D+(td), ... , 
f-l(D+(tr)), Ur+1 , ... ,un-I, where Ui := {x E X I Si(X) i- O}, Vi = r+ 1, ... , n-
1. It follows that cd(X \ Y') :::; n - 2, whence by Theorem 7.6, Y' is connected. 

We saw above that every irreducible component of Y is of dimension ~ n - r. 
Therefore to show that Y is (n - r - 1 )-connected it will be sufficient to check 
that Y \ W is connected for every closed subset W of Y of dimension < n - r - 1. 
Assume to the contrary, i.e. there is a closed subscheme W of Y of dimension 
< n - r - 1 such that Y \ W is not connected. Since A is general, dim(W n A) = 
dim(W) + dim(A) - N < (n - r - 1) + (N + r - n + 1) - N = 0, whence A does 
not meet W. Moreover, since A meets every irreducible component of Y, the fact 
that Y \ W is not connected implies that Y' = Y n A = (Y \ W) n A is also not 
connected, a contradiction. 0 

In the sequel we shall need the following more general version of Corollary 
7.11: 

Theorem 7.12. Let S be a finitely generated graded k-algebra, tl, ... , tr E S+ 
homogeneous elements of positive degrees, and U a Zariski open subset ofProj(S) 
containing L := V+ (h, ... , tr). Let f: X ~ U be a finite morphism, with X an 
irreducible algebraic variety of dimension n over k. If r :::; n - 1 then f-l(L) is 
(n-r-1)-connected. 

Proof. By passing to the normalization of X we may assume that X is normal. 
Let Z' be the closure of X' := f(X) in P := Proj(S), and let g: Z ~ Z' be the 
normalization of Z' in the field K(X) of rational functions of X (which makes 
sense because the dominant morphism X ~ Z' yields the finite field extension 
K(Z') = K(X') ~ K(Z)). Then we get a commutative diagram of the form 

X 
i 

.Z 

fj g 

X' 
i' 

• Z' 

in which i and i' are open immersions (i is an open immersion because X is 
normal), and 9 is a finite morphism. Since LeU and Z' n U = X, (X' is closed 
in U because f is finite), then X' n L = Z' n L, whence f-l(L) = g-I(L). Then 
Theorem 7.12 follows from Corollary 7.11 applied to the composite of the closed 
immersion Z' <.......t P with the finite morphism g: Z ~ Z'. 0 
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Weighted Projective Spaces 

Definition 7.13. Let k[To, T I , ... , Tn] be the polynomial k-algebra in n + 1 vari-
ables To, T I , ... ,Tn (with n 2:: 1). An (n+1)-uple (eo, el, ... , en) E zn+l of positive 
integers is called a system of weights if ei 2:: 1, Vi = 0,1, ... ,n. Given a system of 
weights e = (eo, el, ... , en), grade k[To, TI,.·., Tn] by the conditions deg(Ti) = ei, 
Vi = 0, 1, ... , n. In this way we get a finitely generated graded k-algebra (depend
ing of e = (eo, el, ... , en)), and set 

Then IP'n(e) = IP'n(eo, el, ... , en) is a normal projective variety of dimension n 
which is called the weighted projective space of weights e = (eo, el, ... , en). Of 
course, IP'n(l, 1, ... ,1) coincides with the usual projective space IP'n. 

Example 7.2. As a non-trivial example of weighted projective space, take e = 
(1, ... ,1, s), with s 2:: 2 and n 2:: 2. Then IP'n(l, 1, ... ,1, s) is isomorphic to the 
projective cone over the Veronese embedding Vs : IP'n-1 '---+ IP'N(n,s) , with N(n, s) := 

(n-;+s) _ 1. Indeed, 1P'(1, 1, ... ,1, s) = Proj (k[To, ... , Tn]), with deg(Ti) = 1, 
Vi = 0, 1, ... ,n-1, and deg(Tn) = s. Then using the general elementary properties 
of Proj (see e.g. [66] II), we have canonical isomorphisms 

Proj(k[To, ... , Tn]) ~ Proj(k[To, ... , Tn])(s) ~ Proj(k[To, ... , Tn_I](B) [T]), 

with T a variable of degree 1. We adopted the standard notation according to 
which 8(8) denotes the graded k-algebra obtained from a graded k-algebra 8 by 

putting 8~) := 8mB , Vm 2:: 0. The above isomorphisms and the definition of the 
projective cone over the Veronese embedding VB yield the assertion. 

An alternate description of the weighted projective space IP'n(e) is the fol
lowing. IP'n(e) is the geometric quotient (kn+l \ {(O, 0, ... , On )/Gm , where the 
action of the multiplicative group Gm = k \ {O} on kn+1 \ {(O, 0, ... ,O)} is 
given by ,\(to, ... , tn) := (,\eoto, ... , ,\entn), for all ,\ E Gm and (to, ... , tn) E 

kn+l \ {(O,O, ... ,On. Then the orbit of (to, t l , ... , tn) E kn+l \ {(O,O, ... ,On (re-
garded as a point of IP'n(e)) will be denoted by [to, h,.·., tn]. 

We refer the reader to [45] or to [28] for the basic properties of weighted 
projective spaces. 

Connectedness Theorem 

With these definitions we can prove the following generalization of a connectedness 
theorem of Fulton-Hansen (see [52], or also [53] or [87]) to weighted projective 
spaces: 
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Theorem 7.14. Let f: X -4 pn(e) X pn(e) be a finite morphism from the d
dimensional irreducible variety X to the product of the weighted projective space 
pn(e) of weights e = (eo, el,"" en) by itself. If d > n then f-l(Ll) is (d - n -1)
connected, where Ll is the diagonal of pn ( e) x pn ( e ) . 

Proof. We shall show that a construction used by Deligne (see [44], or also [53]) 
to simplify the proof of Fulton-Hansen connectedness Theorem [52] can be easily 
generalized to weighted projective spaces. Having the system e = (eo, el,··" en) 
of weights fixed, consider the weighted projective space 

p2n+l(e, e) = Proj(k[To, ... , Tn; Uo, ... , Un]), 

of weights (e, e) := (eo, el,"" en, eo, el,···, en), where To,·.·, Tn, Uo,· .. , Un are 
2n + 2 independent indeterminates over k such that deg(Ti) = deg(Ui) = ei for 
every i = 0,1, ... , n. Consider the closed subschemes 

Ll = V+(To, ... , Tn) and L2 = V+(Uo, ... , Un) 

of P := p2n+l(e, e). Then Ll n L2 = 0. Set U := P \ (Ll U L2). Since Ti -
Ui is a homogeneous element of degree ei, it makes sense to consider also the 
closed subscheme H := V+(To - Uo, ... , Tn - Un) of P. Clearly, He U. The two 
natural inclusions k[To, ... , Tn] C k[To, ... , Tn; Uo, . .. ,Un] and k[Uo, ... , Un] C 

k[To, ... , Tn; Uo, ... , Un] yield two rational maps gi : p2n+l(e, e) ---t pn(e), i = 
1,2, which give rise to the rational map 

g: p2n+l(e, e) ---t pn(e) X pn(e). 

Then 9 is defined precisely in the open subset U of p2n+l(e, e). Alternatively, if 
we interpret pn(e) as the geometric quotient (kn+l \ {(O, ... , On )jGm mentioned 
above, then the map 9 is defined by 

g([to, ... , tn; UO, ••• , un]) = ([to, ... , tn], [uo, ... , un]). 

It is clear that gj H defines an isomorphism H ~ Ll. Consider the commutative 
diagram 

f' :J X' • U • H 

9'] g[ + 
X ---L pn(e) x pn(e) 2- Ll 

where the left square is cartesian, the horizontal arrows of the right square are 
the canonical closed immersions, and the right vertical arrow is an isomorphism. 
In our situation the variety X' = X Xpn(e)xpn(e) U is irreducible of dimension 
d + 1 because X is irreducible and all the fibers of 9 (and hence also of g') are 
isomorphic to Gm . 
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Therefore we can apply Theorem 7.12 to the finite morphism f' : X' ---+ U C 

]p>2n+l(e, e) and L:= H, with r = n+1 < d+1 = dim(X/), to deduce that f'-l(H) 
is (d-n-1)-connected. On the other hand, since f-l(tl.) ~ f'-l(H) we conclude 
the proof of our theorem. D 

Corollary 7.15. (i) Let f: X ---+ ]p>n(e) X ]p>n(e) be a proper morphism from an 
irreducible variety X such that dim(f(X)) > n. Then f-l(tl.) is connected. 

(ii) Let f: X ---+ ]p>n(e) be a proper morphism from an irreducible variety X, 
and let Y be a closed irreducible subvariety of]P>n(e) such that dim(f(X)) + 
dim(Y) > n. Then f-l(y) is connected. 

Proof. (i) Let f = go h be the Stein decomposition of f, with h: X ---+ X' a 
proper surjective morphism with connected fibers and g: X' ---+ ]p>n (e) x ]p>n (e) a 
finite morphism. Then X' is irreducible of dimension equal to the dimension of 
f(X). By Theorem 7.14, g-l(tl.) is (dim(X) -n-1)-connected, whence connected. 
Since h is proper with connected fibers f-l(tl.) = h-l(g-l(tl.)) is also connected. 

To prove (ii) apply the first part to the morphism f xi: X x Y ---+ ]p>n ( e) x 
]p>n (e), where i: Y <---+ ]p>n (e) is the canonical inclusion, and use the fact that 
f-l(y) ~ (f x i)-l(tl.). D 

Remarks 7.16. i) In the case e = (1,1, ... ,1) (Le. in the case of ordinary projective 
spaces) Corollary 7.15 is just the Fulton-Hansen connectedness theorem (see [52], 
or also [53]). However, the above proof is substantially different from the proofs 
of [52] or [53]. In fact, the present proof allowed us to give this generalized version 
of the result of Fulton-Hansen. 

ii) The idea of using the Gm-bundle g : U ---+ ]p>n x]p>n in the proof of Theorem 
7.14 is due to Deligne [44]; this simplifed the original proof given in [52]. 

iii) A special case of Fulton-Hansen's theorem was discovered in 1969 by 
Barth in [23], with arguments almost identical to those in [52]. 

At least in characteristic zero the weighted projective space ]P>n(e) appears 
as the quotient of ]p>n by the action of the finite group G = J.leo x J.lel x ... x J.le n 

(where J.lm is the cyclic group of all roots of order m of 1) via the action given by 

\I(AO, AI, ... An) E G, and \I[to, tl, ... , tn] E ]p>n. One may ask whether the connect
edness theorem (Theorem 7.14 or Corollary 7.15) is valid for an arbitrary quotient 
]p>n IG of]p>n by the action of a finite group G. The following example shows that 
in general this is not the case. 

Example 7.3. Consider the action of the group G = J.l5 of roots of order 5 of Ion 
]p>3 (char(k) i- 5) given by 
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Denote by P the quotient p3 /G. Then G acts freely outside the four points 
[1,0,0, OJ, [0,1,0, OJ, [0,0,1,0] and [0,0,0,1]. Consider the Fermat surface Y of 
equation xg + x~ + x~ + x~ = 0. Then Y is a G-invariant smooth surface on which 
G acts freely, and the quotient S := Y/G (the Godeaux surface) is embedded in 
P. Let 7r: Y --+ S denote the canonical morphism, and let f: X := Y x Y --+ 

P x P be the composite of the inclusion S x S '---+ P X P with the morphism 
7r x 7r: Y x Y --+ S x S. Then f is a finite morphism, X is irreducible of dimen
sion 4 and dim(P) = 3. However, as is easily checked, f-1(11) has five connected 
components, where 11 is the diagonal of P x P. 

We conclude this chapter by indicating a few applications of connectedness 
Theorem 7.14. We shall follow [53] closely. 

Corollary 7.17. Let Y and Z be two closed irreducible subvarieties of the weighted 
projective space Ipm(e) such that dim(Y) + dim(Z) > n. Then Y n Z is (dim(Y) + 
dim(Z) - n -I)-connected. More generally, let u: Y --+ Ipm(e) be a finite morphism 
from the irreducible variety Y, and let Z be a closed irreducible subvariety of]P>n(e) 
such that dim(Y) > codimJ!>n(e)(Z). Then u-1(Z) is (dim(Y) + dim(Z) - n - 1)
connected. 

Proof. Set X := Y x Z and take as f: X --+ ]P>n(e) X m(e) the product of the 
natural inclusions of Y and Z in ]P>n(e). Then apply Theorem 7.14 to get that 
f-1(11) ~ Y n Z is (dim(Y) + dim(Z) - n - I)-connected. 

For the second part one takes X := Y x Z and f := u x i: X = Y x Z --+ 

]P>n(e) X ]P>n(e), with i: Z '---+ ]P>n(e) the natural inclusion. Then by Theorem 7.14 
f-1(11) ~ u-1(Z) is (dim(Y) + dim(Z) - n - I)-connected. 0 

Definition 7.18. Let f: X --+ Y be a morphism of algebraic schemes over k. The 
morphism f is said to be unramified (resp. unramified at the point x E X) if 
01-w = ° (resp. if (Ol-w)x = 0). Since by definition OilY is I/'P, where I is 
the ideal sheaf of the closed (diagonal) immersion 11 x IY : X --+ X x y X, then one 
sees immediately that saying that f is unramified is the same as saying that the 
diagonal immersion 11 x IY is also an open immersion. In other words, if f: X --+ Y 
is unramified then I1xlY (X) is a connected component of X Xy X. A morphism 
f: X --+ Y is said to be etale if f is unramified and flat. As a trivial observation, 
if f: X --+ Y is an etale morphism, with Y irreducible, and if Z is an irreducible 
component of X, then the restriction f I Z: Z --+ Y is unramified. 

Corollary 7.19. Let f: X --+ ]P>n(e) be a finite unramified morphism from an irre
ducible projective variety X such that dim(X) > ~. Then f is a closed embedding. 

Proof. Apply Theorem 7.14 to f x f: X X X --+ ]P>n(e) X ]P>n(e) to deduce that 
X XJ!>n(e) X is connected. On the other hand, since f is unramified, the diagonal 
I1x of X x X is a connected component of X XIPn(e) X, whence I1x = X XIPn(e) X. 
Therefore f is injective. But an injective finite unramified morphism is a closed 
embedding (see [66] IV, (8.11.5) and (17.2.6)). 0 
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Corollary 7.20. Let Y be a closed irreducible subvariety of jpn(e) of dimension 
> ~. If Y is not normal, then the normalization morphism f: Y' ---+ Y must be 
ramified. 

Corollary 7.21. Let Y be a closed irreducible subvariety of 1Pm(e) of dimension 
> ~. Then Y is algebraically simply connected, i. e. every finite etale morphism 
u: Y' ---+ Y, with Y' connected, is an isomorphism. 

Proof. Let u: Y' ---+ Y be a connected finite etale morphism, and let Z be an 
arbitrary irreducible component of Y'. If we set v := ulZ: Z ---+ Y, then the 
morphism v is finite and unramified. By Corollary 7.19, v is a closed embedding, 
i.e. v defines an isomorphism Z ~ Y. In particular, Z is a connected component 
of Y', whence Z = Y' because Y' is connected. D 

Another application of the Fulton-Hansen connectedness theorem we prove a 
beautiful theorem of Zak on tangencies. Let Y c 1pm be a smooth closed irreducible 
subvariety of dimension d 2 1 of 1pm. Henceforth (until the end of this chapter) we 
shall assume that Y is non-degenerate in jpn. For every point y E Y let us denote 
by Ty the projective tangent space to Y at y. Let L be a linear subspace of jpn. 
One says that L is tangent to Y at y if Ty ~ L. It follows that L is tangent to Y at 
y if and only if y is a singular point of the (scheme-theoretic) intersection Y n L. 
Then Zak's theorem on tangencies is the following: 

Theorem 7.22 (Zak). Under the above hypotheses, fix a linear subspace L of 1pm of 
dimension e, with d ::; e ::; n - 1. Then the closed subset {y E Y I Ty ~ L} has 
dimension::; e - d. 

Proof. Assume to the contrary: there is an irreducible component X ~ {y E 
Y I Ty ~ L} of dimension > e - d. Then we claim that there exists a linear 
subspace V ~ jpn of co dimension e + 1 such that V n (Y U L) = 0 and such that 
there exist two points x E X and y E Y, x i= y, with 7rv(x) = 7rv(y) (i.e. the 
line xy intersects V). Indeed, since Y is non-degenerate in IP'n, Y ~ L, and in 
particular, there exists a point y E Y \ L; if x E X is an arbitrary point of X then 
x E L, whence x of- y. Because Tx does not contain the line yx, yx cannot lie in 
Y. Then picking a point z E yx \ Y, we may take as V a general linear subspace 
of IP'n of dimension n - e - 1 through the point z. 

Since dim(Y x X) > e we may apply the connectedness Theorem 7.14 to 
the finite morphism f := (7rvIY) x (7rvIX) : Y x X ---+ jpe X lP'e to get that 
f-l(!~.) = Y Xll'e X is connected. By the choice of V, the diagonal Llx ~ Y x X 
is strictly contained in Y Xll'e X. The connectedness of Y XlI'e X implies then that 
there exists a smooth curve T and a morphism T ---+ Y X 11" X whose image meets, 
but is not contained in Llx . In particular (restricting T if necessary), we get a 
family of pairs {(Yt, Xt)}tET ~ Y XlI'e X parametrized by T and a point to E T 
such that Yt of- Xt for all t E T \ {to}, and Yto = Xto =: u. As t ---+ to the secant lines 
YtXt degenerate to a tangent line w ~ Tu to Y. On the other hand, for t i= to the 
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secant line YtXt meets the center of projection V, and hence w also meets V. But 
w ~ Tu ~ L (because u E X), and L was disjoint from V, a contradiction. 0 

Here are two immediate consequences of Theorem 7.22. 

Corollary 7.23. Under the hypotheses of Theorem 7.22, the Gauss map 

Y ---) Grass(JP'n, JP'd) 

defined by y ---) Ty, is a finite morphism. 

Proof. Take e = d in Theorem 7.22. o 

Corollary 7.24. Under the hypotheses of Theorem 7.22, let X be an arbitrary hy
perplane section of Y. Then X is smooth in codimension 2d - n - 1. In particular, 
if X is everywhere reduced if d > ~. If moreover d 2: nt2 then X is irreducible 
and normal. 

Proof. For the first part take e = n-1 in Theorem 7.22. If d > ~ then 2d-n-1 2: 0, 
whence X is smooth in co dimension ° by the first part, i.e. X is generically reduced. 
Since X is a hyperplane section of the smooth projective variety Y of dimension 
d 2: 2, then X satisfies Serre's condition Sl, whence X is everywhere reduced by 
[1], Proposition (2.2), page 131. 

If d 2: nt2 then 2d - n - 1 2: 1, whence X is smooth in co dimension 1; 
moreover, d 2: 3 in this case, whence X also satisfies Serre's condition S2 (see [133] 
or [1]). Then the local normality of X follows from Serre's criterion of normality 
(see [133], Theorem 11, page IV-44, or also [1], Theorem (2.11), page 135). Then 
the irreducibility of X follows from the fact that X is connected (as a hyperplane 
section of Y), taking into account that every local ring of X is normal, and in 
particular, an integral domain. 0 

The last consequence of Theorem 7.22 is the following result, which gives a 
lower bound for the dimension of the dual variety of a projective subvariety of lpm: 

Corollary 7.25 (Zak). Let Y be a smooth, irreducible and non-degenerate subvariety 
in lpm of dimension d. Let y* ~ (JP'n)* be the dual variety ofY. Then dim(Y*) 2: d. 

Proof. Consider the incidence correspondence 

P:= {(y,L) I Ty ~ L} ~ Y x (JP'n)*. 

The first projection makes P a JP'n-d-l-bundle over Y, and in particular P is 
smooth, irreducible of dimension n - 1. The dual variety y* is the image of P 
under the second projection. By Theorem 7.22 all fibers of P ---) y* have dimension 
::::: n - d - 1. Then the conclusion follows from the theorem of dimension of fibers 
(see e.g. [138], Theorem 7, page 76). 0 
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Remarks 7.26. i) For further applications of the Fulton-Hansen connectivity the
orem as well as for some beautiful classical aspects of projective geometry we refer 
the reader to the recent Ph. D. lecture notes of Russo [126]. 

ii) In Chapter 11 we are going to reinterpret the connectedness results proved 
in this chapter from the point of view of formal-rational functions. For example, 
we shall include Zak's original proof of Corollary 7.23 (the finiteness of the Gauss 
map) using formal functions. This will illustrate in particular the deep connec
tion between most of the material presented in Part 1 with the formal geometry 
presented in Part 2. 



Chapter 8 

A Problem of Complete Intersection 

Let X be a smooth irreducible closed subvariety of dimension ::::: 2 of the smooth 
irreducible algebraic variety P. Let Y be an effective Cartier divisor of X. In this 
chapter, roughly speaking, we want to study the following: 

Problem. Find conditions under which there exists a hypersurface H of P such 
that the scheme Y coincides with the scheme-theoretic intersection X n H. 

The main result proved here (Theorem 8.4 below) is due to Ellingsrud, Cru
son, Peskine and Str0mme (see [46], cf. also [32], [33]). We shall follow these 
papers closely. We shall also apply the techniques of [46] to prove geometrically 
the following weaker form of a theorem of Barth-Larsen (see Theorem 8.7 below): 
Pic(X) ~ Z for every closed smooth subvariety X of the complex projective space 
Ipm with dim(X) ::::: nt2. 

Coming back to the above problem, assume that such a hypersurface H of P 
does exist. First we want to find a (rather obvious) necessary condition in terms 
of the canonical exact sequence of normal bundles 

(8.1) 

From the equality Y = X n H (in the scheme-theoretical sense) and from the 
above assumptions it follows that Y is a local complete intersection in H, hence 
we also have the canonical exact sequence of normal bundles 

(8.2) 

By general elementary statements, the fact that Y is a proper intersection of X 
with H implies that there are canonical isomorphisms 

NY1H ~ NxlPlY and NHIPIY ~ Ny1x . 

Therefore the exact sequence (8.2) yields a splitting of the exact sequence (8.1). 
In other words, given a triple (Y, X, P) as at the beginning, a necessary 

condition for the existence of a hypersurface H of P such that Y = X n H (scheme
theoretically), is the splitting of the exact sequence (8.1). 
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This is why we start this chapter by expressing the splitting of (8.1) in terms 
of the first infinitesimal neighbourhood X(l) of X in P. Therefore we are going 
to study a question somewhat similar to the splitting condition of the normal 
sequence of a smooth closed subvariety of a smooth variety (see Lemma 6.2). 

The dual of (8.1) is the exact sequence 

(8.3) 

where I = Iy (resp. :r = Ix) is the ideal sheaf of Y (resp. of X) in Op. Since 
Y eX, :r c I, and the maps 0: and (3 are defined as follows: 0: is the canonical 
map induced by the identity of I (taking into account that I2 ~ :r + I2), while (3 
is the map induced by the inclusion :r c I (taking into account that I:r ~ I2). 

Lemma 8.1. Under the above hypotheses, the exact sequence (8.1) splits if and only 
if there exists an effective Cartier divisor Y' on the first infinitesimal neighbour
hood X(l) of X in P such that Y' n X = Y (scheme-theoretically). 

Remark 8.2. If an effective Cartier divisor Y' on X(l) as in Lemma 8.1 does exist 
one gets the cartesian diagram of natural inclusions 

C 
Y----+. X 

nj n 

y' • X(l) 
c 

Proof. (See [33]) Clearly (8.1) splits if and only if (8.3) does. So, from now on it 
will be more convenient to work with the exact sequence (8.3). Assume first that 
(8.3) splits, i.e. there exists a map (J : IIP ---t :r II:r of Oy-modules such that 
(J 0 (3 = id. If 7r : I ---t III2 is the canonical surjection, set 'Y := (J 0 7r : I ---t :r II:r 
and I':= Kerb). Clearly:r2 ~ I2 ~ I' ~ I, whence I'1:r2 ~ Opl:r2 = OX(I) 
defines a subscheme Y' ~ X(l). We shall prove that Y' is an effective Cartier 
divisor on X(l) and that Y' n X = Y (scheme-theoretically). The latter property 
is equivalent to 

I' +:r =I, 

which is a consequence of the definition of I' plus the equality (JO (3 = id. It remains 
therefore to check that Y' is a Cartier divisor on X(l). This is a local calculation. 
Let x E Y be an arbitrary point and set R := OP,x, I := Ix and J := :rx' 
Then R is a regular local ring, and from our hypotheses it follows that there 
exists an R-sequence h, ... , fn-d, fn-d+1 such that J = Rh + ... + Rfn-d and 
1= Rh + ... + Rfn-d + Rfn-d+l, with n := dim(P) = dim(R) and d:= dim(X). 
Then 

n-d 

J2 = L Rfdj, 12 = J2 + Jfn-MI + Rf~-d+I' and IJ = J2 + Jfn-MI. 
i,j=1 
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Set!i:= Ii mod 12 , i = 1, ... ,n-d+1 and ii := Ii mod IJ, i = 1, ... ,n-d. 
Since iI, ... ,fn-d+1 is an R-sequence, 11'··· ,fn-d+1 is a basis of the R/I-module 
1/12 , and fron: the lwpotheses, i1, ... ,]n-d is a basis o~the RfJ-module J/IJ. 

Since fl(Ji) = fi' i = 1, ... ,n-d and (Jofl = id, (J(Ji) = Ii, i = 1, ... ,n-d. 
Moreover, 

n-d 

(J(fn-d+1) = L Cdi' with Ci E R/I. 
i=l 

n-d 
Claim 1. Ker((J) = (R/I)F, where F:= 1n-d+1 - ~ c3i E 1/12 (with F E 1). 

i=l 

n-d 
Clearly, F E Ker((J). Conversely, let H E Ker((J), with H = ~ Fai' with Fi E 

i=l 
R/I. Then 

n-d n-d n-d n-d 
0= (J(H) = L Fi(J(fi) = L Fdi + Fn-d+1 L Cdi = L(Fi + Fn- d+1Ci)]i. 

i=l i=l i=l i=l 

Since A, ... ,]n-d is a basis of the R/ I-module J / I J we get Fi + Fn- d+1 C i = 0, 
i = 1, ... , n - d, and consequently 

n-d+1 n-d 

H = L Fai = Fn-d+1(fn-d+1 - L Cai) = Fn- d+1 F , 
i=l 

and claim 1 is proved. 

Claim 2. I' = 12 + RF. 

i=l 

This is a direct consequence of claim 1 taking into account that I' = Kerb). 

Claim 3. 12 + RF = j2 + RF. 

Since 12 = j2 + Jfn-d+1 + Rj'Ld+1 the claim is equivalent to 

fdn-d+1 E J2 + RF, i = 1, ... , n - d + 1. (8.4) 

n-d 
Taking into account of the formula defining F we have F = fn-d+1 - ~ gdi' 

i=l 
where gi E R such that C i = gi mod I. Then 

n-d n-d 
fjF = !J(Jn-d+1 - L gdi) = fjfn-d+1 - L gddj, j = 1, ... , n - d + 1. (8.5) 

i=l i=l 

In particular, 
!Jfn-d+1 E J2 + RF, j = 1, ... , n - d. (8.6) 
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Taking j = n - d + 1 in (8.5) we get 

n-d 

fn-d+1 F = f~-d+l - L gdn-d+l!i, 
i=l 

whence, using also (8.6) we get fLd+1 E J2 + RF. Claim 3 is proved. 
By the above three claims, ]' = J2 + RF = ]2 + RF, where ]' = I~. In 

particular, the subscheme Y' of X(l) is locally given by one equation. It remains 
to prove that this equation is a non-zero divisor. Again the verification is local, 
so that we have to prove that F is not a zero divisor in R/ J2. This can be done 
in the following way. Since Y' n X = Y F mod J is a local equation of Y in X, 
and in particular, F mod J is not a zero divisor in R/ J. If F mod J2 would be 
a zero divisor in R/ J2, then F mod J2 E J / J2 (R/ J is a domain) which is not 
possible because we just remarked that F mod J was not a zero divisor in R/ J. 

Conversely, assume the existence of the effective Cartier divisor Y' on X(l) 
such that Y' n X = Y (scheme-theoretically). Then we have to find a splitting of 
(8.3). This means that we have an ideal I' containing .:J2 such that I' +.:J = I, 
and in particular, .:J2 ~ I' ~ I. 

Claim 4. ~ ~ I'. 

Again the verification is local. In the above notation, ]' = J2 + RF, with F a non
zero divisor modulo J2. The equality ]1 + J = ] implies J + RF = ]. Therefore 
we may assume that F == fn-d+l mod J, i.e. 

n-d 

F = L gdi + fn-d+l. 
i=l 

Then proving claim 4 is equivalent to checking that 

lifn-d+l E J2 + RF, j = 1, ... , n - d + 1. 

Multiplying (8.7) by Ii we get (8.8). 

Claim 5. The exact sequence (8.3) splits. 

Indeed, using claim 4 we may consider the map 

J.L : I' /I2 EB.:J /I.:J ~ I/I2 

(8.7) 

(8.8) 

defined by J.L(f mod ~,g mod I.:J) = f + g mod ~. We claim that J.L is an 
isomorphism. The surjectivity of J.L comes from I' + .:J = I. The verification of the 
injectivity of J.L is local (along the same lines as above) and is left to the reader. 
The splitting a: I/P ~ .:J /I.:J of (8.3) is then given by the second projection of 
the direct sum composed with J.L- 1 . D 
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If Y is a projective variety we shall denote by Pico(y) (resp. by PicT(y)) the 
subgroup of Pic(Y) consisting of all isomorphism classes of line bundles which are 
algebraically (resp. numerically) equivalent to zero. Clearly, pica (Y) ~ Pic T (Y), 
and a theorem of Matsusaka asserts that Pic T (Y) / pica (Y) is a finite group (see e.g. 
[89]). The Neron-Severi group of Y is by definition NS(Y) := Pic(Y)/ PicO(y). By 
a result of Neron-Severi, NS(Y) is a finitely generated abelian group. Moreover, we 
also set Num(Y) := Pic(Y)/ PicT (Y). By the definition Num(Y) is torsion free, 
whence Num(Y) is a free abelian group of finite rank since NS(Y) is a finitely 
generated abelian group by Neron-Severi's result. 

Lemma 8.3. Let X be a smooth irreducible closed subvariety of IP'n over C of 
dimension 2: 2. Let X(l) be the first infinitesimal neighbourhood of X in IP'n. 
Then the image of the composite of natural maps 

Pic(X(l)) -+ Pic (X) -+ Num(X) 

is isomorphic to Z. 

Proof. Consider the (logarithmic derivative) map dlog : Pic(X) -+ HI (X, n~) de
fined in the following way. If [L] E Pic(X) is represented by the 1-cocycle {~ijhj 
of O~ with respect to the affine covering {Ud of X (with ~ij E qUi n Uj,O~)), 
then dlog( {~ij }) is by definition the cohomology class of the 1-cocycle {~hj 

~'J 

of n~. Since dlog(Pico(X)) = 0 the map dlog yields the map dlog : NS(X) = 

Pic(X)/ Pico(X) -+ HI (X, n~). Moreover, since PicT (X)/ Pico(X) is a finite sub
group ofNS(X) and the underlying abelian group of the C-vector space HI(X, n~) 
is torsion free, we infer that dlog(PicT(X)) = O. In other words, there is a unique 
map a : Num(X) -+ HI(X, n~) such that dlog = a 0 (3, where (3 : Pic(X) -+ 

Num(X) is the canonical surjection. Then it is a general fact that a induces an 
injective map al[ : Num(X) ®z <C -+ HI (X, n~) (see [64], page 163). Using this, 
to prove the lemma it will be sufficient to show that the image of Pic( X (1)) in 
HI(X, n~) (via the map a composed with Pic(X(l)) -+ Num(X)) is contained in 
a one-dimensional complex vector subspace of HI (X, n~). 

To do this we need the following three facts: 

i) The canonical surjective map n~nIX(l) -+ n~(1) yields by restriction to X 

an isomorphism n~nlX ~ n~(1)lx. 

ii) There is a natural map HI(X,n~nIX) -+ Hl(X,n~). 

iii) The C-vector space H I ( X, n~n I X) is one dimensional. 

ii) is obvious because the map in question is induced by the canonical (sur
jective) map n~nlX -+ nL while iii) is just step 2 of the proof of Theorem 6.l. 
To prove i) consider the canonical exact sequence 
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and observe that after restricted to X the first map becomes zero. 

Using i), ii) and iii), the fact that the image of Pic(X(l)) in H 1 (X,0.:x.) is 
contained in an one-dimensional complex vector subspace follows from the injec
tivity of ac and the commutative diagram 

dlog 1 1 1 1 I ) ~ 1 ( 1 I ) Pic(X(l)) --- H (X(l),0.X(l)) --+ H (X, 0.X (l) X ~ H X,0.lI'n X 

j C j 
Pic(X) • Num(X) • Num(X) ®z C ~ Hl(X, 0.:x.) 

Lemma 8.3 is proved. o 
Theorem 8.4 (Ellingsrud-Gruson-Peskine-Str~mme [46], [32]). Let X be a smooth 
projective complex surface embedded in lpm (n 2': 3) as a complete intersection. Let 
Y be a smooth connected curve in X such that the exact sequence of normal bundles 

0---) NylX ---) NYllI'n ---) NXllI'n IY ---) 0 

splits. Then there exists a hypersurface H of lpm such that Y = X n H (scheme
theoretically) . 

Proof. Since X is a complete intersection in lpm the Lefschetz theorem on hyper
plane sections (see e.g. [68], or [79], or also Appendix A below) implies that the 
restriction map pic(JP'n) ---) Pic (X) is injective, PicT (X) = 0, and the class of Ox(l) 
is not divisible in Pic(X). In particular, the canonical map Pic(X) ---) Num(X) is 
an isomorphism. 

By Lemma 8.1 the splitting of the above sequence implies that there is an 
effective Cartier divisor Y' on X(l) such that Y'nX = Y (scheme-theoretically). In 
particular, the class of Ox(Y) is in the image of Pic(X(l)) ---) Pic(X) ~ Num(X), 
which by Lemma 8.3 is isomorphic to Z. It follows that there are two non-zero 
integers sand t such that Ox (sY) ~ Ox(t). Since Ox(l) is not divisible in Pic(X) 
this implies that Ox(Y) ~ Ox(d) for some d> O. 

On the other hand, since X is a complete intersection, X is projectively 
normal in lP'n. This implies that the restriction map 

is surjective. In particular, there exists a section a E HO (lP'n , Oll'n (d)) such that 
alY E HO(X, Ox(Y)) is a global equation of Y. In other words, there is a hyper
surface H of degree d such that X n H = Y (scheme-theoretically). 0 

Remark 8.5. In some sense Theorem 8.4 may be considered as a modern satisfac
tory answer to the so-called "problem of contact of surfaces along curves" studied 
by D. Gallarati and others especially in the 1940s and 1950s (see [56], and the 
bibliography therein; cf. also [57]). 
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Another application of Lemma 8.3 is a weak form of a theorem of Barth 
concerning the Picard group of small-codimensional smooth closed subvarieties 
of the complex projective space. In this application we shall use the following 
generalization of Kodaira's vanishing theorem due to Le Potier ([101], or also 
[130]): 

Theorem 8.6 (Le Potier vanishing theorem). Let X be a smooth complex projective 
variety of dimension d 2: 2, and let E be an ample vector bundle of rank r on X. 
Then Hi(X, E*) = 0 for every i ::; d - r. 

Theorem 8.7. Let X be a smooth closed subvariety of the complex projective space 
Ipm of dimension 2: ~ (n 2: 4). Then Pic(X) ~ Z. 

Proof. Let I be the ideal sheaf of X in OlP'n. Then the truncated exponential 
sequence 

0-+ I/I2 = N~llP'n -+ O~(1) -+ O~ -+ 0 

yields the cohomology sequence 

Hl(X,N~llP'n) -+ Pic(X(l)) -+ Pic(X) -+ H2(X,N~l1P'n). 

Since the normal bundle N XllP'n of X in Ipm is a quotient of TlP'n IX, N XllP'n is ample 
of rank = codimlP'n(X). The hypothesis dim(X) 2: ~ is equivalent to dim(X) -
codimlP'n (X) 2: 2, whence by Theorem 8.6 the first and the last cohomology group 
are both zero. Thus the restriction map Pic(X(l)) -+ Pic(X) is an isomorphism. 

The hypothesis dim(X) 2: ~ also implies dim(X) > ~, whence by Corol
lary 7.21, X is algebraically simply connected. This implies q = dimk Hl(X, Ox) = 
O. Indeed, otherwise Pic°(X) i= 0, and since Pic°(X) is the underlying group of 
a complex torus, there exists a non-trivial line bundle L of finite order m 2: 2. 
Then L produces a connected non-trivial etale cover X' -+ X of order m, with 

m-l 

X' = Spec( E9 Li) (see Appendix B at the end of this chapter), contradicting the 
i=O 

fact that X is algebraically simply connected. 
Since PicO(X) = 0, by Matsusaka's theorem PicT(X) ([89]) is a finite sub

group of Pic(X). Again if there is a non-trivial L E PicT(X) , one gets a connected 
non-trivial etale cover X as above. Therefore PicT(X) = 0, i.e. Pic(X) ~ Num(X). 

At this point, using the bijectivity of the restriction maps Pic(X(l)) -+ 

Pic(X) and Pic(X) -+ Num(X), we can conclude by applying Lemma 8.3. D 

Remarks 8.8. i) Let X be a smooth closed subvariety of the complex projective 
space JP1t (n 2: 3) of dimension > ~. Then the last part of the proof of Theorem 
8.7 shows that Hl(X, Ox) = 0 and Pic(X) is a free abelian group of finite rank. 
Indeed, Pic(X) = Num(X) and Num(X) is a group of finite rank (by a result of 
Neron-Severi) with no torsion. 

ii) Theorem 8.7 is a weak form of a famous result of Barth-Larsen [24], or 
also [22) which asserts (more precisely) that, under the hypotheses of Theorem 8.7, 
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Pic(X) ~ Z, generated by the class of Ox(l). We shall show later that an algebraic 
result of Faltings [49] (Theorem 10.3 below) implies - via a general statement 
(Proposition 10.10 below) - that the class of Ox(l) is not divisible in Pic(X), for 
every closed irreducible subvariety X of 1pm over a field of characteristic zero, such 
that dim(X) > ~ (see Corollary 10.12 below). This fact together with Theorem 8.7 
will imply (in an algebra-geometric way) the result of Barth-Larsen. See also [117] 
for an algebraic proof of a generalized version of the theorem of Barth-Larsen. 

Appendix A 

In this appendix we shall show how the following Lefschetz theorem for the Picard 
group (which was used in the proof of Theorem 8.4): 

Theorem 8.9. Let X be a smooth projective complex surface embedded in 1pm (n 2:: 
3) as a complete intersection. Then the natural restriction map a : pic(pn) -t 

Pic(X) is injective and Coker(a) is torsion free. In other words, a is injective and 
the class of Ox(l) is not divisible in Pic(X). 

can be deduced from the following special case of the topological Lefschetz theorem 
for hyperplane sections (see e.g. Milnor [105]): 

Theorem 8.10. Let X be a smooth projective complex surface embedded in pn 
(n 2:: 3) as a complete intersection. Then the natural maps of singular integral 
cohomology Hi (pn ,Z) -t Hi (X, Z) are isomorphisms for i < 2 and injective with 
torsion free cokernel for i = 2. 

Proof of Theorem 8.9. For a complex algebraic variety V denote by Oyll (resp. by 
(Oyll) *, resp. by Zv) the sheaf of holomorphic functions on V (resp. the sheaf of 
nowhere vanishing holomorphic functions on V, resp. the constant sheaf Z on V). 
Then the commutative diagram of exponential sequences 

O '7J oall exp (oall)* • 0 
-----. IUlPn --...... IPn --- IPn --..... -

j I I 
0---..... • Zx ---+. Ox ~ (Ox)* --_. 0 

yields the following commutative diagram with exact cohomology sequences 

Hl(pn,o;~) __ Hl(pn,(op~)*) __ H2(pn,z) __ H2(pn,o;~) 

j j j 
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By the GAGA results of Serre [135], Hi(V, Ov) ~ Hi (V, Oyll) for all i ::::: 0 and 
Pic(V) = HI(V, Ot-) ~ HI(V, (Oyll)*) for every complex projective variety V. 
Moreover, Hi (JP>n , OlP'n) = 0 for i = 1,2, and HI (X, Ox) = 0 because X is a com
plete intersection surface in JP>n. Therefore the last commutative diagram becomes 

o • Pic(JP>n) ---+ H2 (lP,n, Z) -----+ 0 

aj l~ 
o • Pic(X) -----+ H2(X, Z) 

By Theorem 8.10, the map f3 is injective and Coker(f3) has no torsion. This fact 
together with the last commutative diagram with exact rows imply that 0: is 
injective and Coker( 0:) has no torsion. 0 

Appendix B 

In this short appendix we recall briefly some basic facts about cyclic covers. Let 
X be an irreducible projective variety of dimension::::: 1, and let L E Pic(X) be a 
line bundle of finite order n ::::: 2. In particular, there is an isomorphism 

(8.9) 

We shall assume that char(k) does not divide n. Using this isomorphism, we can 
n-I 

endow the Ox-module A:= EB Li with a structure of commutative Ox-algebra 
i=O 

in the following way. For any two local sections s of Li and t of Lj we define the 
product st as follows: 

- st := s ® t, which is a local section of Li+j if i + j ::; n - 1, and 

- st is the image of s ® t (which is a section of V+j) under the isomorphism 
Li+j ----7 Li+j-n deduced from (8.9), if i + j ::::: n. 

Then taking X' := Spec(A) and f: X' ----7 X the structural morphism of 
Spec(A), we get an irreducible projective variety X' together with a canonical 
finite etale morphism f: X' ----7 X of degree n (here the fact that the characteristic 
of k does not divide the order n of L is essential). By construction, f*(L) ~ Ox', 

Then the morphism f is called the cyclic etale cover of X associated to the 
line bundle L E Pic(X) of order n. 

More explicitly, X' is obtained as follows. Let (~ij )i,j E ZI (U, Ox) be a 
1-cocycle of Ox with respect to a finite affine covering U = (Ui)i of X which 
represents L E Pic(X) = HI(X, Ox). Since Ln ~ Ox the 1-cocycle (~0)i,j is a 
1-coboundary, i.e. we can write 
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Then define I: X' ~ X locally on Ui by taking Ii the restriction to the open 
subset 

Xi := {( x, Zi) E Ui X Al I Zi(X)n = gi(X)} 

of the second projection of Ui x A l. Then the morphisms Ii patch together to yield 
the etale morphism I with the above properties. 



Part II 

Formal Functions in Algebraic 
Geometry 



Chapter 9 

Basic Definitions and Results 

One of the fundamental constructions in Commutative and Local Algebra is the 
completion of a commutative Noetherian (unitary) ring A with respect to an ideal 
I of A (I =f. A), see e.g. [116]' or [133]' or [121], or [7]. This allows one to associate 
to A another commutative Noetherian (unitary) ring A (which is called the I-adic 
completion of A) together with a fiat homomorphism of unitary rings if: A ----+ A 
such that: 

i) A is a commutative Noetherian ring of Krull dimension = dim(A), which is 
complete with respect to the j := I A-adic topology of A, and 

ii) The canonical homomorphisms AI In ----+ AI jn induced by if are isomorphisms 
for every positive integer n 2: l. 

The I-adic completion A is constructed by the formula 

A = inv limn~l AI In. 

The typical example is when A is the polynomial k-algebra k[X 1, ... ,Xn ] in n 
variables Xl, ... ,X n (n 2: 1) with coefficients in a field k and I = AX 1 + ... + AX n' 

Then A is nothing but the formal power series ring k[[Xl"" ,XnlJ. 
More generally, let X be a Noetherian scheme (or an algebraic variety over a 

field k), and let Y be a closed subscheme of X, corresponding to an ideal sheaf I 
of the structural sheaf Ox of X. Then the formal completion of X/ y of X along 
Y is a formal scheme (which is in particular a ringed space) whose underlying 
topological space coincides with the underlying topological space of Y, and whose 
structural sheaf OX/ y has the following property: if U := Spec(A) is an affine 
open subset of X such that U n Y =f. 0, and if the closed subscheme U n Y of U 
is defined by the ideal I, then 

U/ uny = Spf(A), 

with A the I-adic completion of A. In particular, f(U/ uny , OX/ y ) = A. Moreover, 
there exists a canonical flat morphism of formal schemes f: X/ y ----+ X, which 
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set-theoretically coincides with the inclusion Y <.......+ X. Note also that flU/uny : 
U/ uny ---) U = Spec(A) corresponds to the canonical flat homomorphism of uni-

tary rings 'P: A ---) A. 
The formal completion X/ y of X along Y is a fundamental object in algebraic 

geometry. It is an analogue of a tubular neighbourhood of Y in X, when X is a 
complex projective manifold and Y is a complex submanifold of X. Another way 
of defining X/ y is the following: 

00 

X/ y = dirlimn~o Y(n) = U Y(n), 
n=O 

where Y (n) = (Y, Ox IIn+!) is the infinitesimal neighbourhood of order n of Y in 
X (Y = Y(O) C Y(I) C Y(2) C ... C X). We refer the reader less familiar with 
the language of formal schemes to [66] I, chapter 10. 

Now, if X/ y is the formal completion of X along Y, according to [81] it 
makes sense to define the sheaf Mx/ y of formal-rational functions of X along Y. 
Actually this basic concept makes sense for an arbitrary locally Noetherian formal 
scheme Z. For every affine open subset U of Z put 

M~(U) := [Oz(U)]o, 

where [A]o denotes the total ring of fractions of arbitrary commutative unitary 
ring A. We claim that in this way we obtain a presheaf on Z. For this it is enough 
to show that for every two affine open subsets U and V of Z such that V ~ U there 
is a natural restriction map M~(U) ---) M~(V). To show this, let f be a non-zero 
divisor of the ring A = Oz(U). Since Oz is a coherent sheaf (see [66] I, (10.10.3)) 
and since there exists an equivalence between the category of finitely generated 
A-modules and the category of coherent OzlU-modules (see [66] I, (10.10.2)), the 
multiplication by f defines an injective map f : OzlU ---) OzIU, and hence flV 
is a non-zero divisor of Oz(V). Therefore the restriction map Oz(U) ---) Oz(V) 
yields the desired natural restriction map M~(U) ---) M~(V). Thus we proved 
that M~ is a presheaf on Z. 

Then denote by Mz the sheaf associated to the presheaf M~. Then Mz is 
a quasi-coherent sheaf of Oz-modules containing Oz as a subsheaf. Define also 

K(Z) := HO(Z, Mz). 

Then K(Z) is a commutative unitary ring which is called the ring of formal
rational functions of Z. In particular, if Y is a closed subvariety of an algebraic 
variety X, we get: 

K(X/ y ) := HO(X/y,M x / y ), 

which is called the ring of formal-rational functions of X along Y. It is a k-algebra 
if X is an algebraic variety over k. Unlike the usual sheaf of rational functions of 
an irreducible algebraic variety X, the sheaf M x /y is very far from being constant 
when Y =I=- X. In particular, if U = Spec(A) is an affine open subset of X such 
that U n Y =I=- 0 and U n Y =I=- Y, the canonical restriction ring homomorphism 
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r(X/y,Mx / y ) = K(X/ y ) ---7 r(U/uny,Mx / y ) 

(which quite often is injective) can be very far from being surjective. 

83 

Coming back to a general locally Noetherian formal scheme Z, let ~ E K(Z) 
be a non-zero formal-rational function on Z, and consider the homomorphism of 
Oz-modules A~ : Oz ---7 Mz defined by A~(f) = f~. Since Oz is a subsheaf of 
M z , we define the pole sheaf P~ of ~ by P~ := A~I(OZ)' By construction P~ is a 
sheaf of ideals of Oz. We claim that P~ is also coherent. Indeed, for every z E Z 
there exists a small affine open subset U of Z containing z such that ~ E M~ (U)' 
Thus ~ = %, with a, b E H°(U,Oz) and b a non-zero divisor of H°(U, Oz). If 
J.La : Ou ---7 Ou is the map J.La(f) := af, then clearly P~IU = J.L;;I(bOu ). Therefore 
P~ I U is coherent as the preimage of the coherent sheaf of ideals bOu. 

One may also consider the sheaf Q~ := ~P~, which by definition of P~ is also 
a coherent sheaf of ideals of Oz. Then ~ is naturally identified to a homomorphism 
~ E Homo z (P~, Q ~) (multiplication by ~). 

Note also that ifthe formal scheme Z is regular, i.e. for every point x E Z the 
local ring OZ,x is regular, then the coherent sheaves of ideals P~ and Q~ are both 
invertible. Indeed, the problem is local, and one uses the fact that the local rings 
OZ,x are factorial (by a result of Auslander-Buchsbaum, see e.g. [133], IV-39) and 
the definition of P~ to deduce that P~ is invertible. Since Q~ = ~P~, Q~ is also 
invertible. 

Lemma 9.1. If Z is an affine formal scheme, then the canonical map 

M~(Z) = [HO(Z, Oz)]o ---7 Mz(Z) = K(Z) 

is an isomorphism, i.e. K(Z) coincides with the total ring of fractions of 
HO(Z,Oz). 

Proof. Let ~ E K(Z) be an arbitary formal-rational function of pole sheaf P~. 
Since P~ is a coherent sheaf of ideals of Oz and Z is affine, P~ is generated by 
the ideal P : = HO (Z, P~) of A := HO (0 z). If P contains a non-zero divisor of 
A, using the definitions we are done. If not, let Ass(A) = {PI, ... ,Pn}. Then 
P ~ PI U ... U Pn. Since Pi is a prime ideal for every i = 1, ... , n, there exists an 
i such that P ~ Pi =: q. Since q E Ass(A), there exists a non-zero a E A such 
that q = (0 : a). If follows that P~ lies in the kernel of the map a : Oz ---7 Oz, 
and this fact implies that P~ cannot contain non-zero divisors even locally, which 
is impossible by the definition of P~. 0 

A first question that arises is to find conditions under which K(X/y) is a 
field. A partial answer is given by the following (see [81]): 

Proposition 9.2. Let X be an irreducible algebraic variety, and let Y be a closed 
subvariety of X. Assume Y connected and X normal at every point of Y. Then 
K(X/ y ) is a field. 
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Proof. For every x E Y the local rings Ox/y,x and OX,x have the same comple

tion, namely the mx-adic completion Ox,x of OX,x (where mx is the maximal ideal 
of OX,x). Since X is normal at every point of Y, for every x E Y, OX,x is normal, 
whence by the analytic normality of normal rings (see e.g. [154], Vol II, pp. 313-320, 
or [116], 37.5, or also [112], page 413), Ox,x is a domain, and in particular the sub

ring Ox/y,x of Ox,x is also a domain (for every x E Y). Therefore for every affine 
open subset U of X such that Un Y is connected, the ring HO(U/uny, OX/ y ) is 
a domain. By Lemma 9.1, K(U/uny) = [HO(U/uny,Ox/y)]o, whence K(U/uny) 
is a field for every affine open subset U ~ X such that Y n U is connected. Now, 
since Y is connected we can find affine open subsets U1, ... ,um of X with the 
following properties: Ui n Y is connected for every i = 1, ... ,m, Ui n Ui+l n Y i= 0 
for every i = 1, ... , m - 1, and Y C U1 U ... U Um. Since Mx/ y is a sheaf the 
natural sequence of maps 

m m 

K(X/ y ) - IIM(Ui/uiny ): II M(UinUj/uinUjny) 
i=l i,j=1,uinUjny;.f0 

is exact, i.e. 

m m 

K(X/ y ) = Ker [II M(Ui/Uiny): II M(Ui n Uj/Uinujny)]· 
i=l i,j=1,uinUjnY;.f0 

Since M(Ui/Ui ny ) is a field for every i = 1, ... ,m and Ui n Ui+l n Y i= 0 for every 
i = 1, ... ,m - 1, it follows easily that K(X/ y ) is also a field. 0 

In the setup of the beginning, there is a natural ring homomorphism 

aX,y : K(X) ---t K(X/ y ). (9.1) 

The main reason why this map exists is that the canonical morphism f: X /y ---t X 
is fiat. For example, when X = Spec(A) and Y is given by the ideal I, then K(X) = 
[A]o and K(X/y) = [A]o. Since 'P is fiat, 'P maps every non-zero divisor of A into 

a non-zero divisor of A, whence, by passing to total fractions, the homomorphism 
ofrings 'P: A ---t A yields a unique homomorphism of rings a : [A]o ---t [A]o. Then 
using Lemma 9.1 we get the map aX,y in the case when X is affine. 

If X is a non-affine algebraic variety, pick affine open subsets U1 , .•. , Um of 
X such that Ui n Y i= 0 and Y C U1 U· .. U Um. Clearly we may even assume that 
X = U1 U··· U Um. Since Ui is affine, by what we have said above there exist the 
canonical maps 

aUi,UinY : K(Ui) ---t K(Ui/Ui ny ), i = 1, ... ,m. 

Moreover, since Uij := Ui n Uj is also affine for every i and j, we similarly have 
the canonical maps 

aUij,Uijny: K(Uij) ---t K(Uij/uijny), i,j = 1, ... ,m. 
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Now since Mx and M x /y are sheaves we have 

m m 

K(X) = Ker [II K(Ui) = II K(Uij )] 
i=l i,j=l 

and 
m m 

K(X/ y ) = Ker [II K(Ui/uiny) = II K(Uij /uijny)], 
i=l i,j=l 

Putting everything together we get the canonical map (9.1) we were looking for. 

The basic tool in the study of formal-rational functions (and especially in 
the extension problem of formal-rational functions to rational functions) is the 
following fundamental existence theorem of Grothendieck (see [66] III, (5.1.4)). 

Theorem 9.3 (Grothendieck). Let I be an ideal of a commutative Noetherian ring 
A such that A is complete with respect to the I -adic topology. Let Y := Spec( A), 
Y' := Spec(AjI) = V(I), f: X ---7 Y a proper morphism of schemes, and X' := 

f-l(y'). Denote by g: X/XI ---7 X the canonical morphism. Then the functor 

F ---7 F = g* (F) is an equivalence of the category of coherent sheaves on X with 
the category of coherent sheaves on X/XI. 

Here is an important consequence of Theorem 9.3 which will be used in the 
sequel (see [81], Proposition (2.2)): 

Proposition 9.4. Under the assumptions and notation of Theorem 9.3, the canon
ical map ax,x' : K(X) ---7 K(X/xl) (see (9.1)) is an isomorphism. 

Proof. First we prove the injectivity of a := ax,x'. Let ~ E K(X) be a rational 
function on X such that a(~) = O. Let P~ be the pole sheaf of ~ and set Q~ := ~P~. 

Then we saw above that p~ and Q~ are coherent sheaves of ideals on X and 
~ E Homox (P~, Q~). The hypothesis says that € = a(~) is zero as an element of 
Homox (Pc, 0,,). By [66] I, (10.8.11), there exists an open neighbourhood U of 

/x ' ~ ~ 

X' in X such that ~IU = O. To prove the injectivity of a it will be enough to 
show that U = X. Indeed, if not, set F := X \ U. Since f is proper, f(F) is 
a closed subset of Y, and since F n X' = 0 and X' = f-1(y'), it follows that 
Y'nf(F) = 0. This last fact is impossible if f(F) is closed and non-empty because 
A is I-adically complete. 

Now we prove the surjectivity of a. Let therefore ~ E K(X/xl) be any non
zero formal-rational function, and let p~ be the pole sheaf of ~. Set Q~ := ~P~. 
Since p~ and Q~ are coherent sheaves of ideals on X/XI, by Theorem 9.3 there 
exist coherent sheaves of ideals P and Q on the (ordinary) scheme X such that 
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P = p( and Q = Q(. Consider the commutative diagram 

Ox (3. Hom(P, Ox) 

j j 
OX/XI ~ Hom(P, OX/XI) 

(3 

in which the vertical arrows are completion maps, and (3 maps tp E Ox(U) to 
the homomorphism P(U) -+ Ox(U) induced by the multiplication by tp (and & is 
defined similarly). Thus Ker(~) is the completion of Ker((3) by the equivalence of 
coherent categories given by Theorem 9.3. By the definition ofP(, Ker(~) = 0, and 
hence Ker((3) = 0. This means that P is locally generated by non-zero divisors. 

Using Theorem 9.3 again we have Hom(P, Q) S:! Hom(P(, Q(). Since ~ E 

Hom(P(, Q(), we infer that there exists a unique J.l E Hom(P, Q) such that p, = ~. 
Let x be an arbitrary point of X and let U be an affine neighbourhood of x; 
then P(U) contains non-zero divisors of Ox(U). Let b E P(U) be such a non-zero 
divisor and put a := J.l(b) E Q(U) ~ Ox(U). Then the quotient % E Mx(U) 
is independent of the choice of b, as one can immediately check. Therefore these 
local functions patch together to yield a rational function e E K(X) such that 
~ = a(e). D 

Following [81] we now need to introduce some definitions. 

Definition 9.5. Let tp: A -+ B be a homomorphism of commutative unitary rings. 
We say that tp is admissible if tp maps every non-zero divisor of A to a non-zero 
divisor of B. Let f: X' -+ X be a morphism of finite type of schemes. We say that f 
is quasi-admissible if for every point x' E X' there are affine open neighbourhoods 
U' = Spec(A') of x' and U = Spec(A) of x = f(x') such that f(U') ~ U and the 
following condition holds: 

i) The ring homomorphism tp: A -+ A' (associated to this inclusion) is admis
sible. 

It is easily checked that if f is quasi-admissible then the condition i) holds 
for every affine open subset U' = Spec(A') and U = Spec(A) such that f(U') ~ U. 
Therefore if f is quasi-admissible, then there exists a canonical homomorphism of 
sheaves of rings Mx -+ f*(Mxl), and in particular, a canonical homomorphism 
K(X) -+ K(X') between the rings of rational functions. 

We say that f is admissible (resp. locally birationa0 if in the above definition 
the condition is the following stronger one: 

ii) There is an element a E A such that a is a non-zero divisor in A and tp(a) 
is a non-zero divisor in A', and such that the induced map Aa -+ A~ is fiat, 
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where Aa and A~ are the localizations of A and A' by powers of a (resp. by 
the still stronger condition:) 

iii) There exists a non-zero divisor a in A and an injective homomorphism 
'I/J: A' -+ Aa such that 'I/J 0 'P coincides to the canonical homomorphism 
A -+ Aa. 

Since f is of finite type, the condition iii) above is also equivalent to saying that 
'P is admissible and the induced homomorphism [Alo -+ [Blo is an isomorphism. 

For example, by the theorem of generic flatness (see e.g. [67], IV (6.1)), every 
dominant morphism of irreducible varieties f: X' -+ X is admissible. 

Finally we say that f is birational if it is locally birational and the canonical 
map Mx -+ f*(Mx ') is an isomorphism. 

Lemma 9.6. Consider a cartesian diagram of quasi-compact schemes 

Z'=X'XXZ-X' 

hj 9 ]1 
z .X 

where f is of finite type and 9 is fiat. Then h is admissible (resp. locally birational, 
resp. birationa~ if f is so. 

Proof. Since the properties in question are local on X and on Z, we may assume 
that X = Spec(A) and Z = Spec(B) are affine. Moreover, we pick a finite affine 
covering Ui = Spec(AD of X' for which ii) (resp. iii)) of Definition 9.5 holds. 
Assume f admissible. Then for every i there exists a non-zero divisor ai E A such 
that the induced map Aa; -+ (ADa; is flat, whence 

is also flat. Moreover, since A -+ B is flat, ai remains a non-zero divisor in B. So h is 
admissible if f is so. Assume f is locally birational. Then there exist ai as above and 
an inclusion A~ '---7 Aa; whose restriction to A is just the canonical homomorphism 
A -+ Aa;. Since A -+ B is flat we get an inclusion A~ 0A B '---7 Aa; 0A B = Ba; 
whose composite with B -+ A~ 0A B is the canonical homomorphism B -+ Ba;. 
Thus, h is locally birational if f is so. 

Now assume f birational; then we have a canonical exact diagram of rings 

[Alo - II[A~lo = II[A~jlo, 
i i,j 

where A~j := qUi n Uj , Ox'). (Here we implicitly made use of Lemma 9.1 for 
ordinary schemes.) Put K := [Alo. Since B is flat over A, [Blo is flat over K. 
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Therefore tensoring the above exact diagram with [Blo over K and noting that 
[A~lo ~ K and [A~lo ®K [Blo ~ [Blo ~ [A~ ®A Blo, we get the exact diagram 

[Blo - II[A~ ®A Blo = II[A~jlo ®K [Blo. 
i i,j 

Now, since A ~ A~ is admissible, and A~ ~ A~j is fiat (because Spec(A~j) ~ 
Spec(AD is an open immersion, and in particular, is a fiat morphism!), hence 
admissible, A ~ A~j is also admissible (but it does not necessarily follow that the 
map [Alo ~ [Aijlo is an isomorphism!). Since A ~ B is fiat, by the first part 
already proved, B ~ A~j ® A B is also admissible. Moreover, A~j ~ A~j ® A B is 
admissible since it is fiat. It follows that [A~jlo ®K [Blo ~ [Aij ®A Blo. Thus 

[Blo - II[A~ ®A Blo = II[A~j ®A Blo 
i i,j 

is exact, which proves that K(Z) ~ K(Z') = r(Z, h*(MzI)) is an isomorphism. 
This implies (via Lemma 9.1 again) that the canonical map Mz ~ h*(MzI) is 
an isomorphism. 0 

Lemma 9.7. Let I: X' ~ X be a dominant morphism between two irreducible 
quasi-projective varieties X' and X. Let Y be a closed irreducible subvariety of X 
such that 1-1 (Y) =1= 0. Then the morphism I yields a canonical homomorphism 

j* : K(XIy ) ~ K(X'lf-lCY)) rendering commutative the diagram 

Proof· By what we remarked above, the dominant morphism I is generically fiat, 
and hence admissible. Set X:= XIY and X':= X'lf-l(Y). 

Assume first that X = Spec(A) is affine. Let I be the ideal of Y in A, and let 
.A be the I-adic completion of A. Since I-1(y) =1= 0 we may consider the cartesian 
diagram 

A --A a I A I 

X' =X'®AA -- X ®AA • X 

ij f'j If 
A A A b 

X = Spf(A) --- Spec(A) -- X = Spec(A) 
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----- A A 1 
where X' 0A A denotes the formal completion of X' 0A A along 1'- (b-1(y)) 
(which obviously coincides with X'). Since the morphism b is flat (because A is 
Noetherian) then by Lemma 9.6 I' is admissible because f is so. In particular, I' 
yields the map 

1'* : K(Spec(A)) ---) K(X' 0A A) 

between the corresponding rings of rational functions. But by Lemma 9.1, 

K(Spec(A)) = [Alo = K(X). 

On the other hand, we claim that the morphism a is flat. We shall first prove 
that the scheme X'0 A A is locally Noetherian. This being a local problem, we may 
assume that X' = Spec(B) is also affine, where B is a finitely generated A-algebra 
(in fact, B is a finitely generated k-algebra). Then X' 0A A = Spec(B 0A A), and 
the ring B 0A A is Noetherian because first, A is Noetherian (as the completion 
of a Noetherian ring), and second, B 0A A is a finitely generated A-algebra (B is 
a finitely generated A-algebra). The hypothesis that f-l(y) =I- 0 translates into 
I B =I- B. Then X' = Spf(B), where B denotes the I B-adic completion of B. But 
B also coincides with the completion of B 0A A with respect to the B 0A i-adic 
topology (or else, the completed tensor product of B with A, where B is endowed 
with the trivial O-adic topology, and A with the I-adic topology). Thus the map a 

corresponds to the canonical map B 0A A ---) B (passing to the completion), and 
since we saw that the ring B 0A A is Noetherian, this latter map is flat, i.e. the 
morphism a is flat. 

Now, since a is flat, it yields a canonical map 

-----a* : K(X' 0A A) ---) K(X' Q9A A) = K(X'). 

Then the desired map (in the case when X is affine) is j* := a* 01'*. 
Assume now that X is only quasi-projective. Pick a point x E f(X') n Y 

(recall that f-l(y) =I- 0). Since X is quasi-projective we can find a finite covering 
(Ui)i of Y, with Ui affine open subsets of X all containing the (fixed) point x. This 
implies that for every i the restrictions fi := flf-1(Ui ) : f-1(Ui) ---) Ui still have 
the property that fi-1(y n Ui) =I- 0. Set U := U Ui and U' := f-l(U). Clearly, 

U/ Y = X and U'/f-l(Y) = X'. Let us denote by Mx and Mx' the sheaves of 

formal-rational functions on X and X' respectively. Then K (X) = HO (X, M x) = 

HO(U,M x) and K(X') = HO(X') = HO(X',M x') = H°(7J',M x,). Since Ui is 
affine, by the previous case we have the well-defined canonical maps 
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where V and V' denote the formal completion of any open subset V of X along 
V n Y and the formal completion of V' := f-l(V) along f-l(V n Y) respectively. 
Since M x and M x' are sheaves, we get the exact sequences 

K(X) -- II M x ([\) = II Mx(Ui n Uj), 
i iJ 

K(X') -- II MXI(Uf) = II MXI(U[ n Uj). 
i iJ 

Moreover, by the previous case (i.e. when X was affine) we have the maps 

lIlt: II MX(Ui ) ~ II MXI(Uf), 
iii 

and 

i,j i,j i,j 

making the obvious square commutative. This square yields the unique map 1* : 
K(X) ~ K(X') we were looking for. The commutativity of the diagram from the 
statement of the lemma is obvious by the construction of 1*. 0 

Corollary 9.S. Let f: X' ~ X be a dominant morphism of irreducible quasi
projective algebraic varieties, and let Y' c X' and Y c X be non-empty closed 
subvarieties such that f(Y') S; Y. Then there exists a canonical ring homomor
phism 1* : K(X/ y ) ~ K(X'/YI) rendering commutative the diagram 

K(X) L. K(X') 

OX,Y j j' j OX',Y' 

K(X/y) -- K(X'/YI) 

Proof. By Lemma 9.7 we have the commutative diagram 
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Since y' ~ f- 1(y), there is a canonical flat morphism of formal schemes 'lj; : 
X'/y, ---7 X'/f-1(Y), which induces a ring homomorphism tp: K(X'/f-1(Y)) ---7 

K(X'/y,) (tp is just the restriction map of formal-rational functions). Then the 

desired map j* is tp 0 J*, and the commutativity of the above diagram yields the 
commutativity of the diagram of the corollary. 0 

Theorem 9.9 (Hironaka-Matsumura [81]). Let f: X' ---7 X be a proper birational 
morphism of irreducible algebraic varieties, let Y be a closed subvariety of X and 
let Y' := f-l(y). Then the canonical morphism J : X'/y, ---7 X/ y induces an 

isomorphism Mx/ y ~ J*(Mx'/y,)' In particular, K(X/y) ~ K(X'/y,). 

Proof. Since M x / y is a sheaf, it is sufficient to prove the theorem when X = 

Spec(A) is affine. Let A be the I-adic completion of A, where I is the ideal of A 
defining Y, and set Z := Spec(A). Consider the cartesian diagram 

Z'=X'xx Z -- X ' 

hl 9 ]1 
Z .X 

where g: Z ---7 X is the canonical flat morphism induced by A ---7 A. Clearly 
X/ y ~ Z/g-l(Y) =: Z and X' /y' ~ Z' /h-l(g-l(y)) =: Z'. Since g is flat and f is 
proper and birational, by Lemma 9.6 the morphism h is also proper and birational. 
Therefore in the commutative diagraiir-

K(Z) - K(Z) 

I j 
K(Z') -- K(Z') 

the first vertical map is an isomorphism by birationality, and the horizontal arrows 
are isomorphisms by Proposition 9.4. Therefore K(Z) ~ K(Z'), or else, K(X/y) ~ 
K(X'/y,). 0 

Using Theorem 9.9 we can improve Proposition 9.2 in the following way: 

Corollary 9.10. Let X be an irreducible algebraic variety, and let Y be a closed 
subvariety of X. Let u: X' ---7 X be the (birationa~ normalization of X. Then 
K(X/y) is a field if and only if u-1(y) is connected. If Y is a closed subvariety 
of an irreducible variety X, then K(X/ y ) is a finite product of fields. 

Proof. By Theorem 9.9, K(X/y) ~ K(X' /u-1(Y)) (since K(X') = K(X)). Hence 
by Proposition 9.2, if u- 1(y) is connected, K(X'/u-1(y)) is a field. Conversely, 
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if u-1(y) is the disjoint union of two non-empty closed subsets Y1 and Y2, then 
clearly 

K(X'/u-1(y)) ~ K(X'/yJ x K(X'/Y2)' 

and in particular, K(X'/u-1(y)) cannot be a field. 
For the last statement, by what we said above, we may replace X by its 

normalization X' and Y by u-1(y). Therefore we may assume X normal. Let 
Y1, ... ,Ym be the connected components of Y. Then 

and K(X/yJ is a field for every i = 1, ... , m. D 

Now, following [81], we can generalize Theorem 9.9 in the following way: 

Theorem 9.11 (Hironaka-Matsumura [81]). Let f: X' ---+ X be a proper surjective 
morphism of irreducible varieties. Then for every closed subvariety Y of X there 
is a canonical isomorphism 

K(X' /f-1(Y)) ~ [K(X') ®K(X) K(X/y)]o, 

where [A]o denotes the total ring of fractions of a commutative unitary ring A. 

Proof. We first prove the theorem when X = Spec(A) is affine. If I is the ideal 
of A defining Y, let A be the I-adic completion of A. Set Z := Spec(A) and 
Z' := X' Xx Z. As in the proof of Theorem 9.9 we get the cartesian diagram 

X'=Z'-Z' • X' 

j ~hj ]h ]1 
X=Z .Z 9 .X 

where X := X/ y and X' := X1f-1 (Y)" Since f is a surjective morphism between 
irreducible varieties, f is admissible by generic flatness. Therefore by Lemma 9.6 
h is admissible because g is flat. Therefore we get a canonical homomorphism 
K(Z) ---+ K(Z') making the following diagram commutative: 

K(X') --- K(Z') 

j j 
K(X) - K(Z) 
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By Proposition 9.4, K(Z) ~ K(X) and K(Z') c::! K(X'). Therefore, if Z = 
Spec(A) is affine we have only to prove that 

[K(X') Q9K(X) K(Z)]o ~ K(Z'). 

Let V = Spec(B) be an affine open subset of X'. Then the map A ----; B is 
admissible (by generic flatness, because the restriction morphism flV: V ----; X is 
dominant), so by Lemma 9.6 the induced map A ----; B Q9A A is also admissible. 
Moreover, since the map B ----; B Q9A A is flat, it is admissible. Thus we get 
[B Q9A A]o = [[B]o Q9[AJo [A]o]o. Since K(X') = [B]o (because X' is an irreducible 
variety), and since V' = Spec(B') ~ V = Spec(B) is another non-empty open 
subset of X', the restriction map [B Q9A A]o ----; [B' Q9A A]o is an isomorphism, and 
then we get exactly the desired isomorphism. So the theorem is proved when X is 
affine. 

Now assume X arbitrary, and let Ui = Spec(Ai), i = 1, ... , n, be a finite 
affine covering of X. Then we have the exact diagram 

K(X) -----+ II MX(Ui) = II MX(Uij ), 
i i,j 

where Uij := Ui n Uj. Set L := K(X') and K := K(X). Then Land K are fields, 
and therefore we get the exact diagram 

L Q9K K(X) ---+ II L Q9K MX(Ui) = II L Q9K Mx(Uij ), 
i,j 

If the field extension K ~ L is is finite (i.e. if the morphism f is generically finite), 
using the last statement of Corollary 9.10 we see that all the rings in this last 
diagram are finite products of local Artin rings. In particular, if A is such a finite 
product then A = [A]o. Therefore this exact diagram becomes 

[L Q9K K(X)]o ---+ II[L Q9K Mx(Ui)]o = II[L Q9K Mx(Uij)]o, 
i,j 

By the case when X was affine (already proved) we get the exact diagram 

[L Q9K K(X)]o ---+ II MX,(j-l(Ui)) = II MX,(j-l(Uij )). 
i,j 

This means that K(X') ~ [L Q9K K(X)]o, as we wanted. 
Therefore the theorem is proved in the following two cases: either if X is 

affine, or if the morphism f: X' ----; X is generically finite. 
Let us pass to the general case, i.e. when the field extension K c L is 

transcendental and X is not affine. Let X = U1 U ... U Un be the union of n 
open affine subsets (n ~ 2), and set U := U1 U ... U Un - 1 and U' = Un- Then 
X = U U U'. Set W := Un U', (; := U/uny , (;, := U/u'ny, TV := W/wny , 
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j~) := f-I(U)/Y'nf-1(U)' j~') := f-I(U')/Y/nf-1(UI), and f4w) := 

f-I(W)/Y/nf-1(W)' Using induction on n (the case n = 1 having been treated 
above), we may assume that the theorem holds for U, for U' and for W (note that 
W is the union of the affine open subsets UI nUn,. .. ,un-I n Un), i.e. 

,., ----- A ----[L ®K K(U)]o ~ K(f-I(U)), [L ®K K(U')]o ~ K(f-I(U')), and 

[L ®K K(W)]o ~ K(f4w)). 

Then we have the exact diagram 

A A A --+ A 

K(X) - K(U) x K(U') K(W). 
--+ 

Taking into account the three isomorphisms above, all we need for our proof is to 
derive from this the exactness of the diagram 

A A A, --+ A 

[L ®K K(X)]o -- [L ®K K(U)]o X [L ®K K(U )]0 [L ®K K(W)]o. 
--+ 

Since by the last part of Corollary 9.10 K(U), K(U') and K(W) are finite products 
of fields, the following claim will complete the proof of Theorem 9.11: 

Claim. In the above notation, let KI and K2 be subrings of the ring K'. Assume 
that K I , K2 and K' are finite products of fields containing K, and set k .
KIn K 2. Thus we have the exact diagram 

where the double arrow consists of the two projections followed by the inclusions 
in K'. Then the induced diagram 

is also exact. 

Proof of the claim. Let tl, ... , tr E L be a transcendence basis of Lover K. 
Then K(tl,"" tr) ~ L is a finite algebraic extension. Thus we get the pure 
transcendental extensions K C K(h) c ... C K(tl, ... , tr) and the finite algebraic 
extension K(tl,"" tr ) ~ L. Therefore it is sufficient to consider the following two 
cases: 

i) L is a simple transcendental extension of K, i.e. L = K(t), with t transcen
dental over K, and 

ii) L is a finite algebraic extension of K. 
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In the second case, [L ®K A]o = L ®K A, for every ring A which is a finite 
product of fields, and the assertion follows from the fact that L is flat over A (note 
that this case is similar to the proof of Theorem 9.11 when the morphism f was 
generically finite). 

Therefore from now on we shall assume that we are in the case i). Then we 
have to prove that 

[Kl[tllo n [K2[tllo = [K [tll ° , where t is an indeterminate over K'. (9.2) 

By hypotheses we can write K' = Fl X . .. x Fs, with s 2:: 1 and Fi a field for 
every i = 1, ... , s. Let 1 = el + ... + es be the corresponding decomposition 
of 1 into idempotents. In general, if F is a field, t is an indeterminate over F 
and u(t) = ~m E F(t), with f(t), g(t) E F[t], we shall say that ~m is in the 
standard form if f(t) and g(t) are relatively prime in F[t], and g(t) is monic. 
Clearly the standard form is unique and invariant under the extension of the field 
of coefficients. 

Let now u E [Kl[t]]O n [K2[tllo, with u = (Ul,"" us) and Ui = ~:m E Fi(t) 

in the standard form Vi = 1, ... , s, so that U = ~, where f(t) := (!I(t), ... , fs(t)) 
and g(t) := (gl (t), .. . , gs(t)). We assert that f(t) and g(t) belong to Kdt], i = 1,2, 
which of course will prove the claim. 

To prove this assertion write Kl = El X· .. x Ep as a product of fields, and let 
1 = e~ + ... + e~ be the corresponding decomposition of 1 into idempotents. Then, 
after reordering {el,"" es} suitably, we have e~ = el + .. '+ea, e~ = ea+l + .. +eb, 
and so on. In particular, El = Kle~ is a subfield of Fl x ... x Fa. Let tpi: EI -+ Fi 
be the natural projection, Vi = 1, ... , a. Since U E [KI[t]]O = EI(t) x ... x Ep(t), 
ue~ has a standard form ue~ = ~m, with A(t),B(t) E El[t]. Then ::~~~m is 
the standard form of Ui, and hence tpi(A(t)) = fi(t) and tpi(B(t)) = gi(t), Vi = 
1, ... ,a. It follows that (!I(t)'''',!a(t)) = A(t) E EI[t] and (gl(t), ... ,ga(t)) = 
B(t) E EI[t]. The same is true for E2, ... , Ep, whence f(t), g(t) E KI[t]. 

In a similar way we have f(t),g(t) E K2[t]. This proves (9.2), and thereby 
Theorem 9.11. 0 

Now we need the following: 

Definition 9.12 (Hironaka-Matsumura [81]). In the notation of the beginning, 
assume that X is a projective irreducible variety over an algebraically closed field 
k. We say that Y is G3 in X if the canonical map aX,Y : K(X) -+ K(X/y) is an 
isomorphism of rings. (In particular, if Y is G3 in X, K(X/ y ) is a field.) We also 
say that Y is G2 in X if K(X/y) is a field and if the map aX,y makes K(X/ y ) 
a finite field extension of K(X). 

In other words, the fact that Y is G3 in X means that every formal-rational 
function of X along Y "can be extended" to a usual rational function on X. Note 
that obviously "Y G3 in X" implies "Y G2 in X" . 

An immediate consequence of Theorem 9.11 is the following: 
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Corollary 9.13. (i) Under the hypotheses and notation of Theorem 9.9, assume 
that Y is G3 in X. Then f-1(y) is G3 in X'. 

(ii) Let Y be a closed subvariety of the irreducible variety X such that K(X/y) is 
a field. Then every finitely generated field subextension EIK(X) of the field 
extension K(X/Y)IK(X) is separable, i.e. there exists a transcendence basis 
{t1,' .. ,tr } of E over K(X) such that E is a finite separable field extension 
of K(X)(tl, ... , tr). 

Proof. Part (i) is a direct consequence of Theorem 9.11. On the other hand, by [87], 
tMoreme 3.3, the statement of (ii) is equivalent to the fact that for every purely 
inseparable finite extension L of K(X), the ring K(X/y) ~K(X) L is reduced. To 
check this latter condition, let f: X' --t X be the normalization of X in the field 
L (note that since L is a finite field extension of K(X), L is finitely generated over 
k). Then f is a finite morphism and K(X') = L, so by Theorem 9.11 there is a 
canonical isomorphism 

By Corollary 9.10, K(Xlf-l(Y)) is a finite product of fields, and in particular, 

is a reduced ring. Therefore [K(X/ y ) ~K(X) L]o is reduced, whence the subring 
K(X/y) ~K(X) L is also reduced, as required. 0 

As a beautiful application of Theorem 9.11 we prove the following fundamen
tal result due to Hironaka and Matsumura [81] (see also [74]): 

Theorem 9.14 (Hironaka-Matsumura [81]). Every positive-dimensional connected 
closed subvariety Y of the n-dimensional projective space lpm (n ~ 2) over an 
algebraically closed field k of arbitrary characteristic is G3 in lpm. 

Proof. We will follow the proof given in [81]. 

Step 1. The theorem holds true if Y is a line in jpn. 

Proof of step 1. Since for every two lines L1 and L2 of jpn there is an automorphism 
a of jpn such that a(L1) = L2, there is no loss of generality in assuming that the 
line Y is defined by the equations X2 = ... = Xn = 0, where [xo, ... , xn] is a 
homogeneous coordinate system of ~. Set Vi := Xi, i = 1, ... , n, and tJ" := Vj, 

Xo Vl 

j = 2, ... ,n. Consider the blow up morphism f: X --t jpn with center the point 
Q = [1,0, ... ,0]' and denote by E = f-1(Q) the exceptional locus of f and by Y' 
the strict transform of Y in X. Then f-1(Q) = E U Y'. Denote X := X/EUYI, 

Xl := X/E and X2 := X/YI. By Theorem 9.9 it will be sufficient to prove that 

K(X) ~ K(X). 
Then Y' is covered by two affine open subsets, Spec(Ao) and Spec(Ad, where 

Ao = k[V1' t2,"" tnJ and Al = k[;l' t2,"" tnJ, and in each such ring Y' is defined 
by the ideal generated by t2, ... , tn. It follows that Spec(Ao) USpec(A1) ~ jp1 X V, 
where V is the affine (n - I)-dimensional space Spec(k[t2" .. ,tn ]), and under this 
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isomorphism Y' is mapped to lpll x 0, where 0 is the origin of V (i.e. the point 
defined by t2 = ... = tn = 0). Therefore we can apply Theorem 9.11 to the 
projection ]p>1 x V --t V to deduce that 

(9.3) 

On the other hand, by Theorem 9.9 we get 

(9.4) 

Let 
00 

f = L ail ... in vil ... v~n E k[[VI, ... , vnll 
il, ... ,in=O 

be arbitrary formal power series. Since Vj = tjVI' V j = 2, ... ,n we can rewrite f 
as 

00 00 

L ail ... in vil + .. +int;2 ... t~n = L ( L ah-i2-···-in,i2, ... ,in t;2 ... t~n )v~. 
il, ... ,in=O h=O i2+·+in:Sh 

This proves the inclusion k[[VI, ... , vnll ~ k[t2, ... , tn][[vIlJ, whence (9.4) implies 
K(XI) ~ k(t2, ... , tn)((VI)), where for every field H and for every indeterminate 
v over H we set H((v)) = H[[vllo. Recalling also (9.3) we get 

K(X) ~ K(X) ~ K(Xd n K(X2) ~ k(t2, ... , tn)((VI)) n L(VI), 

where L := k[[t2, ... , tnllo and, of course, K(X) = k(VI' t2, ... , tn). Here the fields 
under consideration are all included in L( (VI)). Indeed, if x is the unique point of 
intersection of E and Y', and if X3 := X/{x}, then K(X), K(XI ) and K(X2 ) are 

canonically embedded in K(X3) = k[[VI' t2, ... , tnllo ~ L((VI)). Thus the above 
inclusions are taken in this latter field. Therefore, if we set F := k(t2, . .. ,tn) C 

L := k[[t2' ... ,tnllo, step 1 will follow from the following general algebraic state
ment: 

Step 2. For all fields F and L such that Fe L, let v be an indeterminate over L. 
Then F((v)) n L(v) = F(v). 

00 

Proof of step 2. Let 0 -=I ~ = 2: Chvh E F((v)) n L(v), with Ch E F and Cp -=I 0 (p 
h=p 

m n 
may be negative). Since ~ E L(v), ~ = (2: aivi)/(2: bjvj), with ai,bj E L, we get 

i=O j=O 
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therefore L bj Ch = 0 for all i > m. Let {en} n be a vector basis of Lover F 
j+h=i 

and write bj = L bjnen, with bjn E F. Thus for each a we have 
n 

n 

2: bjnCh = 0, Vi > m. 
j+h=i 

This means that (L bjnvj)~ E F(v), Va. Since not all bjn are zero, this implies 
j=O 

~ E F(v). 
This proves step 2, and thereby step 1. 

Step 3. (Conclusion.) Let Y be an arbitrary connected closed subvariety of lpm of 
dimension:::: 1. By Proposition 9.2 we know that K(lP'jy) is a field. Let Y' be an 
irreducible curve contained in Y. Then we have natural maps 

The first map is all'n,Y, which is obviously injective. The second map is also in
jective because K(lP'jy) is a field. Therefore it will be enough to prove that Y' is 
G3 in IP'n. In other words, without loss of generality we may assume that Y is an 
irreducible curve. 

Let Z = IP'I be a line in IP'n and choose a linear subspace of dimension n - 2 
such that L n Y = L n Z = 0. Set V := IP'n \ L and denote by 7r: V ---t IP'I the 
linear projection of center L. Let Y1 be the normalization of Y and let g: Y1 ----7 pI 

be the composite of 7rIY: Y ---t pI with the normalization morphism. Clearly, 9 is 
a finite surjective morphism. Consider the fiber product 

1 
W := V Xll" Y1 - V 

.' j j. 
9 

Since 7r is the projection of the vector bundle V ( (n - 1) 011'1 ( -1)) and the 
embedding Z '---7 V is its zero section (see [66] II), it follows that 7r' : W ----7 Y1 

is the projection of the vector bundle V( (n - 1 )g* (011'1 (-1))) and its zero sec
tion is Z' := 1-1 (Z). Note that 1 is a finite surjective morphism since 9 is so. 
Consider the "diagonal embedding" Y1 '---7 W induced by the composite of the 
inclusion Y C V with Y1 ----7 Y and by idy,. Then its image, Y' is another section 
of 7r'. Therefore there exists an automorphism a: W ----7 W of W (considered as an 
affine bundle over Yd such that a(Y') = Z'. Then a extends to a formal isomor
phism fj : W/YI ----7 W/ZI, inducing an isomorphism of formal-rational functions 
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a : K(W/zl) -> K(W/Y/) (and the subfield K(W) is mapped onto itself by this 
isomorphism) . 

Now, by step 1, Z is G3 in V, and therefore, by Corollary 9.10, Z' is also 
G3 in W. By what we just said before, this implies that Y' is also G3 in W, 
i.e. K(W) ~ K(W/Y/). Then there is a natural morphism of formal schemes 
W/YI -> V/ y (induced by I), hence an inclusion of fields 

Since the field extension 1* : K(V) -> K(W) is finite, this implies in particular 
that the field extension apn,Y : K(pn) -> K(pn/y) is also finite, i.e. Y is G2 in 
Ipm. 

To deduce that Y is G3 in X we proceed as follows. From what we just 
said the branch locus B of the field extension K(Ipm /Y )IK(]p>n) is contained in 
the branch locus of K(W)IK(V), which is just rr-l(B'), with B' the branch lo
cus of g: Y l -> ]p>l. Now, this argument is independent of the choice of the cen
ter of projection L and the line Z in ]p>n. As these vary, the branch locus B of 
K(]p>n /Y )IK(]p>n) is always contained in the subset rr-l(B'). Thus B must have 
co dimension ~ 2, so that by the purity of the branch locus (see e.g. [1], VI, 
Theorem (6.8), or also [68], expose x, Theorem 3.4), B = 0. But ]p>n is simply 
connected, so K(]p>n /Y) = K(]p>n). D 

Corollary 9.15 (Hartshorne). Let Y be an arbitrary closed connected subvariety of 
]p>n (n ~ 2) of dimension ~ 1, and set U := ]p>n \ Y. Then Hn-l(u, F) = 0 for 
every coherent sheaf F on U, i. e. cd (U) :::; n - 2, where cd (U) is the cohomological 
dimension of U (see Definition 7.1 above). 

The proof of Corollary 9.15 makes essential use of Theorem 9.14 together 
with an extra (non-trivial) argument, see [75], or also [74]. In fact, this corollary 
was an important discovery of Hartshorne in 1968, see [75]. Later we shall prove 
a more general result, see Theorem 11.21 below. 

Now we give a (more general form of an) example of Hartshorne [75] of a 
closed subvariety Y of a projective variety X which is G2 but not G3. 

Example 9.1. (Hartshorne if n = 3, [19] in general.) Start with the n-dimensional 
complex projective space X' := ]p>n (n ~ 3) and consider the group G (of order 
n + 1) generated by the automorphism a : ]p>n -> ]p>n given by 

a([xo, Xl, ... , Xn]) = [XO, (Xl, (2 X2 , ... , CXn], 

where ( E C is a (fixed) primitive root of unity of order n + 1. Let U' be the open 
subset of X' := ]p>n in which G acts freely. Consider the line L of X' given by the 
equations: 

It is easily checked that the n + 1 lines ~L (for each ~ E G) are mutually disjoint 
and ~L c U', for all ~ E G. In particular, the ramification locus X, \ U' of the 
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action of G on X' is of co dimension ~ 2 in X'. Let f: X' ---+ Z := X' / G be the 
canonical morphism onto the quotient, and set U := f(U'). Thus U' = f-l(U) 
and the restriction f' := flU' : U' ---+ U is an etale morphism of degree n + l. 
In particular, U is smooth, and in fact U coincides precisely with the smooth 
locus of the normal projective variety Z. If we set Y := f(L), it follows that 
Y c U and the restriction flL: L = pI ---+ Y is an isomorphism. Since l' is etale, 
by a general result (see e.g. [58], Theorem 4.2, or also Lemma 9.19 below) the 
morphism f yields an isomorphism X' / L ~ Z/Y between formal completions. In 

particular, the map j* : K(Z/y) ---+ K(Xj L) is an isomorphism. Moreover, since 
every open subset V of U containing Y is by construction not simply connected 
(since codimlP'n (JP>n \ r 1 (V) ~ 2), the universal covering space of V is f- 1 (V) ---+ 

V), the embeddings L '----t X' and Y '----t Z cannot be Zariski equivalent. 
Now look at the canonical commutative diagram 

K(Z) ~ K(Z/y) 

f' j 11' 
K(X') - K(XjL) 

a:X',L 

in which the map a:X',L is an isomorphism by Theorem 9.14, and the map 1* is an 
isomorphism by what we have said above. In particular, K(ZjY) is a field. Since 
the field extension 1* : K(X) ---+ K(X') has degree n + 1, it follows that Y is G2 
(but not G3) in X. 

Note also that in this example the normal bundle N ylZ of Yin Z is isomor
phic to (n - l)OlP'l (1) (direct sum of n - 1 copies of OlP'l (1)). 

On the other hand, OlP'n(l) is a G-sheaf in the sense of [114], page 69 (since 
G acts linearly on JP>n), and since l' is etale, we can apply Proposition 2 of [114] 
(page 70) to deduce that there exists an £. E Pic(U) such that f'*(£.) ~ Ou,(l) := 

OlP'n (1) I U'. In particular, restriction map Pic(U) ---+ Pic(Y) is surjective. Let 
cp: X ---+ Z be a desingularization of Z such that cp -1 (U) ---+ U is an isomorphism 
(recall that U = Reg(Z)). Then the embedding Y '----t Z lifts to an embedding 
Y '----t X. Since X is smooth, the restriction map Pic(X) ---+ PiC(cp-l(U)) ~ Pic(U) 
is surjective, whence the restriction map Pic(X) ---+ Pic(Y) is also surjective. Re
calling that Y ~ JP>1 and N ylX ~ (n - l)OlP'l(l), this shows that Y is a quasi-line 
on X, in the terminology of [19] (see also Definition 14.1 of Chapter 14 below). D 

The next result is a basic tool in studying formal functions. It is a refinement 
of a result of Hartshorne-Gieseker (see [58], Theorem 4.3), and also an algebraic 
analogue of an analytic result of Chow [35]. 

Theorem 9.16 ([18]). Let Y be a closed connected subvariety of a normal irreducible 
variety X, and let ( E K(XjY) be a formal-rational function which is algebraic 
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over K (X). Then there exists a finite surjective morphism f: X' ----t X, of degree 
equal to the degree of the minimal polynomial of ( over K(X), from a normal 
irreducible projective variety X', with the following properties: 

(i) There exists a closed embedding i' : Y ~ X' such that f 0 i' = i, where 
i: Y ~ X is the inclusion of Y in X. 

(ii) The morphism f is etale in an open neighbourhood U' of i' (Y) in X'. 

(iii) j*(() E K(X') (more precisely, j*(() E O:X',i'(y) (K(X')), see the commuta-
tive diagram of Corollary 9.8). 

Remark 9.17. Let x E X be a normal point of an irreducible variety X. Denote 
by Ox,x the completion of the local ring OX,x with respect to its maximal ideal 
mx,x' Then Theorem 9.16 asserts in this case that a formal-rational function 

( E K(X/{x}) = [Ox,x]o is algebraic over K(X) if and only if there exists a finite 
morphism f: X' ----t X and a point x' E X such that f(x') = x, at which f is etale 
(i.e. an etale neighbourhood (X', x') of (X, x)) such that j*(() E K(X'). On the 
other hand, let 0:x.,x be the henselization of the local ring OX,x' By the definition 

of 0:x.,x we have 0:x.,x = dirlim(x',x') OX',x" where (X',x') runs over the set of 
all etale neighbourhoods of (X, x). Therefore Theorem 9.16 implies the following 
well-known facts: 

i) 0:x.,x = {( E Ox,x I ( algebraic over K(X)}, and 

ii) [0:x.,x]o = {( E K(X;{x'}) I ( algebraic over K(X)}. 

For the proof of Theorem 9.16 we need two lemmae, taken from [58]. 

Lemma 9.18 ([58]). Suppose A and B are commutative Noetherian rings and I 
and J are ideals of A and B such that A and B are complete with respect to the 
I -adic and J -adic topologies. Let f: A ----> B be a homomorphism of unitary rings 
such that the map Spec (f) : Spec(B) ----> Spec(A) is etale at every closed point 
of Spec( B I J), f (1) ~ J (in particular, f is continuous), and the induced map 
f: AI I ----> B I J is an isomorphism. Then f is an isomorphism. 

Proof. We first show that f is injective. Let a i= 0 in A, and consider a maximal 
ideal m of A which contains the ideal {c E A I ca = o}. Since all maximal ideals of 
A contain I, and Spec (f) is etale at every point of Spec( B I J) the map Am ----t Bm 
between the completions with respect to maximal ideals is an isomorphism. It 
follows that the map Am ----> Bm is injective (because the maps Am ----> Am and 
Bm ----t Bm are injective). Now, a does not go to zero in Am (by the choice of m), 
whence f(a) is not zero in Bm. Hence f(a) i= 0, fo f is injective. 

We have f(I)B ~ J. We first show that f(I)B = J. Suppose not. Let L be 
the B-module J I f(I)B. Then for every maximal ideal m of A (which automatically 
contains 1) the map im ----> Jm is an isomorphism since AI I ~ B I J and Am ~ Bm. 
On the other hand, there is an exact sequence 
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Hence Lm = 0, which implies Lm = 0 for every maximal ideal m of A, i.e. J = 
f(I)B. From this we get r = f(In)B, 'Vn ~ 1, therefore the map r I I n+1 -t 

In I In+ 1 is surjective. Now, let b E B. Suppose we have constructed aI, ... ,an E A 
so that ap-ap+l E IP for every p ~ n-l and f(ap)-b E JP for every p ~ n. Then 
we can find c E In so that f(c) == f(an) - b mod In+!. Then set an+! = an - c. 
Therefore we have constructed by induction a sequence {an}n~l of elements of 
A such that an - an+l E In and f(an) - b E r. Then the sequence {an}n~l 
converges to an element a E A and f(a) = b (since A is complete in the I-adic 
topology, and f is continuous). 0 

Lemma 9.19 ([58]). Let f: X' -t X be a finite morphism of algebraic varieties 
such that there is a closed subvariety Y of X, and the inclusion Y C X lifts to 
an embedding Y '---t X' (in the sense of condition (i) of Theorem 9.16). Then f is 
etale in a Zariski open neighbourhood of Y in X' if and only if the morphism of 
formal schemes j: X' /y -t X/ y is an isomorphism. 

Proof. Let y E Y. If X;y -t X/ y is an isomorphism then the map OX,y -t OXI,y 

becomes an isomorphism after we take completions with respect to the ideals 
of Y in X and in X' respectively. Hence the map OX,y -t OXI,y between the 
completions with respect to the maximal ideals is also an isomorphism. Since the 
map OX,y -t OXI,y is etale if and only if the map OX,y -t OXI,y is an isomorphism, 
we are done. Conversely, assume that f is etale in a neighbourhood of Y in X'; 
then it is sufficient to apply Lemma 9.18 to see that the map j: X;y -t X/ y is 
an isomorphism. 0 

Now we are ready to prove Theorem 9.16. 

Proof of Theorem 9.16. We shall adapt the proof of Theorem 4.3 of [58] to our 
slightly different situation. Since X is normal and Y connected, K(X/ y ) is a 
field by Proposition 9.2. Since ( is algebraic over K(X), we get the finite field 
extension K(X) ~ K(X)((). Then take as f: X' -t X the normalization of X in 
K(X)((). By construction, j*(() E K(X'). It remains to show that the conditions 
(i) and (ii) are fulfilled. Choose an open affine covering {Spec(Ai)h of X such 
that Y n Spec(A) is connected for every i. For any fixed index set A = Ai, and 
let A be the completion of A with respect to the ideal I = Ii of Y n Spec(A) 
in Spec(A). By Lemma 9.1 and Proposition 9.2, K(Spf(A)) = [A]o is a field. It 
follows that A is an integral domain. Let L = [A]o be the quotient field of A. We 
claim that A is normal. Indeed, it is sufficient to check normality at every point of 
x E Spf(A). But x is also a point of AI I = AI I, and the completions of (A)x and 
of Ax at their maximal ideals are isomorphic. Since the completion of Ax at its 
maximal ideal is integrally closed (by the analytic normality of normal rings, see 
[154]' Vol. II, pages 313-320, or [116]' 37.5), we infer that (A)x is also integrally 
closed. So, the claim that A is normal is proved. Set K := [A]o = K(X) and 
K' := K(X') = K(X)((). Let A' be the integral closure of A in K'. Since A is 
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normal and K' ~ L, A' ~ A. SO we have the following canonical inclusions: 

A ---...... A' ---...... A 

I j I 
K ---.... K' ---...... L 

Let i := IA and I' := A' n 1. With this definition, clearly I' n A = I, whence we 
get inclusions 

A/I ~ A'/I' ~ A/i = A/I, 

whose composite is the identity. Thus the first inclusion is an isomorphism A/ I ~ 
A' / I'. Moreover, I' A = I A = i. Set dim( A) = n. Then the completion A' of A' 
with respect to I' is also of dimension n, and the inclusion A' ~ A extends to a 
ring homomorphism 'P : A' -t A. Therefore we get maps 

A ---...... A' __ 'P __ • A, 

whose composite is the identity of A. It follows that 'P is a surjection of integral 
domains of the same dimension, whence 'P is an isomorphism. Now, reinstalling 
the indices i, we see that the ideals Ii fit together to form a coherent sheaf of 
ideals I, and so, a lifting of Y to X'. Thus we verified (i). Clearly the morphism 
j: X' /y -t X/ y is an isomorphism. By Lemma 9.19, f is etale in a neighbourhood 
~Y~r. 0 

As a consequence one immediately gets the following result of Hartshorne
Gieseker (see [58], Theorem 4.3). 

Corollary 9.20 (Hartshorne-Gieseker). Let Y be a closed subvariety of a normal 
projective variety X which is G2 in X. Then there exists a finite surjective mor
phism f: X' -t X of degree [K(X/ y ) : K(X)] from a normal projective variety 
X' such that the inclusion Y C X lifts to an inclusion i: Y ~ X', f is etale in a 
neighbourhood of i(Y), and i(Y) is G3 in X'. 

Now we are ready to prove the following useful algebraicity criterion. 

Theorem 9.21 ([18]). Let ( E K(X/y) be a formal-rational function of an irre
ducible variety X along a closed subvariety Y of X such that K(X/ y ) is a field 
(e.g. if X is normal and Y is connected, see Proposition 9.2). Then the following 
conditions are equivalent: 

(i) ( is algebraic over K(X). 

(ii) There is a proper surjective morphism f: X' -t X from an irreducible variety 
X' and a closed subvariety Y' of X' such that f(Y') ~ Y and j*(() is 
algebraic over K(X'). 
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(iii) 
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There is a proper surjective morphism f: X' ---7 X from an irreducible variety 
X' and a closed subvariety Y' of X' such that f(Y') ~ Y and j*(() E K(X') 
(more precisely, there exists a rational function t E K(X') such that j*(() = 
aXI,YI(t)). 

If moreover X is normal and Y is connected, the above conditions are also equiv
alent to the following one: 

(iv) There is a finite surjective morphism f: X' ---7 X, with X' normal and ir
reducible and deg(f) = degK(x) ((), and a closed subvariety Y' of X' such 
that: f(Y') ~ Y, flY' : Y' ---7 Y is an isomorphism, f is etale at every point 
ofY', and j*(O E K(X'). 

Proof. Let us first prove that (iii)=}(i). By hypothesis, j*(() = aXI,YI(t) for some 
rational function t E K(X'). Assume that ( is transcendental over K(X). Since 
K(X/y) is a field, the map j* is injective. It follows that j*(() is transcendental 
over aXI,YI(f*(K(X))), whence t is transcendental over K(X) (more precisely, 
over f* (K (X))). Thus we get the purely transcendental field subextension K (X) c 
E := K(X)(t) of K(X'). Set V := X X JP>I. Then V is identified with a variety 
whose field of rational functions is E such that the map g* : K(X) ---7 K(V) = E 
induced by the projection g: V = X X Jpll ---7 X is just the subextension K(X) C E. 
Let v : X ---7 X be the (birational) normalization morphism. By Corollary 9.10 
the hypothesis that K(XjY) is a field is equivalent to the fact that v-I(y) is 
connected. It follows that v-I(y) X]P'I is also connected. Since v x idlP'l : X x JP>I ---7 

V = X X JP>I is the normalization of V and (v x idlP'l )-I(g-I(y)) = v-I(y) X JP>I is 
connected, Corollary 9.10 again implies that K(Vjg-l(y)) is a field. 

Thus the field extension f* : K(X) ---7 K(X') factors as K(X) C K(X)(t) = 
K(V) ~ K(X'). It follows that there exists a unique dominant rational map 
h: X' ---t V such that f = 9 0 h (so that the extension K(V) ~ K(X') coincides 
with h* : K(V) ---7 K(X')). Let X" be the normalization of the closure (in X' x V) 
of the graph of h, let h' : X" ---7 V be the corresponding projection onto V (which 
is a proper surjective morphism), and let u: X" ---7 X' be the projection onto 
X'. Clearly, u is a birational proper morphism. Therefore, if we write Y" := 
u-I(y'), then h'(Y") ~ g-I(y) and the induced maps u* : K(X') ---7 K(X") 
and u* : K(X' jYI) ---7 K(X" /Y") are both isomorphisms. The fact that u* is an 
isomorphism is obvious, while the fact that u* is an isomorphism follows from 
Theorem 9.9. Thus, without loss of generality we may assume that the rational 
dominant map h is a proper surjective morphism. In other words, we may assume 
that f factors as f = 9 0 h, with g: V ---7 X and h: X' ---7 V proper surjective 
morphisms such that K(V) = K(X)(t), with t E K(X') transcendental over K(X) 
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(and j*(() = aXI,YI(t)). Thus we get the commutative diagram 

g* h* 
K(X) • K(V) • K(X') 

aX,Y j jaV,g_l(~) jax1,Y1 
A* h* 

K(X/y) !!... K(V/g-l(Y)) --+ K(X' /YI) 

At this point we can apply Theorem 9.11 to deduce that K(V/g-l(Y)) is 
canonically isomorphic to [K(X/ y )®K(X) K(V)]o. In particular, g*(() is transcen
dental over K(V) (because ( is transcendental over K(X)). Since we saw above 
that K(V/g-l(Y)) is a field, the map h* is injective. It follows that h*(g*(()) = 

J*(() is transcendental over h*(K(V)). However, this is not possible, because 
J*(() = aXI,YI(t) and by the construction of V, t E h*(K(V)). This proves that 
the assumption that ( is transcendental over K(X) is absurd, whence (iii)===>(i). 

Obviously, (iv) ===> (iii) and (iii)===>(ii). If X is normal the implication 
(i)===>(iv) follows from Theorem 9.16. 

Moreover, since we just proved that (iii) ===> (i) , it follows that (i){:::=}(iv) 
if X is normal. Therefore the conditions (i), (iii) and (iv) are all equivalent (if 
X is normal), and (iii)===>(ii). However, if X is not normal and (i) holds, let 
u : X ---* X be the normalization morphism. By Theorem 9.9, the birational 
morphism u yields the K(X/y ) ~ K(X/u-1(Y)). By the implication (i)===>(iv) 
(applied to ( E K(X/u-l(Y))), there is a finite surjective morphism g: X' ---* X 
and a closed subvariety Y' C X' such that g(Y') ~ u-1(y) and g*(() E K(X'). 
Then taking f := u 0 g, we get a finite surjective morphism f: X' ---* X such that 
f(Y') <;;; Y and J*(() E K(X'). In other words, we showed that (i)===>(iii) for an 
arbitrary irreducible (not necessarity normal) variety X. Therefore (i){:::=}(iii) and 
(iii)===>(ii). 

It remains to prove that (ii)===>(iii). By the birational invariance again (The
orem 9.9) we may replace X' by its normalization X", Y' by v-1(y') and f by 
f 0 v: X" ---* X (where v: X" ---* X' is the normalization morphism), so that 
condition (ii) still holds for f 0 u. In other words, without loss of generality we 
may assume X' normal. Then the fact that J*(() is algebraic over K(X') and 
Theorem 9.16 yield the existence of a finite surjective morphism u: Z ---* X' and 
a closed subset W of Z such that u(W) = Y' and u*(f*(()) E K(Z). Then we 
get the proper surjective morphism g := f 0 u: Z ---- X such that g(W) ~ Y and 
g*(() E K(Z), whence (ii)===>(iii). 0 

Here is a consequence of Theorem 9.21 which shows that there is a deep 
relationship between Formal Geometry and connectivity in Projective Geometry: 

Corollary 9.22 ([18]). Let X be an irreducible variety, and let Y be a closed sub
variety of X. The following conditions are equivalent: 
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(i) For every proper surjective morphism j: X' ~ X from an irreducible variety 
X', j-1(y) is connected. 

(ii) K(X/ y ) is a field and K(X) is algebraically closed in K(X/ y ). 

(iii) K(X/ y ) is a field and the algebraic closure of K(X) in K(X/y) is purely 
inseparable over K(X) (i.e. the field extension K(X/Y)IK(X) is primary). 

Proof. Let u : X ~ X be the canonical morphism from the normalization of 
X in K(X). Observe first that since u is birational and finite, by Theorem 9.9, 
K(X) ~ K(X) and K(X/u-1(Y)) ~ K(X/y). Thus the conditions (ii) and (iii) 
are stable under passing to the normalization. On the other hand, if j: X' ~ X 
is an arbitrary proper surjective morphism, if v: X' ~ X' is the normalization 
morphism of X', there exists a commutative diagram, there exists a commutative 
diagram 

X .X 
u 

where j : X' ~ X' is a proper surjective morphism. From this it clearly follows 
that the condition (i) holds for the pair (X, Y) if and only if it does for (X, u-1(y)). 
In other words, there is no loss of generality in assuming that X is normal. 

Assume that (i) holds and we want to prove (ii). Since X is normal and Y is 
connected (just apply (i) to the identity morphism idx ), from Proposition 9.2 it 
follows that K(X/y) is a field. On the other hand, if there would exist an algebraic 
formal function ( E K(X/ y ) over K(X) which does not belong to K(X), then by 
Theorem 9.21 and by normality of X, there is a finite morphism f: X' ~ X of 
degree > 1 (equal to the degree of the minimal polynomial of ( over K (X)) and a 
closed subvariety Y' satisfying the condition (iv) of Theorem 9.21. Then we claim 
that Y' is a connected component of j-1(y), and Y' =I- j-1(y). Indeed, if we 
assume that Y' = j-1 (Y) it would follow that deg(f) = 1 because f is etale in an 
open neighbourhood U of Y' in X'. Thus Y' =I- f-1(y). Write f-1(y) = Y' U Y*, 
with 0 =I- y* ~ Y'. Since Y' ~ U, Y' is a section of flU and flU is etale, an 
elementary general fact (see [67], expose I, corollaire 5.3) implies that Y' is a 
connected component of f- 1(y), and since 0 =I- y* ~ Y', it follows that j-1(y) 
is not connected, contradicting (i). Thus (i)=>(ii). 

Clearly (ii)=>(iii). 
Now assume that (iii) holds true and let f: X' ~ X be an arbitrary proper 

surjective morphism. Using (iii) and a well-known result (see [66] IV, (4.3.1), or 
also [87]' theoreme 3.6), we infer that Spec(K(X/y ) Q9K(X) K(X')) is irreducible, 
i.e. the ring K(X/y) Q9K(X) K(X') has a unique minimal prime ideal p. Let S be 
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the (multiplicative) set of all non-zero divisors of K(X/ y ) ®K(X) K(X'). Then 
S n p = 0, whence by Theorem 9.11 we have 

From this we infer that the ring K(X'/J-1(y)) has also a unique minimal prime 
ideal (namely pS-l(K(X/y) ®K(X) K(X')). Assume f-l(y) not connected; then 
K(X' If-'(Y)) is by Corollary 9.10 the product of at least two fields, whence 
K (X' / J-1 (Y)) has more than one minimal prime ideal. 

This proves that (iii)===}(i). 0 

In view of Theorem 9.11 one may ask the following question: let f: X' ---+ X 
be a proper surjective morphism of irreducible algebraic varieties, and let Y c X 
and Y' c X' be closed subvarieties such that f(Y') ~ Y. Assume that K(X/y) and 
K(X' /y,) are both fields. Then a natural question is under which conditions the 
field extensions K(X/ y )IK(X) and K(X')IK(X) are linearly disjoint in K(X' /y,). 
Recall that, if ElK and FIK are two field subextensions of a field extension nlK, 
ElK and FIK are said to be linearly disjoint in n if the canonical map E ® K F ---+ 

n, induced by the inclusions E ~ nand F ~ n, is injective (see [31], Chap. V, §2, 
3). In this sense we have the following simple positive answer: 

Proposition 9.23. Under the above hypotheses, assume that K (X' / J-1 (Y)) is a field. 
Then the field extensions K(X/ y ) IK(X) and K(X') IK(X) are linearly disjoint in 
K(X' /y,). In particular, K(X/y) n K(X') = K(X). If moreover Y' is G3 in X' 
then Y is G3 in X. 

Proof. By Theorem 9.11 the field extensions K(X/ y ) and K(X') of K(X) are 
linearly disjoint in K(X'/J-1(y)). On the other hand, from the proof of Corollary 
9.8 it follows that the inclusions K(X/ y ) ~ K(X' /y,) and K(X') ~ K(X' /y,) are 
gotten from K(X/y) <:;; K(X' 1f-1(Y)) and K(X') <:;; K(X' If-l(y)) by composing 
with the natural restriction map K(X'If-I(Y)) ---+ K(X'/y,). Then the conclu
sion follows from the hypotheses, which imply that this restriction map is a field 
extension (in particular, it is injective). 

For the last part, assume that Y' is G3 in X', i.e. the map O:x',y' : K(X') ---+ 

K(X;y,) is an isomorphism. Since K(X;J- 1(Y)) is a field, the canonical map 

K(X;J-'(Y)) ---+ K(X;y,) (induced by the inclusion Y' ~ f-l(y)) is injective. 
Therefore the map 

is also an isomorphism, i.e. f-l(y) is G3 in X'. Finally, by Theorem 9.11, 

This isomorphism and the fact that O:X',J-'(Y) is an isomorphism implies that the 
map o:x,y : K(X) ---+ K(X/ y ) is also an isomorphism, i.e. Y is G3 in X. 0 



108 Chapter 9. Basic Definitions and Results 

Remark 9.24. Let Y be a closed subvariety of a projective irreducible variety X, 
and assume that there exists a surjective morphism f: X -- X', with dim( X') 2 1 
such that f(Y) is a point in X'. Then, assuming K(X/y) a field, the field extension 
DX,y : K(X) -- K(X/y) is transcendental. In particular, Y cannot be G2 in X. 

Indeed, since y = f(Y) is a point of X', there exists a formal function ~ E 

OX1,y ~ K(X'/y) which is transcendental over K(X') (in fact, there are plenty 

of such formal functions which are regular at y). Then by Theorem 9.21, j*(~) is 
transcendental over K(X) (and in particular, j*(~) E HO(X/y,Ox/ y ) is a non
constant formal regular function along Y). Alternatively, we could have avoided 
using Theorem 9.21, by arguing as in [81], pages 64-65, Remark (2.10). 

Another important result on formal-rational functions is the following theo
rem of Faltings: 

Theorem 9.25 (Faltings [48]). Let Y be a closed subvariety of a projective irre
ducible variety X. Assume that X c lpm, dim( X) = d 2 2 and Y is a set-theoretic 
intersection of X with r hyperplanes oFJIm, with r ::; d - l. Then Y is G3 in x. 
Proof of Theorem 9.25 in a special case. Faltings' proof of Theorem 9.25 relies on 
a local result which requires rather delicate arguments. However, in the special 
case when dim(Y) = d - r (i.e. when Y is a set-theoretic complete intersection of 
X with r hyperplanes) Theorem 9.25 can be proved using Theorem 9.14 and Corol
lary 9.13 above, as follows (see [81], (4.3)). Since Y is the set-theoretic complete 
intersection of X with r hyperplanes HI"'" HT) every irreducible component of 
Y is of dimension d - r 2 l. Then H := HI n ... n Hr is a linear subspace of lpm 
of dimesnion n - r. Pick a linear subspace L of H = Ipm-r of dimension n - d - 1 
such that L n Y = 0 (this is possible because Y is of pure dimension d - r), and 
consider the projection 7r : lpm \ L __ ]p>d of center L. Since Y = X n Hand L ~ H, 
X n L = 0. Therefore f := 7rIX: X -- ]p>d is a finite surjective morphism such 
that Y = f-I(M), with M a linear subspace of pd of dimension d - r 2 l. By 
Theorem 9.14, Mis G3 in ]p>d. Then by Corollary 9.13, (i) we deduce that Y is G3 
in X. D 

Corollary 9.26. Let Y be an effective ample Cartier divisor on a projective ir
reducible variety X of dimension 2 2. Then Y (or the support of Y) is G3 in 
X. 

Proof. By assumption the divisor mY is very ample on X for m » O. This means 
that there exists a projective embedding i: X ~ ]p>n and a hyperplane H of ]p>n 

such that nY = X n H, where the intersection is taken in the scheme-theoretic 
sense. This implies that Supp(Y) is the set-theoretic complete intersection of X 
with H. Then the above proof of Theorem 9.25 (in the case when Y is a complete 
intersection) applies to deduce that Supp(Y) is G3 in X. D 

Corollary 9.26 can be improved in the following way: 

Corollary 9.27. Let Y be an effective Cartier divisor on a projective irreducible 
variety of dimension 2 2. Assume that the normal bundle N ylX = Ox(Y) ® Oy 
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is ample. Then Y is G3 in X. In particular, if Y is an irreducible curve which 
is an effective Cartier divisor on the projective irreducible surface X such that 
(y2) > 0, then Y is G3 in X. 

Proof. By Theorem 3.6 there exist a birational projective morphism f: X ----) Z 
and a Zariski open neighbourhood U of Y in X with the property that flU: U ----) 
f(U) is an isomorphism and Y' := f(Y) is an ample Cartier divisor on Z. Then 
by Corollary 9.26, Y' is G3 in Z, and since Y = f-1(y'), from Corollary 9.13, (i) 
it follows that Y is also G3 in X. 0 

We close this chapter by stating another important result (due to 
Hartshorne [75], or also [74]) in connection with the extension problem of for
mal functions. It is a higher codimensional analogue of Corollary 9.27, where the 
situation is more delicate. Precisely we have the following: 

Theorem 9.28 (Hartshorne [75]). Let X be a complete variety of dimension :2 2, 
and let Y be a connected closed subvariety of X of dimension :2 1. Assume that 
Y C Reg(X) (i.e. Y is contained in the smooth locus of X), Y is a local complete 
intersection in X and the normal bundle NylX is ample in the sense of Hartshorne 
(see [74]). Then Y is G2 in X. 

We are not going to prove this result here. For the proof we refer the reader 
to [75], or also to [74] (where the proof is explained under an extra hypothesis, in 
which case it becomes more transparent). 

Remark 9.29. Unlike the one-codimensional case (Corollary 9.27), under the hy
potheses of Theorem 9.28 with codimx(Y) :2 2, Y need not be G3 in X in general. 
For instance in Example 9.1, NylX ~ (n - l)OlP'l (1), whence NylX is ample, and 
Y is G2, but not G3 in X. However, Hartshorne conjectured in [74] (page 208, 
problem 4.8) that if Y is smooth, NYI X is ample and dim(Y) :::: ~ dim(X), then Y 
should be G3 in X. In Chapter 13 we shall prove this conjecture in the case when 
X is a homogeneous space (see Theorem 13.10 below). 



Chapter 10 

Lefschetz Theory and Meromorphic 
Functions 

Grothendieck-Lefschetz Conditions 

Definition 10.1 (Grothendieck [68]). Let Y be a closed subvariety of a projec
tive variety X. We say that the pair (X, Y) satisfies the Grothendieck-Lefschetz 
condition Lef(X, Y) if for every open subset U of X containing Y and for every 
vector bundle E on U the natural map H°(U, E) ----+ HO(X jy , E) is an isomor-

phism, where E = 71'*(E), with 71': XjY ----+ U the canonical morphism. We also 
say that (X, y) satisfies the effective Grothendieck-Lefschetz condition Leff(X, Y) 
if the Grothendieck-Lefschetz condition Lef(X, Y) holds and, moreover, for every 
formal vector bundle E on X/ Y there exists an open subset U of X and a vector 

bundle E on U such that E ~ E. 
Roughly speaking the Grothendieck-Lefschetz conditions express a certain 

kind of "positivity" of the closed subvariety Y in the ambient variety X. They 
are crucial in Grothendieck's algebraic approach to prove Lefschetz-type results 
in algebraic geometry (see [68]). For instance one of the main results proved by 
Grothendieck is the following (see [68], expose XII, cf. also [74], Theorem 1.5, page 
172). 

Theorem 10.2 (Grothendieck). Let X be a smooth closed irreducible subvariety of 
lPn. Let Y be a complete intersection of X with r hyperplanes of lPn, and assume 
dim(Y) 2: 2. Then the effective Grothendieck-Lefschetz condition Leff(X, Y) holds. 

This result is crucial in order to prove algebraically generalized Lefschetz 
theorems for the algebraic fundamental group, or for the Picard group (see loco 
cit.). We shall not prove this result here because we shall practically not use it 
in this book (but we refer the reader to loco cit. for the proof; cf. also [74] for a 
simplified proof). We also refer the reader to the recent monograph of Lazarsfeld 
[100] for the various aspects of positivity in algebraic geometry. 
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Theorem 10.3 (Faltings [49]). Let Y be a closed irreducible subvariety of jpn of 
dimension> I. Then the effective Grothendieck-Lefschetz condition Leff(jpn, Y) 
holds. 

Proof. By Theorem 9.14, Y is G3 in X. Clearly, Y intersects every hypersurface 
of jpn. Therefore by Theorem 10.7 below, the Grothendieck-Lefschetz condition 
Lef(jpn, Y) holds. Note that to get Lef(jpn, Y) we used only the fact that Y is 
irreducible of positive dimension. To get Leff(jpn, Y) when dim(Y) > I (which is 
the more difficult part of the proof) we refer the reader to [49], Corollary 5. D 

We shall use Theorem 10.3 (via Proposition 10.10) only to prove Corollary 
10.13 below, which asserts that for every closed irreducible subvariety Y of the 
complex projective space jpn of dimension> I' Oy(l) is not divisible in Pic(Y). 

We shall make use of the following: 

Lemma 10.4. Let A ~ B be a fiat homomorphism of local Noetherian rings. Then 
A = B n [Alo, where the intersection is taken in the total ring of fractions [Blo. 

Proof. Clearly A ~ B n [Alo. Conversely, let b = ; E B, with u, v E A, and v a 
non-zero divisor of A. If v is invertible in A there is nothing to prove. If v belongs 
to the maximal ideal of A then u = bv E Bv n A = Av, the latter equality coming 
from the fact that the map A ~ B is faithfully fiat (as a fiat homomorphism of 
local rings). Therefore bE A, as desired. D 

Corollary 10.5. Let Y be a closed subvariety of an algebraic variety X. Then 
Ox/y,x n K(X) = OX,x, for every point x E Y. 

Proof. Since the canonical morphism X/ y ~ X is fiat, the induced homomor
phism oflocal rings OX,x ~ Ox/y,x is faithfully fiat. Then Lemma 10.4 yields the 
conclusion. D 

Corollary 10.6 (Gieseker [58]). Let (Xi, Yi), i = 1,2, be two pairs each consisting 
of an irreducible variety Xi and a closed subvariety Yi. Assume that Yi is G3 in 
Xi, i = 1,2, and there is an isomorphism of formal schemes u : X l / Y1 ~ X 2 / Y2 . 
Then there are Zariski open subsets Ui of Xi containing Yi, i = 1,2, and an 
isomorphism f: Ul ~ U2 such that f(Yl ) = Y2 and f/Y1 = u. 

Proof. The isomorphism u yields a k-isomorphism of fields u* : K(X2/ y2 ) ~ 
K(Xl/yJ, whence a k-isomorphism of K(X2 ) ~ K(Xl ) of fields of rational 
functions because Yi is G3 in Xi, i = 1,2. This yields a birational isomorphism 
f: Xl ~ X 2 such that f* = u*. We will show that f is well defined at all points 
of Yl . Indeed, if Yl is an arbitrary point of Yl , set Y2 := u(yd. Since u is an 
isomorphism of formal schemes, the induced map OX2/ Y2 ,Y2 ~ OX1/Y1,Yl is an 
isomorphism of local rings. Then by Corollary 10.5, 

OXi/Yi ,Yi n K(Xi ) = OXi,Yi' i = 1,2. 

Hence the birational isomorphism f yields an isomorphism of local rings OX1,Yl ~ 

o X2 ,Y2· SO f is defined at all points of Yl and f- l is defined at all points of Y2 . D 
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In the next chapter we shall need the following slight generalization of a 
result of Hartshorne-Speiser, see [74], Proposition 2.1, page 200. 

Theorem 10.7. Let X be a projective irreducible variety (of dimension 2: 2) that 
satisfies locally the condition 82 of Serre, and let Y be a closed subvariety of X. 
Assume that Y is G3 in X and that Y intersects every hypersurface of X. Then 
(X, Y) satisfies the Grothendieck-Lefschetz condition Lef(X, Y). In particular, for 
every vector bundle E on X, HO (X /Y, E) is a finite dimensional vector space. 

Proof. Let L be a line bundle on an open subset U of X with Y c U. It is well 
known that there exists a Cartier divisor D on X such that L ~ Ox(D). This 
implies that L is isomorphic to a subsheaf of the constant sheaf K(X). Then for 
every L E Pic(U) we have a commutative diagram 

H°(U,L) -- K(X) 

~j rXY 

HO(X/ y , L) -- K(X/ y ) 

in which the map O:x,y is an isomorphism because Y is G3 in X. Notice that 

since L c K(X) = Mx, the flatness of the morphism X/ y - X implies L ~ 
° ' Mx/ y , whence H (X/ y , L) ~ f(X/ y , Mx/ y ) = K(X/y). In other words, the 

bottom horizontal map in the above diagram is injective. If follows that under our 
hypotheses the map (3 is also injective. 

By Corollary 10.5, OX/y,x n K(X) = OX,x for every x E Y. Recalling that 
in the above commutative diagram the right vertical map is an isomorphism, it 
follows that every section s E HO (X /y, L) extends to a section Sf E HO (V, L), 
with V an open subset of U containing Y. Since Y meets every hypersurface of 
X, codimu(U \ V) 2: 2. On the other hand, since X satisfies 8 2 , dim(X) 2: 2 and 
L is a line bundle on U, it follows that the restriction map HO (U, L) - HO (V, L) 
is an isomorphism (see [65]). In other words, we proved that the map (3 is an 
isomorphism for every line bundle L on U. 

Now let E be an arbitrary vector bundle of rank r 2: 2 on U. Let Ox(l) be an 
ample line bundle on the projective variety X and set Ou(1) := Ox(l)IU. Since 
Ou(l) is ample on U, for every coherent sheaf F on U, F ® Ou(m) is generated 
by its global sections for m » O. This implies that there is a surjection of the form 
nOu - F ® Ou(m) (n 2: 1), whence a surjection nOu( -m) - F, where nOu 
denotes the direct sum of n copies of Ou. In other words we showed that every 
coherent sheaf F on U is a quotient of a direct sum of line bundles. 

Applying this fact twice we get in particular that there is an exact sequence 
of the form 

p n 

E9Mj- 1 - E9L;l - E* - 0, 
j=1 i=l 
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with Li and Mj line bundles on U, and E* the dual of E. Dualizing we get an 
exact sequence 

n p 

o ~ E ~ EB Li ~ EB M j . 

i=1 j=1 

Since the functor F ~ fr is exact ([66] I, (10.8.8)), we also get the exact sequence 

n p 

o ~ E ~ EB Li ~ EB Mj . 

i=1 j=1 

Therefore we get the commutative diagram with exact rows 

n p 

0---0 H°(U,E) -- HO(U,EBL i ) -- HO(U,EBMj ) 

j 
i=1 j=1 

1 1 
n 

i=1 j=1 

Using the result just proved for line bundles, the last two vertical maps are isomor
phisms, whence the first vertical map is also an isomorphism by the five lemma. 
The last statement also follows because HO(X/ y , E) ~ HO(X, E), and HO(X, E) 
is finite dimensional because X is projective. 0 

Corollary 10.8. Let X be a closed irreducible subvariety of ]pm of dimension 2: 2 
which satisfies locally the condition S2 of Serre. Let Y be a closed subvariety of 
X which is the set-theoretic intersection of X with r hyperplanes of]p>n, where 
r < dim(X). Then the Grothendieck-Lefschetz condition Lef(X, Y) holds. 

Proof. By Theorem 9.25 of Faltings Y is G3 in X. Since dim(Y) 2: dim(X)-r 2: 1, 
Y meets every hypersurface of X. Therefore we can apply Theorem 10.7 to get 
the conclusion. 0 

Proposition 10.9. Let Y be a closed subvariety of a smooth projective variety X 
such that the effective Grothendieck-Lefschetz condition Leff(X, Y) holds. Then Y 
isG3inX. 

Proof. The proof is completely similar to (and in fact even easier than) the proof 
of Proposition 9.4. Indeed, since X is smooth, the formal scheme X/ y is regular, 
hence by a remark made before Lemma 9.1, for every non-zero formal-rational 
function ~ E K(X/ y ) the sheaves Pe and Qe are invertible. Then the arguments 
of the proof of Proposition 9.4 apply in our situation by using Le£f(X, Y) instead 
of Theorem 9.3, and the fact that the sheaves Pe and Qe are invertible. 0 

For further use let us first prove the following general statement: 
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Proposition 10.10. Let Y be a closed subvariety of the projective irreducible variety 
X over an algebraically closed field k of characteristic zero. Then for every formal 
line bundle I:- E Pic(X/y) such that I:-IY ~ MS, with s 2: 2 an integer and 
ME Pic(Y), there exists a formal line bundle M E Pic(X/y ) such that I:- ~ MS 
and MIY ~ M. The same statement holds if the characteristic of k is p > 0, 
provided that s is prime to p. 

Proof. For every n 2: 0 consider the infinitesimal neighbourhood Y (n) of order n 
of Y in X. We have the inclusions of subschemes 

Y(O) C Y(l) C Y(2) C ... C X. 

Then giving a formal line bundle I:- on X/ y amounts to giving a sequence {Ln}n~o, 
with Ln E Pic(Y(n)) such that Ln+1 IY(n) ~ Ln for every n 2: O. The hypoth
esis says that Lo ~ MS for some M in Pic(Y(O)) = Pic(Y). We shall construct 
by induction a formal line bundle M = {Mn}n~o in Pic(X/y ) with the desired 
properties. Starting with Mo = M, the induction step is the following: 

Claim. Assume that for a fixed integer n 2: 0 there exists Mn E Pic(Y(n)) such 
that Ln ~ M~. Then there exists Mn+l E Pic(Y(n + 1)) such that Ln+l ~ M~+1 
and Mn+lIY(n) ~ Mn. 

Indeed, consider the exact sequence of cohomology 

associated to the truncated exponential exact sequence 

o -+ r+1 /r+2 -+ Ohn+1) -+ Ohn) -+ 0 , 

where I is the sheaf of ideals of Y in X. To prove the claim, observe that in this 
cohomology sequence the extreme terms are vector spaces over k; in particular 
H2 (Y, In+l /In+2) has no torsion because char(k) = O. Then the class of Mn in 

Pic(Y(n))/Im(Pic(Y(n + 1)) -+ Pic(Y(n))) ~ H2(Y,r+ 1 /r+2) 

is a torsion element of order dividing s. Since H2(y, In+l /In+2) has no torsion we 
infer that Mn E Im(Pic(Y (n+ 1)) -+ Pic(Y (n))), i.e. there exists N E Pic(Y (n+ 1)) 
such that NIY(n) ~ Mn. Now 

(Ln+1 Q9 N-S)IY(n) ~ Ln Q9 M;;s ~ OY(n)' 

Therefore Ln+l Q9N-s is a line bundle on Y(n+ 1) coming from the k-vector space 
Hl(y, In +1 /In+2). Since char(k) = 0 every element of such a k-vector space is 
divisible by s, whence 

Ln+l Q9 N- S ~ p s, with P E Pic(Y(n + 1)) such that PIY(n) ~ OY(n)' 
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If we take Mn+1 = N 0 P we get that Ln+1 ~ M~+I and Mn+IIY(n) ~ Mn, and 
the claim is proved. 

The last assertion of the proposition comes from the above argument plus the 
observation that the k-vector space H2(Y,In+1 jIn+2) over a field k of characteris
tic p> 0 has no s-torsion and every element of the k-vector space HI (Y, In+IjIn+2) 
is divisible by s, for every s > 0 prime to p. 0 

Remarks 10.11. 1. For every abelian group E let us denote by Tors(E) the torsion 
subgroup of E. If in Proposition 10.10 we take .e = OX/ y we get the following 
consequence (assuming char(k) = 0): the map Tors(Pic(XjY)) ----t Tors(Pic(Y)), 
induced by the natural restriction map Pic(X/ y ) ----t Pic(Y), is surjective. 

2. For every pair of integers r, s 2': 2 consider the s-fold Veronese embed
ding i : IP'r '----t IP'n(r,s) over an algebraically closed field of characteristic zero, with 
n(r, s) = ctS ) - 1. Using Proposition 10.10 and Theorem 10.2 we can imme
diately deduce that Y := i(lP'r) cannot be a set-theoretic complete intersection 
in IP'n(r,s). Indeed, assume that there were homogeneous forms iI, ... , fn(r,s)-r E 

qTo, TI , ... , Tn(r,s)l defining Y in IP'n(r,s) set-theoretically. If Y' is the subscheme 

of IP'n(r,s) defined by the ideal generated by iI, ... , fn(r,s)-r, then Y' is a scheme
theoretic complete intersection of IP'n(r,s) of dimension r 2': 2, and hence by The
orem 10.2, Leff(lP'n(r,s), Y') holds. Since Y:ed = Y, we infer that XjY = XjY'; in 

particular, Leff(lP'n(r,s), Y) also holds. Set .e := OIP'-;:;(l). Since OlP'n(r,s) (l)IY ~ 
OlP'r(S),.e1Y ~ OlP'r(S), and in particular,.e1Y is divisible by s in Pic(Y). By Propo

sition 10.10, .e is also divisible by s in Pic(IP'/~·s)). Since Leff(lP'n(r,s), Y) holds, 

Ipm(r,s) is smooth and Y meets every hypersurface of IP'n(r,s), we infer that the nat

ural map Pic(lP'n(r,s)) ----t Pic(IP'/~'s)) is an isomorphism. It follows that OlP'n(r,s) (1) 

is divisible by s in pic(lP'n(r,s)) (because.e is divisible by s in Pic(IP'/~'s))), and 
since s 2': 2, this is a contradiction. Actually the arguments above prove that the 
effective Grothendieck-Lefschetz condition Leff(lP'n(r,s), Vr (IP'r)) does not hold if 
r 2: 2 and s 2: 2. 

Notice on the other hand that the image of the n-fold Veronese embedding of 
IP'I in IP'n (the rational normal curve of degree n in IP'n) is known to be a set-theoretic 
complete intersection in IP'n (this is completely elementary, see [145]). 

Here is an important application of Faltings' Theorem 10.3 together with 
Proposition 10.10: 

Corollary 10.12. If Y is a closed irreducible subvariety of IP'n (n 2': 3) over an 
algebraically closed field of characteristic zero, such that dim(Y) > ~, then the 
class ofOy(l) is not divisible in Pic(Y). 

Proof. Indeed, assume that Oy(l) ~ M S for some M E Pic(Y) and s 2: 1. Then 
by Proposition 10.10, there exists a formal line bundle M E Pic (lP'jy ) and an 

isomorphism 0;::(1) ~ MS and MIY ~ M, where 0;::(1) is the pull back of 
OlP'n(l) on IP'IY' 
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On the other hand, by Theorem 10.3, the effective Grothendieck-Lefschetz 
condition Leff(pn, Y) holds. Since Y meets every hypersurface of pn, this im
mediately implies that the restriction map Pic(pn) -+ Pic (Pjy ) is an isomor---phism. In particular, M is of the form M ~ OlPn(t) for some t E Z. Therefore -- --OlPn (1) ~ OlPn (st). Using the injectivity of the map Pic(pn) -+ Pic(Pj y ), we get 
OlPn(l) ~ OlPn(st), whence st = 1, i.e. s = t = 1. 0 

Corollary 10.12 is particularly interesting in view of Theorem 8.7 above. 
Specifically, let Y be an arbitrary closed irreducible smooth subvariety of pn of 
dimension ~ ~. Then by Theorem 8.7, Pic(Y) ~ Z. From this fact and from 
Corollary 10.12 we can derive the following famous result of Barth-Larsen [24], 
or also [22]. The original proof of this theorem is topological. Subsequently Ogus 
gave in [117] an algebraic proof of it. 

Corollary 10.13 (Barth-Larsen [24]). For every closed irreducible smooth subvari
ety Y of pn of dimension ~ nt2 over C, Pic(Y) ~ Z, generated by the class of 
Oy(l). 

Formal and Meromorphic Functions 

Let X be a complex projective algebraic variety and let Y be a closed irreducible 
subvariety of X. For an arbitrary complex algebraic variety Z we shall denote 
by zan the corresponding analytic space. Then in the analytic category it makes 
sense to consider the formal completion xan /yan (see e.g. [20]). By projectivity 
assumptions we can apply GAGA-type results (see [135]) to get a canonical iso
morphism 

where the second ring is the ring of formal-meromorphic functions in the analytic 
category (defined in a completely analogous way as in the algebraic setting, see 
Chapter 9). Let U be a connected complex neighbourhood of yan in xan . Clearly 
M(U) ~ K(xanjyan), and therefore we get natural inclusions 

K(X) ~ M(U) ~ K(Xjy ). (10.1) 

Using (10.1), Theorem 9.14 immediately yields the following analytic result of 
Barth: 

Theorem 10.14 (Barth [21]). Let Y be a connected closed subvariety of dimension 
~ 1 of the complex projective space Pc (n ~ 2). Then every meromorphic function 
defined in a connected complex neighbourhood U of Y in Pc can be (uniquely) 
extended to a meromorphic function on Pc, and hence to a rational function of 
Pc· 
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Remark 10.15. Barth proved this result independently of Hironaka and Mat
sumura, using analytic methods. In fact, Theorem 10.14 extends earlier analytic 
results due to Severi [137] and Remmert and Van de Ven [123]. In fact, as far as I 
know the first result concerning the extension problem of meromorphic functions 
on complex projective varieties is due to Severi [137], who proved Theorem 10.14 
in 1932 in the case when Y is a smooth hypersurface in lpm, using methods of 
complex variables a la Weierstrass. 

The Gi conditions (i = 2,3) introduced in Definition 9.12 have the following 
analytic counterparts: 

Definition 10.16. Let Y be a connected closed subvariety of an irreducible complete 
algebraic variety X over C. 

1. Y is said to be analytically G2 if for any connected complex neighbourhood 
U of Y in X the restriction map M(xan) ---- M(U) defines a finite field 
extension. 

2. Y is said to be analytically G3 if for any connected complex neighbourhood 
U of Y in X the restriction map M(xan) ---- M(U) is an isomorphism. 

Of course, in this definition we have M(xan) = K(X) by GAGA results (see 
[135]). Clearly "analytic G3" implies "analytic G2". On the other hand by our 
remarks above "algebraic Gi" implies "analytic Gi" for i = 2,3. In general the 
converse is not true. We illustrate this by the following example due to Serre. 

Example 10.1. (Serre, see [74], page 231, Example 3.2) Let B be an elliptic curve 
over C, and consider a non-trivial extension of vector bundles 

E o ---+. OB ---+. E ---+. OB ---..... O. (10.2) 

Indeed, the isomorphism classes of such extensions are classified by Hl (B, 0 B)' 
which is a one-dimensional vector space because B is an elliptic curve. Thus non
trivial extensions of type (10.2) exists. Consider the geometrically ruled surface 
X := JP(E) associated to the rank 2 vector bundle E, and denote by p: X ---- B the 
canonical projection. Let Y be the section of p corresponding to the surjection E. 

Since the extension (10.2) is non-trivial one can show (loc. cit.) that the following 
properties hold: 

(i) y2 = 0 (and in particular, X \ Y is not affine). 

(ii) (X \ y)an is analytically isomorphic to C* x C*, and therefore is a Stein 
manifold. 

This example is interesting because one can show that Y is analytically G3 
in X, although the field extension K(X) ---- K(X/ y ) is huge. 

To sketch the proof of this fact, consider a more general situation. Let Y 
be a closed irreducible subvariety of a smooth complex projective variety X of 
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dimension 2: 2 such that(X \ y)an is a Stein manifold. Then it is well known that 
there exists a strictly plurisubharmonic exhaustion function cp : (X \ y)an -t JR, 
whence Va E JR the open subsets {cp < a} are relatively compact in (X\ y)an. The 
unions of yan and the complements of the adherence (in (X \ y)an) of {cp < a}, 
Va E JR, form a fundamental system of strictly pseudoconcave neighbourhoods of 
yan in xan. Then one can apply well-known results of Andreotti [2] to deduce 
that for every such connected pseudoconcave neighbourhood U of yan in xan, 
M(X) = K(X) -t M(U) is a finite algebraic field extension, i.e. Y is analytically 
G2 in X. 

In fact, as Mihnea Coltoiu kindly informed the authors of [18], one can say 
even more: every ( E M(U) can be extended to a meromorphic function to the 
whole xan. Indeed, on a Stein manifold Z of dimension 2: 2 every meromorphic 
function defined in the complement of a compact set K such that Z \ K is con
nected, can be extended to a unique meromorphic function on Z (see [88]). 

Thus, coming back to Example 10.1 one deduces that the canonical map 
M(xan) = K(X) -t M(U) is an isomorphism for every connected complex neigh
bourhood U of Y in X, i.e. Y is even analytically G3 in X. 

Now we want to study the relationship between M(U) and K(X/ y ) more 
closely. Observe that the natural map a: K(X) -t K(X/ y ) decomposes as a = 
"1 0 {3, where 

(3: K(X) = M(X) -t dirlimu M(U) 

is the canonical map into the direct limit, and 

"1 : dir limu M(U) -t K(X/y) 

is induced by the inclusions M(U) ~ K(X/y) (and where U runs over all con
nected complex neighbourhoods of Y in X). Clearly, the maps (3 and "1 are both 
injective. With these observations we can state the following consequence of The
orem 9.16: 

Proposition 10.17 ([18]). Let Y be a closed connected subvariety of the normal 
projective variety X over C. In the above notation one has 

K(X) ~ "1(dir limu M(U)), 

where K(X) denotes the algebraic closure of K(X) in K(X/ y ). 

Proof. Since X is normal and Y connected, K(X/y) is a field by Proposition 9.2. 
Let ( E K(X/ y ) be an arbitrary formal-rational function which is algebraic over 
K(X). By Theorem 9.16 there exists a finite surjective morphism f: X' -t X and a 
closed subvariety y' of X' with the following properties: f(Y') ~ Y, flY' : Y' -t Y 
is an isomorphism, f is etale along Y', and j*(() E K(X'). In particular, for every 
connected open complex neighbourhood U' of Y' in X', j*(() E M(U'). Since 
f is etale along Y' and flY' : Y' -t Y is an isomorphism, for sufficiently small 
U' the restriction flU' : U' -t U := f(U') is an isomorphism. This implies that 
(E M(U). 0 
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Corollary 10.lS. Under the hypotheses of Proposition 10.17, assume furthermore 
that Y is analytically G3 in X. Then K(X) is algebraically closed in K(X/y). 
Moreover, for every proper surjective morphism f: X' ----t X from an irreducible 
variety X', f- 1 (Y) is connected. 

Proof. Indeed, since Y is analytically G3 in X, K(X) = M(U), \fU, whence 
K(X) = dirlimu M(U). Then the first part of the corollary follows from Propo
sition 10.17. The last part follows from the first and from Corollary 9.22. 0 

Corollary 10.19. Let X be the geometrically ruled surface of Example 10.1 asso
ciated to a non-trivial extension of vector bundles of type (10.2), and let Y be 
the section corresponding to the surjection c. Then K(X) is algebraically closed in 
K(X/ y ), K(X) -=1= K(X/ y ), and for every proper surjective morphism f: X' ----t X, 
f- 1 (Y) is connected. 

Proof. By what we have said above Y is analytically G3 in X. Then the result 
follows from Corollary 10.18, except for the fact that K(X) -=1= K(X/ y ). In other 
words, we have prove that Y is not G3 in X. Observe first that Y meets every 
irreducible curve C of X. Indeed, if C is a closed irreducible curve of X such that 
Y n C = 0, then C c X \ Y. But this is not possible because C is a projective 
curve and (X \ Y)an is a Stein manifold. 

Assume now that Y is G3 in X. Then since Y meets every curve of X, by 
Theorem 10.7 we get 

dime HO(X/ y , E) < 00, for every vector bundle E on X. (10.3) 

On the other hand, since Y is the section of p: X ----t B corresponding to c 
(in the exact sequence (10.2)), the normal bundle of Y in X is isomorphic to Oy. 

Let J = Ox ( - Y) be the (invertible) ideal sheaf of Y in X. Thus for every 
n 2: ° we get In / In+l ~ Oy, or else, the exact sequence 

° ----t Oy ----t OY(n+l) ----t OY(n) ----t 0, 

where Y(n) = (Y, Ox / In+l) is the n-th infinitesimal neighbourhood of Yin X. If 
we tensor this exact sequence with a line bundle L on X such that (L· Y) = d > ° 
we get the exact sequence 

° ----t Ln+1 ® Oy ----t L ® OY(n+l) ----t L ® OY(n) ----t 0, 

which yields the cohomology exact sequence 

° ----t HO(y, Ln+1 ® Oy) ----t HO(Y(n + 1), L® OY(n+l)) ----t HO(Y(n), L® OY(n)) ----t 

----t Hl(y, L n +1 ® Oy). 

Since Y is an elliptic curve and deg(Ln+1®Oy) = d(n+1) > 0, the last cohomology 
group is zero. Therefore the maps of the projective system 
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are all surjective. Moreover, by Riemann-Roch we have 

and therefore the above cohomology exact sequence yields for every n 2: 0: 

dime HO(Y(n + 1), L 129 OY(n+l)) = d(n + 1) + dime HO(Y(n), L 129 OY(n))' (lOA) 

Since by a general statement (see [66] III, 0, (13.3.1)) 

HO(X/ y , L) ~ inv limn HO(Y(n), L 129 OY(n)), 

(lOA) yields the following 

dime HO(X/ y , L) = dimc(inv limn HO(Y(n), L 129 OY(n))) = 00. 

Therefore, if we assume that Y is G3 in X, (10.5) contradicts (10.3). 

(10.5) 

o 
Remark 10.20. The arguments of the proof of the last part of Corollary 10.19, 
suitably refined, yield the following more general assertion. If Y is an irreducible 
curve on a smooth projective surface X such that (y2) :S 0, then Y cannot be G2 
in X. Therefore, in view of Corollary 9.27, an irreducible curve Y on a smooth 
projective surface X is G2 on X if and only if Y is G3 on X, if and only if (y2) > 0 
(cf. Corollary 12.11 below for a more general result). 
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Connectedness and Formal Functions 

As is well known, Zariski's main reason for introducing and studying systematically 
the formal functions in algebraic geometry was to prove his famous connectedness 
theorem (see [151]' or also [66] III, (4.3.1)). It basically asserts that for every 
proper morphism of Noetherian schemes f: X -) Y such that the canonical map 
Oy -) f* (Ox) is an isomorphism, the fiber f- 1 (y) is connected and non-empty 
for every y E Y. 

On the other hand, Corollary 9.22 above shows that there exists a close 
connection between formal functions and connectedness results. To illustrate this 
idea, let us first slightly reformulate the Fulton-Hansen connectedness theorem 
(Corollary 7.15 above). For every closed irreducible subvariety X oflp>n(e) x ]P>n(e) 
of dimension> n, set Y := X n ~ (with ~ the diagonal of ]P>n(e) x ]P>n(e)). Then 
for every proper surjective morphism f: X' -) X from an irreducible variety X', 
f-1(y) is connected. As in §1.7, ]P>n(e) is the weighted projective space of weights 
e = (eo, e1, ... , en). Thus using Corollary 9.22 and Corollary 7.15 we get: 

Theorem 11.1. Let X be a closed irreducible subvariety of]p>n x]p>n of dimension 
> n, and let Y be the intersection X n~. Then K(X/ y ) is a field and K(X) is 
algebraically closed in K(X/ y ) (via the map O:x,y : K(X) -) K(X/ y )). 

Our first objective in this chapter is to prove, following [11], that the map 
O:x,y : K(X) -) K(X/ y ) in Theorem 11.1 is actually an isomorphism. This is 
substantial strengthening of Theorem 7.14 and Corollary 7.15. Precisely we have 
the following: 

Theorem 11.2 ([11)). Let f: X' -) ]P>n(e) X ]P>n(e) be a proper morphism from an 
irreducible variety X' over an algebraically closed field of arbitrary characteristic, 
such that dim(f(X')) > n, f-1(~) is G3 in X'. Equivalently, for every closed 
irreducible subvariety X of]p>n x]p>n of dimension> n (as in Theorem 11.1), 
Y:=Xn~isG3inX. 

Proof. For simplicity we shall prove the theorem for ordinary projective spaces. We 
refer the reader to [11] for the general case, although the arguments are essentially 
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the same. Let us briefly recall the notation of the proof of Theorem 7.14. In the 
projective space 

P := jp'2n+1 = Proj(k[To, . .. ,Tn; Un, ... ,Un]) 

consider the closed subschemes L1 = V+ (To , ... , Tn) and L2 = V+(Uo, ... , Un). 
Then L1 nL2 = 0. Moreover, the closed subvariety H = V+(To - Uo,···, Tn - Un) 
of P is contained in U := P \ (L1 U L2)' Consider the morphism g: U -+ jp'n X lP'n 

defined by 

g([to, ... , tn; Uo,···, un]) = ([to, .. ·, tn], [Uo, ... , Un]), 

which yields the isomorphism H ~ ~. Then we get the commutative diagram 

with cp a closed immersion (the inclusion of X in jp'n x jp'n). Set Y := X n~, and 
denote by Z the closure of U x in jp'2n+l. 

Step 1. The ring K(X/ y ) is a field. 

Indeed, if U : X -+ X is the normalization morphism, by Corollary 9.10 all we 
have to check is that U -1 (Y) is connected. But this is a direct consequence of the 
Fulton-Hansen connectedness theorem (Corollary 7.15), because u is finite and 
surjective and dim (X) > n. Step 1 is proved. 

Now consider a proper morphism h: Xl -+ Z with the following properties: 

i) his birational and the restriction hlh-1(Ux) defines an isomorphism between 
h-1(Ux) and Ux; 

ii) the composite f := g' 0 h: Xl -+ X is a proper surjective morphism. 

The existence of (Xl, h) is obvious because one can take as Xl the closure of the 
graph r g' C U x x X in Z x X, and as h the restriction to Xl of the projection 
Z x X -+ Z. Then the restriction to Xl of the projection Z x X -+ X is a proper 
surjective morphism f = g' 0 h. In particular, it makes sense to speak about the 
field extension 1* : K(X) -+ K(X1)' 

Now we apply Theorem 9.11 to f to get the canonical isomorphism 

(11.1) 

Then the crucial point in the proof of our theorem is the following: 
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Step 2. The canonical map aX1,J-l(Y) : K(XI ) ~ K(XI/J-1(Y)) is an isomor
phism. 

Accepting step 2 for the time being we see that via the above isomorphism we get 
the fact that the map K(X) ~ K(X/y) is an isomorphism, i.e. the conclusion of 
our theorem. Indeed, since Xl is birationally isomorphic to Z, and hence to Ux , 
and since the morphism g: U ~ Ipm x jp'n is a locally trivial Gm-bundle (and hence 
g': Ux ~ X is also a locally trivial Gm-bundle), we infer that K(XI ) = K(X)(t), 
with t E K(XI) transcendental over K(X). Then the isomorphism (11.1) becomes 
K(XI/J-1(Y)) ~ K(X/y)(t), with t transcendental over K(X/y). Therefore the 
map aX1,J-l(Y) becomes, via these identifications, 

aXIJ-1(y) : K(X)(t) ~ K(X/y)(t), 

with aXIJ-1(y)(t) = t and aX1,J-l(y)IK(X) = aX,y, Using this, the assertion 
that the map aX,y : K(X) ~ K(X/y) is an isomorphism follows from step 
2. (Note that in the case of weighted projective spaces it is not true in general 
that g': U x ~ X is a locally trivial Gm-bundle; however, U x is still birationally 
isomorphic to X x Gm in this more general situation, which is enough to derive 
the conclusion of the theorem from step 2 in general.) 

Now we proceed to the proof of step 2. Since glH defines an isomorphism 
H ~ ~, g'lUx n H defines an isomorphism Z n H = Ux n H ~ X n ~ = Y. By 
the construction of h, the closed subvariety W := h-I(Z n H) is isomorphic via 
flW to Z n H ~ Y. Since W C f-l(y) we get the canonical flat morphisms 

X I / W - XI/J-1(y) - Xl, 

which yield the homomorphisms of k-algebras 

a b 
K(XI ) -- K(XI/J-1(Y)) - K(XI / W ), 

where a = aX1,J-l(Y) and boa = ax1,w. Now step 2 follows from the following 
two steps: 

Step 3. The composite boa is an isomorphism of k-algebras. 

Step 4. K(XI/J-1(Y)) is a field. 

Indeed, by step 4 the map b is injective, whence by step 3, b is an isomorphism. 
By step 3 again the map a is an isomorphism. 

It remains therefore to prove steps 3 and 4. 
To prove step 3 observe that since H C U and hlh-I(UX ) h-I(UX ) ~ 

U x = Z n U is an isomorphism, we get 

K(XI) ~ K(Z) and K(XI /W ) ~ K(Z/znH)' 

So, we are reduced to prove that the canonical map aZ,znH : K(Z) ~ K(Z/znH) 
is an isomorphism, i.e. Z n His G3 in Z. Since H is given by n + 1 homogeneous 
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equations Ti-Ui = 0, i = 0, 1, ... ,n, and since dim(Z) = dim(U x) = dim(X)+ 1 > 
n + 1, this assertion follows from Theorem 9.25 of Faltings. 

Finally, it remains to prove step 4. Let v : Xl ---t Xl be the normalization 
morphism of Xl, and set j := f 0 v : Xl ---t X C JPln X ~. By Corollary 9.10 all 
we have to check is that v-l(f-l(y)) = j-l(tl.) is connected. But this follows 
again from the Fulton-Hansen connectedness theorem (Corollary 7.15) because 
dim(j(XI )) = dim(X) > n. 

Thus step 4, and thereby Theorem 11.2, is proved. 0 

Corollary 11.3 ([11]). Let Y and Z be two closed irreducible subvarieties ofJPln(e) 
such that dim(Y) + dim(Z) > n. Then Y n Z ~ (Y x Z) n tl. is G3 in Y x Z, 
where tl. is the diagonal of JPln (e) X JPln (e). In particular, if Y is a closed irreducible 
subvariety of JPln(e) (n 2': 3) of dimension > ~, then the diagonal tl.y is G3 in 
YxY. 

Proof. Take X = Y x Z and apply Theorem 11.2 to the inclusion X = Y x Z <-..t 

~(e) x JPln(e). 0 

Corollary 11.4 (Faltings [48]). Let Y and Z be two closed irreducible subvarieties 
of JPln(e) such that dim(Y) + dim(Z) > n. Then Y n Z is G3 in both Y and Z. 
In particular, Y is G3 in JPln (e), for every irreducible positive-dimensional closed 
subvariety Y of JPln ( e ) . 

Proof. If p: Y x Z ---t Y is the first projection, we clearly have p((Y x Z) n 
tl.) = Y n Z. Since dim(Y) + dim(Z) > n, by the Fulton-Hansen connectedness 
theorem (Corollary 7.15, (ii)) we infer that for every proper surjective morphism 
f: V ---t Y from an irreducible variety V, f-l(y n Z) is connected. Therefore by 
Corollary 9.10, K(Y/ ynz ) is a field. Moreover, Corollary 7.15, (ii) also implies that 
for every proper surjective morphism g: U ---t Y X Z (from an irreducible variety 
U), g-l(p-I(Yn Z)) is connected, whence K((Y x Z)/p-l(ynz») is also a field, by 
Corollary 9.10 again. 

Now, by Corollary 11.3, (Y x Z) n tl. is G3 in Y x Z. Then by Proposition 
9.23, applied to p: Y x Z ---t Y, we infer that Y n Z is G3 in Y. Similarly one 
proves that Y n Z is G3 in Z. 0 

Remark 11.5. Let V be a closed subvariety of a projective irreducible variety 
Y. Assume that Y C JPln. Then Corollary 11.4 produces a necessary condition 
(in terms of formal functions) for V to be the intersection of Y with another 
irreducible variety Z of JPln such that dim(Y) + dim(Z) > n. From the point of 
view of the classical problem of contact of surfaces along curves (see [56]) we get 
in particular a necessary condition for a curve C lying on an irreducible surface Y 
of JPl3 to be the intersection with another irreducible surface Z of JPl3 (cf. also the 
remark following Theorem 8.4). 

Let now Y be a smooth projective subvariety of JPln of dimension > ~, and 
assume that G is a finite abelian group of order d acting freely on Y, with d 2: 2 
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and d prime to char(k) if char(k) > O. Denote by X the quotient Y/G. Since the 
action of G on Y is free and Y is smooth, X is also smooth. 

Proposition 11.6 ([11]). Under the above hypotheses the diagonal ~x is G2 (but 
not G3) in X x X. Moreover, [K(X x X/t>x): K(X x X)] = d. 

Proof. The fact that K(X x X/t>x) is a field follows from Proposition 9.2, because 
X x X is smooth and ~x is connected. Denote by u: Y ----? X the canonical etale 
morphism. Then 

(u X U)-l(~X) = (G x G)~y, 

where G x G acts on Y x Y in the canonical way. A simple computation shows 
that if g, g', h, h' E G then 

(g,gh)~y n (g',g'h')~y of. 0 {:::::::} (g,gh)~y = (g',g'h')~y. 

This shows that 
(11.2) 

where ~i := (e,hi)~y, 'Vi = 1, ... ,d, where hl = e,h2, ... ,hd is a full system 
of representatives for the quotient group (G x G) / ~G, and e is the unit of G. It 
follows that ~i n ~j = 0 for i of. j, and for every i and j there is an element 
(e,hij ) E G x G such that (e,hij)~i = ~j. From (11.2) it follows 

K(Y x Y/(uxu)-l(t>X») ~ II K(Y x Y/t>J ~ II K(Y X Y/t>y), (11.3) 
d times 

where the last product has d factors. By Corollary 11.3, 

K(Y x Y/t>y) ~ K(Y x Y), 

whence (11.3) becomes 

K(Y x Y/(uxu)-l(t>X») ~ II K(Y x Y). (11.4) 
d times 

On the other hand, by Theorem 9.11 there is a canonical isomorphism 

K(Y x Y/(UXU)-l(t>X») ~ [K(X x X/t>x) ®K(XxX) K(Y x Y)]o. (11.5) 

From (11.4) and (11.5) we get 

[K(X x X/t>x) ®K(XxX) K(Y x Y)]o ~ II K(Y x Y), 
d times 

or else, 

K(X x X/t>x) ®K(XxX) K(Y x Y) ~ II K(Y x Y), 
d times 

because K(X x X/t>x) ®K(XXX) K(Y x Y) coincides with its total ring of fractions 
(the extension K(X x X) c K(Y x Y) is finite and K(X x X/t>x) is a field). This 
proves our proposition. 0 
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Example 11.1. If in Proposition 11.6 we take Y to be the Fermat surface in lP'3 of 
equation x8 + xr + x~ + x~ = 0 with the action of the multiplicative group G of 
roots of order 5 of 1 (char(k) i= 5) on lP'3 given by 

g. [to, h, t2, t3J = [to, gh, g2t2 , lt3 ], 'ig E G, 'i[to, tl, t 2, t3J E lP'3, 

this action yields a free action of G on Y (cf. the example preceding Corollary 
7.17). Then the Godeaux surface X : = Y / G has the property that K (X x X / /::"x ) 

is a field which is an extension of degree 5 of K(X x X). In particular, ~x is G2 
(but not G3) in X x X. 

Now we want to deduce some further consequences of Corollary 11.3. 

Theorem 11.7 ([11]). Let Y be a closed irreducible subvariety oJlP'n(e) oj dimension 
> ~ (n 2: 3). Then the Grothendieck-LeJschetz condition Lef(Y x Y, ~Y) holds, 
and in particular, Jor every vector bundle E on Y x Y the natural map H O (Y x 
Y, E) ~ H O (Y x Y/ /::,. y , E) is an isomorphism. 

Proof. By Corollary 11.3, ~Y is G3 in X := Y x Y. Let V be an arbitrary 
open subset of X containing ~Y' We claim that depth(Ox,x) 2: 2 for every (not 
necessarily closed) point x E X \ V. 

To see this, let PI and P2 be the canonical projections of X = Y x Y, and set 
Yi = Pi(X), i = 1,2. Observe first that neither YI nor Y2 is the generic point ~ of Y. 
Indeed assuming for instance YI = ~, the closure {x} would intersect ~ y because 
{x} ~ p:;I(Y2) = Y x {yd, and Y x {Y2} does intersect ~y. This is impossible 
because on the other hand {x} ~ X \ V. 

Thus the local rings Ai := OY'Yi (i = 1,2) are domains of dimension::::: 1. 
Therefore there are non-zero elements ti in the maximal ideal of Ai, i = 1,2. 
Observe that it is sufficient to prove that tl ®1 and 1®t2 form an Al ®kA2-sequence, 
because OX,x being a localization of Al ®k A 2, this will imply depth(Ox,x) 2: 2. 
To check this, consider the exact sequence 

(where the map h is the multiplication by td, which yields the exact sequence 

h ®id 
0- Al ®k A 2 - Al ®kA2 - (AdtAd®kA2 - O. 

Notice that the map tl ®id is just the multiplication by tl ® 1. Similarly the exact 
sequence 

yields by tensoring with AdtlAI the exact sequence 

whence the claim. 
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Then the conclusion of our theorem follows from the proof of Theorem 10.7 
as soon as we check that ~y meets every hypersurface of X. Assume therefore 
that D is a hypersurface of X such that D n ~y = 0. In the notation of the 
proof of Theorem 11.2, g,-I(D) is a hypersurface of Ux which does not intersect 
Ux n H (because Ux n H <;;; g'-I(~y )). Taking the closure Z of Ux in lP'2n+l(e, e) 
and the closure D' of g,-I(D) in Z, we get a hypersurface D' of Z which does not 
intersect ZnH. Recalling that Z is a closed irreducible subvariety of lP'2n+l (e, e) of 
dimension 2: n + 2 and H = V+(To - Uo, ... , Tn - Un), this fact is impossible. 0 

Remarks 11.8. (i) IfY is locally S2 then YxY has the same property, and therefore 
we can apply directly Theorem 10.7 to prove Theorem 11.7. In fact, Theorem 11.7 
was stated in [11] under the extra hypothesis that Y is locally S2. 

(ii) Theorem 11.7 was proved for the first time (with completely different 
methods) by Speiser [142] in the case when Y is locally Cohen-Macaulay over a 
field of positive characteristic. 

(iii) For some recent interesting results on the topology of small codimen
sional closed subvarieties in lP'n we refer the reader to [83] and [104]. 

Theorem 10.7 asserts basically that the Grothendieck-Lefschetz condition 
Lef(X, Y) holds as soon as Y is G3 in X. On the other hand, by Proposition 10.9, 
the effective Grothendieck-Lefschetz condition Leff(X, Y) implies the G3 condi
tion, provided X is smooth. Therefore one may ask whether under the hypotheses 
of Theorem 11.7 the effective Lefschetz condition Leff(Y x Y, ~y) also holds. 
Proposition 10.10 above implies that the answer is in general negative. Indeed, we 
have the following: 

Proposition 11.9. If Y is a smooth closed subvariety of lP'n (n 2: 3) of dimension 
> ~ over C, the effective Grothendieck-Lefschetz condition Leff(Y x Y, ~y) does 
not hold. 

Proof. Suppose that Leff(Y x Y, ~y) holds. By the last part of the proof of Theo
rem 11.7, ~y meets every hypersurface of X = Y x Y, because dim(Y) > ~. More
over, Y x Y is smooth because Y is so. Under these circumstances Leff(Y x Y, ~y) 
immediately implies that the natural map Pic(X) ---+ Pic(Xjt:.y) is an isomor
phism. 

Then Proposition 10.10 implies the following: if L E Pic(Y x Y) is a line 
bundle such that LI~Y is divisible by a positive integer s 2: 2 in Pic(~y) ~ Pic(Y), 
then L is also divisible by s in Pic(Y x Y). On the other hand, since dim(Y) > ~, 
by Remark 8.8, HI (Y, Oy) = 0, whence by [73], exercise 12.6, page 292, the map 
(L, M) ---+ pi (£) 0 p2( M) defines an isomorphism Pic(Y) x Pic(Y) ~ Pic(Y x Y), 
where PI and P2 are the canonical projections of Y x Y. Via this identification 
the map Pic(Y x Y) ---+ Pic(~y) ~ Pic(Y) becomes Pic(Y) x Pic(Y) ---+ Pic(Y) 
given by (Ll' £2) ---+ Ll 0 L2. Since by Remark 8.8 Pic(Y) is a free abelian group 
of finite rank, there exists a non-divisible line bundle L E Pic(Y). Then (L, L) is 
non-divisible in Pic(Y) x Pic(Y) ~ Pic(X) ~ Pic(Xjt:. y ), although its restriction 
£2 to Pic(~y) ~ Pic(Y) is divisible by 2. This contradicts Proposition 10.10. 0 
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As another application of Theorem 11. 7 (via an idea of Speiser [142]), we 
shall derive a result on triviality of stratified vector bundles, generalizing some 
results of Ogus [117] (in characteristic zero) and Speiser [142] (in char. p > 0). 

To give another application of Theorem 11.2 we need to recall some definitions 
and basic facts from Grothendieck's theory of stratified vector bundles and descent 
theory of faithfully flat morphisms of schemes (see [71], [67], or [142]). 

Definition 11.10. Let Y be an algebraic variety over k, and consider the canonical 
projections 

y. Pl Y X Y P2 • Y 

and 

YxY 

Denote by ~ = ~y the diagonal of Y x Y and by ~' the diagonal of Y x Y x Y. 
For every r 2: 0 denote by ~r (resp. by ~~) the infinitesimal neighbourhood of 
order r of ~ in Y x Y (resp. of ~' in Y x Y x Y). Then from the previous diagrams 
we get projections 

Y • 
qr 

~r 
q'2 

• Y 

and 

~r • 
q21 

~' q31 
• ~r r 

j ql, 

~r 

Let F be a vector bundle on Y. By descent data on F we mean an isomor
phism ip: pi (F) ---) P2 (F) over Y x Y such that the co cycle condition 

(11.6) 

holds over Y x Y x Y. From Grothendieck's faithfully flat descent theory (see [67]' 
VIII) applied to the structural morphism p: Y ---) Spec(k) we know that there 
exist descent data on F if and only if F is the pull-back via p of a vector bundle 
over Spec(k), i.e. if and only if F is a trivial vector bundle. This fact is a very 
useful general triviality criterion for a vector bundle. 

A stratification on F is a compatible system of isomorphisms 
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over ~Tl Vr 2: 0, such that rpo = id and the cocycle condition 

holds on ~~, Vr 2: o. 
A stratified vector bundle on Y is a vector bundle F on Y endowed with 

a stratification. In other words, giving a stratification on F amounts to giving 
"formal descent data" on F. That is to say, if X is the formal completion on 
Y x Y along ~, and X' - the formal completion of Y x Y x Y along ~', we get 
projections 

y. ql 
X 

q2 .y 

and 

X. q21 
X' 

q31 ..1' 

q32 

X 
Similarly one defines "formal descent data" on F, which consist of an isomorphism 
'lj;: qr(F) ---) q2(F) together with the cocycle condition 

(11.7) 

on X'. It is known that in characteristic zero, giving a stratification on F is equiv
alent to giving an integrable connection on F (see [71], or [117]). 

Now, following Speiser [142], we prove: 

Proposition 11.11 ([142]). Let Y be an irreducible algebraic variety over a field 
k for which the Lefschetz condition Lef(Y x Y,~) holds, where ~ = ~y is the 
diagonal of Y x Y. Then giving a stratification on an arbitrary vector bundle F on 
Y is equivalent to giving descent data on F. In particular, every stratified vector 
bundle on Y is trivial. 

Proof. Let the vector bundle F on Y have a stratification. By what we said above, 
this yields an isomorphism 'lj;: qr (F) ---) q2( F) satisfying the co cycle condition 

(11.7). Of course, Pf(F) ~ qi(F), i = 1,2. From Lef(Y x Y,~) it follows that 
there exists a unique map rp: pi (F) ---) P2 (F) such that lp = 'lj;. From the fact 
that 'lj; is an isomorphism and from Lef(Y x Y,~) we deduce that rp is also an 
isomorphism. Now we need to verify the co cycle condition (11.6). For any vector 
bundle G on Y x Y x Y consider the natural map 

o 0 A H (Y x Y x Y,G) ---) H (Y x Y x Y/~/,G). (11.8) 

By [66] I, (10.8.11) the map (11.8) is injective. Hence the co cycle condition for 
'P, viewed as a relation between two sections of a vector bundle G, holds if its 
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completion holds in G. But clearly we have the cocycle condition for <p = 'ljJ, so 
that we have it for 'P as well. 

The last part follows from the first one and from Theorem (1.1) of [67], expose 
VIII, as we explained above. 0 

Combining Theorem 11.7 with Proposition 11.11 we get the following: 

Theorem 11.12 ([11]). Let Y be a closed irreducible subvariety o/,Jrm(e), with n 2: 3, 
of dimension > ~. Then every stratified vector bundle on Y is trivial. 

Remark 11.13. Theorem 11.12 was proved in characteristic zero by Ogus [117] in 
the case when Y is a local complete intersection of small codimension in 1pm (i.e. 
dim(Y) > ~), as an important step of his algebraic proof of Barth's theorem. Ogus' 
approach used a very careful study of the vector bundles with integrable connec
tions and the De Rham cohomology associated to them. Subsequently, Speiser 
proved the last part of Theorem 11.7 and Theorem 11.12 for locally Cohen
Macaulay closed subvarieties Y in ]p>n of small codimension, over a field of positive 
characteristic. Our methods in [11] (mostly reproduced here), based on formal ge
ometry (and using results of Grothendieck, Hironaka-Matsumura and Faltings), 
are completely different from those of Ogus (in characteristic zero) or of Speiser 
(in positive characteristic), and offer not only characteristic free proofs, but also 
substantial generalizations. 

Definition 11.14 ([55]). Let X be a projective irreducible variety of dimension 
n ~ 2 over k, and let a : E ~ F be a homomorphism of vector bundles of ranks e 
and f on X. For every s 2: 0 consider the degeneracy locus 

Ds(a) = {x E X I ranka(x) ::s: s}. 

Then Ds(a) has a natural scheme-structure [55]. For instance, if E = Ox then 
a E HO(X, F) and Do(a) is the zero locus Z(a) of a. If non-empty, Ds(a) has 
codimension::S: (e - s)(J - s) in X. 

Then we have the following fundamental connectedness result: 

Theorem 11.15 (Fulton-Lazarsfeld [55]). In the above notation, assume that the 
vector bundle E* ® F is ample and k = Co Then: 

(i) Ds(a) is non-empty when n ~ (e - s)(J - s), and 

(ii) Ds(a) is connected when n > (e - s)(J - s). 

The proof given in [55] is topological. Recently Steffen [143] gave an algebraic 
proof of a slightly more general form of Theorem 11.15 which works over any 
algebraically closed field of characteristic zero. 

Corollary 11.16. In the notation of Theorem 11.15 assume E*®F ample, char(k) = 
o and n > (e - s) (J - s). Then f- 1 (D s (a)) is connected for every proper surjective 
morphism f: X' ~ X. 
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Proof. Consider the Stein factorization f = 9 0 h, with h: X' ----+ Z a proper mor
phism such that the canonical map 0 z ----+ h* (0 x' ) an isomorphism and g: Z ----+ X 
a finite surjective morphism. Since by Zariski's connectedness theorem h is a proper 
surjective morphism with connected fibers, it is enough to prove that g-l(Ds(u)) 
is connected. In other words, we may assume that f is finite and surjective. Then 
dim(X') = dim(X) = nand j*(E*0F) ~ j*(E)*0j*(F) is ample because E*0F 
is so and f is finite. Then applying Theorem 11.15 to (X',j*(E),j*(F),j*(u)) 
we get that Ds(J*(u)) = f-l(Ds(u)) is connected. D 

Combining Corollary 11.16 with Corollary 9.22 we get the following reformu
lation of the Fulton-Lazarsfeld theorem in terms of Formal Geometry: 

Corollary 11.17. Under the hypotheses of Corollary 11.16, K(X/y) is a field and 
K(X) is algebraically closed in K(X/ y ), where Y := Ds(u). 

Using Theorem 9.28 and Corollary 11.17 we get: 

Corollary 11.18 ([16]). Let Y = Z(s) be the zero locus of a section s E HO(X, E) 
of an ample vector bundle E of rank r 2: 1 on a projective irreducible variety X 
of dimension d > r. Assume that dim(Y) = d - r and that X is smooth at every 
point ofY. Then Y is G3 in X. 

Proof. In view of Corollary 11.17 it is enough to show that the field extension 
K(X/y)IK(X) is algebraic. We shall actually show that Y is G2 in X. Indeed, the 
section s can be viewed as a map s: Ox ----+ E. Then the scheme structure of Y is 
given by the sheaf of ideals I y := Im(s*), where s*: E* ----+ Ox is the dual map 
of s. Restricting to Y we get a surjective map a: E* IY ----+ Iy 14. On the other 
hand, under our hypotheses Y is a local complete intersection in X of codimension 
r, and in particular, I y II~ is a vector bundle ofrank r on Y. In other words, a is 
a surjective map between two vector bundles on Y of the same rank, whence a is 
an isomorphism. It follows that under our hypotheses the normal bundle NylX is 
isomorphic to ElY, and in particular, is ample. Then we can apply Theorem 9.28 
to deduce that Y is G2 in X. D 

Zak's original proof of the finiteness of the Gauss map via Formal Geometry 

It is interesting to note that, according to a letter of Zak to Fulton (dated December 
26, 1979, see the references of [53]), Zak's original proof of Theorem 7.22 used 
methods of formal geometry, and only after Zak became aware of the Fulton
Hansen connectedness theorem (at the end of 1979) did he realize that one can 
get a more elementary proof (see [52], Note (1), at the end of §7). I think it is in 
the spirit of this presentation to include Zak's proof of finiteness of the Gauss map 
(Corollary 7.23) using formal geometry (see [150], page 24). I am indebted to Zak 
for helping me to understand his argument. 

Under the hypotheses of Corollary 7.23, we have to prove that the fibers of 
the Gauss map f: Y ----+ Grass(Ipm, r d), f(y) = Ty , are all finite. Suppose this is not 
so; then there exists a d-dimensionallinear subspace L and a positive-dimensional 
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irreducible closed subvariety Z of Y such that Tz = L for all points z E Z, i.e. 
f (Z) is the point L in Grass(]P>n, ]p>d) (recall that Tz denotes the tangent space of 
Y at the point z). Then by Remark 9.24, 

(11.9) 

On the other hand, let M be a general (n - d - 1 )-dimensionallinear subspace of 
]p>n (in particular, Y n M = L n M = 0), and consider the restriction 7r: Y ~ ]p>d 
of the projection 7r' : ]p>n \ M ~ ]p>d of center M. By construction the restriction 
7r'IL: L ~]p>d is an isomorphism. This implies that the tangent map d7rz : TzY ~ 
T 7r (z)]p>d is an isomorphism of vector spaces for every point z E Z (here by TzY and 
T 7r (z)]p>d we mean the tangent spaces as vector spaces), or else, the morphism 7r is 
etale at every point of Z. Moreover, since Z ~ L, the restriction 7rIZ: Z ~ 7r(Z) is 
an isomorphism. Therefore we can apply Lemma 9.19 to deduce that the morphism 
7r/z : Y/z ~ ]p>/7r(Z) offormal schemes is an isomorphism. In particular, the natural 
map 

(11.10) 

is an isomorphism. Finally, by the result of Hironaka-Matsumura (Theorem 9.14 
above), 7r(Z) is G3 in ]p>d (recall that Z is irreducible of positive dimension and 
the morphism 7r is finite), which in particular implies 

HO (]p>n/7r(Z)' OlP'n ) = k. 
In(Z) 

(11.11) 

Indeed, pick a formal-regular function ( of JlDd along 7r(Z); by Theorem 1.8, ( 
extends to a rational function on JlDd which is regular in a neighbourhood U of 
7r(Z), and since 7r(Z) intersects every hypersurface of JlDd, the complement of U in 
]p>n is of co dimension 2: 2. It follows that ( is a regular function on JlDd, i.e. ( E k. 
Therefore (11.11) and the isomorphism (11.10) together contradict (11.9). 0 

Remark 11.19. The equality (11.11) follows easily in the case when W := 7r(Z) is 
smooth and char(k) = O. Indeed, consider the m-th infinitesimal neighbourhood 
W (m) of W in ]p>d, and let I be the sheaf of ideals of W in ]p>d. Then the canonical 
exact sequence 

o ~ m+1 /m+ 2 = sm+1(E) ~ OW(m+1) ~ OW(m) ~ 0, 

(where E is the dual of the normal bundle NW1lP'd of W in ]p>d) yields the exact 
sequence for every m 2: 0: 

Since NWlIP'd is an ample vector bundle (as a quotient of TlP'dIW), since in char
acteristic zero the symmetric powers commute with the operation of taking duals 
(see [74], exercise 4.9, page 114) and since the positive symmetric powers of am
ple vector bundles are again ample (see [74], Proposition 1.10, page 85), we get 
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HO(W, sm+l(E)) = 0 for every m :2 O. Therefore the last exact sequence yields 
by induction on m that HO(W(m), OW(m)) = k for every m :2 O. Finally, since 

HO(lP';w,Oll'jw) ~ invlimmHO(W(m),OW(m)), 

o 
Remark 11.20. Fulton-Hansen's connectedness theorem has been subsequently 
generalized by Hansen [72] to flag manifolds in the following way. If F is a flag 
variety of subspaces of ]pm, and if f: X ----+ F x F is a proper morphism from an 
irreducible variety X, with codimFxF(f(X)) < m, then r1(D..F) is connected. 
Hansen used the geometry of Grassmannians to reduce to the connectedness the
orem for projective spaces (see e.g. Corollary 7.15 above). 

On the other hand, independently and using completely different methods, in 
[47] Faltings proved in characteristic zero an even more general result, as follows. 
Let Z = G / P a projective rational homogeneous space, with G a linear algebraic 
group and P a parabolic subgroup of G. Denote by ca(Z) the coampleness of Z 
(see [47], or [60], or also Definition 13.16 below). Let f: X ----+ Z x Z be a proper 
morphism from an irreducible variety X, with codimzxz(f(X)) < ca(Z). Then 
f- 1 (D..z) is connected. Since the coampleness of a flag variety of subspaces in ]pm 

is m, Faltings' connectedness theorem recovers Hansen's connectedness theorem 
for flag manifolds in characteristic zero. 

In proving the Fulton-Hansen connectivity theorem we saw that the main 
ingredient was Theorem 7.6, stating that if cd(X \ Y) ::; dim(X) - 2 then Y is 
connected, where Y is a closed subvariety of a projective irreducible variety X. 
Therefore it is of interest to prove a result (due to Hartshorne-Speiser) giving 
sufficient conditions under which such an inequality holds. This involves in an 
essential way considering formal-rational functions. We shall close this chapter by 
proving the following result (which together with Theorem 9.14 implies Corollary 
9.15 above): 

Theorem 11.21 (Hartshorne-Speiser). Let Y be a closed subvariety of a smooth 
projective irreducible variety X of dimension n :2 2. Assume that Y is G3 in X 
and Y intersects every hypersurface of X. Then cd(X \ Y) ::; n - 2. 

To prove Theorem 11.21 we shall follow [74]. The idea is to use Theorem 10.7 
above. The first ingredient of this proof is the following duality result (see [74], 
page 94). 

Theorem 11.22 (Hartshorne's formal duality). Let Y be a closed subvariety of 
a smooth projective irreducible variety X of dimension n :2 2. Then for every 
coherent sheaf F on X there exists a canonical isomorphism 

Hi(X/y,F) ~ (H~-i(X,Homox(F,wx))', for every i:2 0, 

where V' denotes the algebraic dual of a (not necessarily finite-dimensiona0 k
vector space V, and w x : = Ox' 
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Proof of Theorem 11.22. We shall follow [74], pages 95-96. We shall make use of 
the following facts: 

i) (Serre duality, see [73], Theorem 7.6, page 243.) For every coherent sheaf F 
on X, 

ii) For every closed subscheme Y of a Noetherian scheme X of ideal sheaf I, 
there is a canonical isomorphism 

H~(X, F) ~ dirlimm Extox (Ox/T" , F), 

for every coherent sheaf F on X and i 2 0 (see [65], 2.8). 

iii) For every coherent sheaf F on X and i 2 0 there exists a canonical isomor
phism 

Hi(X/y,F) ~ invlimmHi(Y(m),Fm), 

where Y(m) is the m-th infinitesimal neighbourhood of Y in X and Fm := 

F ® OY(m) (see [66] III, 0, (13.3.1)). 

iv) For all coherent sheaves M and N on X and a locally free sheaf F of finite 
rank on X there is a canonical isomorphism 

Ext~x (F ® M, N) ~ Ext~x (M, Homox (F, N)). 

(Hint: use the well-known canonical isomorphism 

and take a resolution of M with locally free sheaves of finite ranks (X is 
projective); the details are left to the reader.) 

Now, the proof of Theorem 11.22 goes as follows. By iii) we have 

But by i) and iv), 

where G := Homox (F, wx). Therefore using ii) we get 

Hi(X/y,F) ~ invlimm(Exto~i(Ox/Im+l,G))' 

~ (dirlimm Exto~i(Ox /Im+1, G))' ~ (H~-i(X, G))'. o 
We will also need the following: 
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Lemma 11.23. Let U be a quasi-projective irreducible variety, Ou(l) be an ample 
line bundle on U, and r ~ 0 a non-negative integer. Then the following conditions 
are equivalent: 

(i) cd(U) :S r. 

(ii) Hi(U, Ou( -m)) = 0, for every i > rand m» o. 
Proof. Clearly (i)===>(ii). Conversely, assume that (ii) holds true. Let F be an 
arbitrary coherent sheaf on X. Since Ou(l) is ample, F(m) is generated by its 
global sections for m » 0, whence we get a surjection pOu( -m) ----+ F ----+ 0, with 
p ~ 1. Thus we get an exact sequence 

0---.... • G --- pOu(-m) --- F ---..... 0, 

yielding the cohomology sequence 

We proceed by descending induction on i (everything being clear if i > dim(U)). 
Therefore we may assume that Hi+l(U, G) = O. By (ii), Hi(U,pOU( -m)) = 0, 
because m» O. Thus Hi(U, F) = O. 0 

Proof of Theorem 11.21. Choose an ample line bundle Ox(I), and set Ou(l) := 
Ox(I)IU, where U := X \ Y. By Lemma 11.23 it will be sufficient to show that 
Hn-l(u, Ou( -m)) = 0 for m» O. Set L := wx(m). By Theorem 10.7 the canoni
cal map HO(X, L) ----+ HO(X/ y , L) is an isomorphism. By Theorem 11.22 and Serre 
duality this isomorphism is the dual of the map 

a: Hy(X,Ox(-m)) ----+ Hn(X,Ox(-m)), 

whence a is also an isomorphism. 
Finally, consider the local cohomology exact sequence 

Hn-l(x, Ox( -m)) ----+ Hn-l(u, Ou( -m)) ----+ 

----+ Hy(X,Ox(-m)) ~ Hn(X,Ox(-m)). 

By Serre duality, Hn-l(x, Ox( -m)) ~ (Hl(X,wx(m))', and this latter space is 
zero for m » 0 by a result of Serre (see [134], or also [66] II, or [73]). Recalling that 
the map a is an isomorphism, it follows that Hn-l(u, Ou( -m)) = 0 for m » 0, 
as required. 0 

Remark 11.24. A small extra argument proves the following result of Speiser [141]: 
if Y is a closed subvariety of the smooth projective (irreducible) variety X such 
that Y is G2 in X and cd(X \ Y) :S n - 2, then Y is actually G3 in X (see [141], or 
also [74], pages 200-202). We shall omit the details because we shall not use this 
statement. 
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We close this chapter by proving Theorem 11.25 below which generalizes 
Fujita's Theorem 3.4 to higher codimension. Let Y be a projective non-singular 
variety of dimension d 2': 2 over the field C of complex numbers, and let N be an 
ample vector bundle on Y. Our problem is to decide whether there exists a smooth 
projective variety X of dimension n = r + d, an ample vector bundle E on X of 
rank r, a closed embedding Y '---+ X and a global section s E HO(X, E), such that 
the normal bundle of Y in X is isomorphic to Nand Y coincides (schematically) 
with the zero locus Z(s) of s. In this case it follows that ElY ~ N. If r = 1, 
Theorem 3.4 gives an answer to this problem. Specifically, it follows that if the 
condition 

(11.12) 

holds, then Y cannot occur as an ample divisor on a smooth projective variety X 
with normal bundle N, unless X ~ 1P'd+1 and N ~ OlP'd(l). 

Let us fix a projective non-singular variety Y of dimension d 2': 2, and an 
ample vector bundle N on Y of rank r 2': 1 such that 

(11.13) 

00 

where S(N*) = E9 sm(N*) is the symmetric Oy-algebra of the dual N* of N. 
m=O 

Note that in any case the two vanishings in (11.13) hold for every m suffi-
ciently large. This follows using Serre duality, the ampleness of Nand dim(Y) 2': 2. 
Note also that the vanishings HI (Y, N ® sm+l (N*)) = 0 for all m 2': 1 are conse
quences of Kodaira's vanishing theorem when r = 1. Thus (11.13) may be consid
ered as a natural generalization of (11.12) to the case r 2': 2. 

Theorem 11.25. Let Y be a projective non-singular variety of dimension d 2': 2 
over C, and let N be an ample vector bundle on Y of rank r 2': 1 such that 
condition (11.13) above holds. Assume that there exists a line bundle L on Y and 
two integers a, b > 0 such that La ~ det(N)b and HO(y, N ® L -1) i- O. Then Y 
cannot be embedded in any smooth projective variety X of dimension n = d + r 
as the zero locus Z(s) of a section s E HO(X, E) of an ample vector bundle E of 
rank r on X such that ElY ~ N (i.e. with normal bundle of Y in X isomorphic 
to N), unless X ~ IP'n and E ~ rOlP'n(l) (direct sum ofr copies of OlP'n (1)). 

Notice that the hypothesis that HO(y, N ® L -1) i- 0 in Theorem 11.25 is 
automatically fulfilled if r = 1, because we can take L = N. 

The proof of Theorem 11.25 will make use of the following consequence of 
Grothendieck's obstruction theory (see [67], expo III, cf. also [77]): 

Theorem 11.26 (Grothendieck). Let Y be a smooth projective variety of dimension 
r :::: 1, and let N be a vector bundle on Y such that condition (11.13) above holds. 
Then any non-singular formal scheme X with reduced scheme of definition Y, and 
with normal bundle N, is isomorphic to the formal completion of the geometric 
vector bundle V(N*) := Spec(S(N*)) along its zero-section. 
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Proof of Theorem 11.25. Assume by way of contradiction that a triple (X,E,s) 
as in Theorem 11. 25, such that Y = Z (s ), does exist. 

Step 1. The embedding Y '----+ X is Zariski equivalent to the zero-section embedding 
Y '----+ V(N*) of the geometric vector bundle V(N*) := Spec(S(N*)) over Y (see 
[66], II). In particular, there exists a Zariski open neighbourhood U of Y in X and 
a morphism 7r : U ----+ Y such that 7rW = idy . 

Proof of step 1. The normal bundles NYlx and NYI'V(N*) are both isomorphic to 
N. Then the cohomological hypothesis (11.13) and Theorem 11.26 (applied to the 
formal scheme X = X jy ) imply that the embeddings Y '----+ X and Y '----+ V(N*) 
are formally equivalent, i.e. there exists an isomorphism of formal schemes XjY ~ 

V(N*) jY inducing identity on Y. 
On the other hand, since Y = Z(s), by Corollary 11.18, Y is G3 in X. 

Moreover, by a result of Hartshorne [75], Lemma 7.1 and Corollary 6.8, the zero 
section Y c V(N*) has the property that Y is also G3 in V(N*). Note that Lemma 
7.1 of [75] (whose proof is elementary) is stated in the case when N is a direct 
sum of r copies of an ample line bundle, but the same proof works in general (with 
only minor changes, using the fact that N is ample). 

Since the embeddings Y '----+ X and Y '----+ V(N*) are formally equivalent 
and Y is G3 in both X and V(N*) by Corollary 10.6, we deduce that they are 
also Zariski equivalent. In other words, there exist a Zariski open subset U of X 
containing Y, a Zariski open subset V of V(N*) containing the zero section Y, 
and an isomorphism U ~ V inducing identity on Y. 

For the last part, take as 7r the composite of the isomorphism U ~ V with 
the restriction to V of the canonical projection V(N*) ----+ Y. This proves step 1. 

Step 2. If U is the Zariski open neighbourhood of Y in X from step 1, the restriction 
maps Pic(X) ----+ Pic(U) and Pic(U) ----+ Pic(Y) are isomorphisms. 

Proof of step 2. First we claim that Y meets every closed subset W of X of 
dimension::::: r. Indeed, applying Theorem 11.15, (i) (or the more elementary 
Theorem 2.1 of [99]) to slW E HO(W, EIW) we get W n Y = Z(sIW) -=J 0. In 
particular, Y meets every hypersurface of X, whence codimx(X \ U) ::::: 2. Then 
the fact that the first map is an isomorphism follows because X is non-singular. 

On the other hand, by step 1, there exists a retraction 7r : U ----+ Y of the 
inclusion Y c U. This implies that the composite map 

Pic(Y) ~ Pic(U) ~ Pic(Y) 

is the identity, where a is the natural restriction map and 7r* is the map induced 
by 7r. In particular, the map a is surjective. The injectivity of a follows from 
the fact that Pic(X) ~ Pic(U) and from Lefschetz-Sommese theorem (see [140], 
Proposition (1.16), cf. also [99]); precisely, this result asserts that Hi(X, Y; Z) = 0 
for every i ::; d, and since d ::::: 2, this implies (via the exponential sequence) that 
the restriction map Pic(X) ----+ Pic(Y) is injective. Step 2 is proved. 
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From now on we shall denote by L' a line bundle on X such that L'IY ~ L. 
Such a line bundle L' exists (and is unique up to isomorphism) in view of step 
2. Since La ~ det(N)b with a, b > 0 and ElY ~ N we infer that L'a ~ det(Et 
Since E is ample, det(E) is also ample, so that L' is ample as well. 

Step 3. Since codimx (X \ U) 2': 2, via the isomorphism U ~ V of the last assertion 
of step 1, we get codimv(V \ U) 2': 2, where V := V(N*) = Spec(S(N*)). In 
particular, the restriction map Pic (V) ----t Pic(U) is an isomorphism. 

Proof of step 3. Consider the composite map 

(which is the identity), where, as above, 7r' is the canonical projection of the 
geometric vector bundle V and i is the zero section. By a well-known general 
assertion, the map 7r'* : Pic(Y) ----t Pic (V) is an isomorphism. It follows that the 
restriction map i* : Pic(V) ----t Pic(Y) is also an isomorphism. 

Now, assume by way of contradiction that there exists a hypersurface D of 
V such that D n Y = 0. Then Ov(D)1Y ~ Oy, and the injectivity of i* implies 
that Ov(D) ~ Ov. On the other hand, since V = Spec(S(N*)), we have 

00 

~ EfjHO(Y,Si(N*)) ~ HO(y,Oy) = <C, 
i=O 

because Si(N*) ~ Si(N)* (we are in characteristic zero), Si(N) are ample for 
every i 2': 1 (because N is ample), and the dual of an ample vector bundle has no 
non-zero global sections (exercise). Recalling that Ov (D) ~ Ov, HO (V, Ov) ~ <C 
implies D = O. This shows that codimv(V \ U) 2': 2. 

The last assertion follows from the first using the fact that V is non-singular. 
Step 5 is proven. 

Step 4. The open immersion U '---+ X extends (uniquely) to an open immersion 
V'---+ x. 
Proof of step 4. By step 3, the line bundle L1 := 7r'*(L) on V satisfies L11U ~ L'IU. 
Then I claim that L1 is ample on V. This follows from [66], II (4.6.13), (ii) and 
(5.1.6), taking into account that the morphism 7r' : V ----t Y is affine (and in 
particular, Ov is 7r' -ample), L1 ~ 7r'* (L) and L is ample on Y. 

On the other hand, by step 3 again, 

00 

Set S := EB HO(V, L1 i). Using the definition of ampleness (see [66], II (4.5.2) 
i=O 

and (4.5.3)) it follows that L1 yields an open immersion V '---+ Proj(S). Finally, 
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00 . 

since S ~ EB HO(X, L") and L' is ample, Proj(S) ~ X. To get the desired open 
i=O 

immersion take the composite of V '---+ Proj(S) with the isomorphism Proj(S) ~ X. 
Step 4 is proven. 

From now on, in view of step 4, we may assume U = V and L1 = 7r*(L) = 
L'IV, where 7r : V = V(N*) --+ Y is the canonical projection. 

Step 5. Let TvW be the tangent sheaf of V relative to the retraction 7r : V --+ Y. 
Then HO(V, TylY ® L1 -1) i= o. 
Proof of step 5. Consider the compactification lP' := lP'(N* EB Oy) of V. Inside 
lP' we have the effective divisor lP'(N*) such that lP' \ lP'(N*) = V and OIP'(1) = 
OIP'(lP'(N*)). Now consider the Euler sequence relative to the canonical projection 
p: lP' = lP'(N* EB Oy) --+ Y: 

Restricting this to V and using OIP'(1) = OIP'(lP'(N*)) we get the exact sequence 

0--+ Oy --+ 7r*(N EB Oy) --+ TylY --+ 0, 

which upon tensoring with L1 -1 becomes 

0--+ L1 -1 --+ 7r* (N EB Oy) ® L1 -1 --+ TylY ® L1 -1 --+ O. 

Using the fact that the morphism 7r : V = Spec(S(N*)) --+ Y is affine we get 
HO(V,Ll1) ~ HO(Y,L-1 ®S(N*)) = O. Thus, to prove step 5 it will be sufficient 
to show that 

To this extent we have 

Thus HO(y, N®L -1 ®S(N*)) contains the direct summand HO(y, N®L -1) which 
by hypothesis is not zero. Step 5 is proven. 

Step 6. X is isomorphic to the projective cone over a polarized variety (Z, L~), 
with Z E IL'I and L~ := L'IZ. 

Proof of step 6. The canonical exact sequence of tangent bundles 

yields the exact sequence 
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which taking into account step 5, yields HOCV, Tv ® L1 -1) i- O. Therefore 

HO(X, Tx ® L,-I) ~ HO(V, Tv ® L1- 1) i- 0, 

because codimx(X \ V) ~ 2. Finally, by Theorem 1.3, HO(X, Tx ® £,-1) i- 0 
implies that X is isomorphic to the projective cone over (Z, L~) for some Z ElL' I. 
This proves step 6. 

Step 7. (Conclusion.) By step 6, X is a projective cone. On the other hand, by 
hypotheses, X is smooth. It follows that X is isomorphic to lpm, with n = d + r. 
Moreover, the embedding Y '---t lpm admits a rational retraction 7r : V -+ Y. This 
implies that the normal sequence 

(11.14) 

splits. Then the splitting of (11.14) and Theorem 6.1 forces Y to be a linear 
subspace in lpm. In particular, X ~]p>n and E ~ rOn>n(I). This completes the proof 
of Theorem 11.25. 0 

Remarks 11.27. i) Theorem 11.25 is new and answers a question raised by A. 
Lanteri in a private discussion. In recent years Lanteri and Maeda, and others, 
classified the triples (X, E, s) as above for which Y = Z(s) is a special given 
variety (see e.g. [96], [97]). In particular, they produced examples of varieties Y 
that cannot be zero loci of sections of ample vector bundles. 

ii) From the proof of Theorem 11.25 we see that in the hypothesis on L the 
fact that La ~ det(N)b for some a, b ~ 1 was necessary only to deduce that its 
unique extension L' E Pic(X) is ample. Thus this hypothesis may be replaced by 
the following one: there is a line bundle L on Y such that HO (Y, N ® L -1) i- 0 
and an ample line bundle L' on X such that L'IY ~ L. 

iii) Let us also remark that if f : Y' -+ Y is a finite etale morphism of projec
tive non-singular varieties over C and if N is an ample vector bundle on Y, then 
the condition (11.13) holds for (Y, N) if it does for (Y', N'), with N' := f*(N). 
This follows easily taking into account that TY' = f*(Ty) and using the fact 
that in characteristic zero the vanishing HI (Y' , f* (E)) = 0 implies the vanishing 
Hl(y,E) = 0 for every vector bundle E on Y. 

iv) Let Y be a projective nonsingular variety of dimension d ~ 2 over C, and 
L an ample line bundle on Y such that HI (Y, Ty ® L -i) = 0 for every i ~ 1. Take 
N = La! E& .•. E& La r , with al ~ ... ~ aT ~ 1. Thus, using also Kodaira's vanishing 
theorem, we see that condition (11.13) above is fulfilled. Moreover, since det(N) = 
La! +'+ar , clearly HO(y, N ® L -ar ) i- O. Thus the hypotheses of Theorem 11.25 
are fulfilled in this case. 

v) The cohomological condition (11.13) is stable under small deformations in 
the following sense. Let f : Y -+ T be a smooth projective morphism (with T a 
smooth curve) and N a rank r vector bundle on Y such that the restriction Nt of 



Chapter 11. Connectedness and Formal Functions 143 

N to ¥t = f-1(t) is ample for every t E T. Assume there exists a to E T such that 
the pair (Y,N) = (¥to,Mo) satisfies (11.13). Then by the base-change theorems, 
(¥t,M) also satisfies (11.13) for every t in a Zariski open neighbourhood U of to 
in T. 

On the other hand, assume that the pair (Y, N) satisfies the hypotheses of 
Theorem 11.25, i.e. the condition (11.13) is fulfilled and there exists a line bundle 
Lon Y such that La ~ det(N)b and HO(Y,N ® L-1) i- 0 (for example, (Y,N) 
could be taken as in the example of the previous remark). Assume moreover 

Then one can see that (¥t, Nt) also satisfies the hypotheses of Theorem 11.25 for t 
in a Zariski open neighbourhood U of to in T. In fact the condition H2 (Y, Oy) = 0 
and the truncated exponential sequences 

0- Oy - Pic(Y(m + 1)) - Pic(Y(m)) - 0, m = 0,1,2, ... 

(with Y(m) the m-th infinitesimal neighbourhood of Y in Y) show that L can 
be extended to a line bundle £, on the formal completion Y/y. Then by Artin's 
approximation theory [6] we can replace T by an etale neighbourhood T' of (T, to) 
to show that L can be extended to a line bundle L' on Y x T T'. The conditions 
H1(y, Oy) = 0 and La ~ det(N)b imply that L'a ~ det(N)b (in a neighbourhood 
of to). Moreover, the base-change theorems and H1(N ® L-1) = 0 shows that 
the function t - dime HO(yt, Nt ® Lt 1 ) is locally constant near to. Therefore 
HO(¥t, Nt ® L~) i- 0 for every t E T near to· 

Example 11.2. Take Y = ]p>d, with d ~ 2, and let N be any ample vector bundle of 
rank r on ]p>d. Assume that Y = Z(s), with s a global section of an ample vector 
bundle E of rank n = d + r on a projective non-singular variety X of dimension 
n ~ 4 such that ElY ~ N. Then we claim that N ~ rOlP'd(l). To check this, by 
the adjunction formula we get 

(11.15) 

r 
Let £, be any line in ]p>d. By a theorem of Grothendieck, NI£' ~ E9 OlP'l(ai), and 

i=l 
in particular, 

r 

det(N)I£, ~ OlP'l(Lai). (11.16) 
i=l 

Since N is ample, ai ~ 1, for every i = 1, ... , r. To prove the claim, according to 
[118], Theorem 3.2.1, page 51, it is enough to check that a1 = ... = ar = 1 for 
every line £, of ]p>d. From (11.15) and (11.16) we get 

r 

wx1 1£' ~ OlP'l(t), with t:= d + 1 + Lai. (11.17) 
i=l 
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Since N is ample, ai 2: 1, for every i = 1, ... ,r. Consider the restriction maps 

Pic(X) -+ Pic(Y) -+ Pic(C). 

By a result of Lefschetz-Sommese (see [140], cf. also step 2 of the proof of Theorem 
11.25) the first map is an isomorphism, and the second map is (obviously) also an 
isomorphism. Thus (11.17) implies that there exists a line bundle L on X such that 
W X1 ~ V. Since Pic(X) ~ Z and LIC ~ OPI (1), L is ample, and in particular, 
X is a Fano n-fold of index t. Then a simple general result (see e.g. [29], page 81, 

r 

Lemma 3.3.2) asserts that t ::; n + 1, i.e. L ai + d + 1 ::; n + 1. Since n = d + r, 
i=l 

this implies a1 = ... = ar = 1, as required. 
As a consequence we get that N satisfies the hypotheses of Theorem 11.25 if 

Y = IPd with d 2: 3, in which case we get X ~ ]pJn and Y is a linear subspace of X 
(the latter fact was proved before in [97]). However, the same conclusion can be 
also drawn directly from a theorem of Kobaiashi-Ochiai (see e.g. [29], Theorem 
7.2.1). 0 

The next lemma (whose standard proof is left to the reader) provides "asymp
totical" examples of pairs (Y, N) satisfying the hypotheses of Theorem 11.25. 

Lemma 11.28. Let N1 be an arbitrary ample vector bundle of rank r :::: 1 and L an 
ample line bundle on a projective non-singular variety Y of dimension d :::: 2. Then 
N := N1 ® LP satisfies the condition (11.13) above for every p » O. Moreover, 
if we take L = det(Nd, then HO(y, N ® L -1) =I- 0 for every p » 0, i.e. all the 
hypotheses of Theorem 11.25 are fulfilled in this case. 
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Further Results on Formal Functions 

Definition 12.1 (Sommese [140], or also [29]). Let L be a line bundle on a projective 
variety X, and let s ~ 0 be a non-negative integer. L is said to be s-ample if there 
exists an m > 0 such that Lm is generated by its global sections and the fibers of 
the associated morphism 'PIL'" I : X ----+ JP'(HO(X, Lm)*) are all of dimension::; s. 
For example L is O-ample if and only if L is ample in the usual sense. 

Let now E be a vector bundle of rank r ~ 2 on X. Then E is said to be s
ample if the tautological line bundle Oll'(E) (1) is s-ample on the projective bundle 
JP'(E) associated to E. 

Our first objective in this chapter is to prove a refinement of Theorem 9.28 
(see Theorem 12.6 below). For this we follow [17]. This refinement is going to 
be applied in Chapter 13 to homogeneous spaces. Let Y be a smooth connected 
projective variety of dimension d, and let E be a vector bundle on Y of rank r. 
Let Oy(l) be a very ample line bundle on Y. First we prove a Bertini-type result 
which might also have an interest in itself: 

Theorem 12.2 ([17]). In the above situation, assume that Y is of dimension d ~ 2, 
and that E is s-ample for some integer s ~ 1. Then for every t ~ (d + r - 1 - s) / s 
and for every general H E lOy (t) I, the restriction E H : = E ® 0 H is (s - 1) -ample. 

To prove Theorem 12.2 we need the following: 

Lemma 12.3 ([17]). Let V be a non-degenerate closed irreducible subvariety ofJP'n. 
Let 

JP'n JP'm . h (n + s) vs : ----+ ,w~t m:= s - 1, 

be the s-fold Veronese embedding. Then the linear subspace Span( Vs (V)) of JP'm 
generated by vs(V) is of dimension ~ ns. 

Proof of Lemma 12.3. The proof consists of two steps. The first step asserts that 
for every positive integer p ~ n there exist p + 1 points XO, Xl, ... ,Xp E V such 
that each n + 1 of them generate JP'n. 



146 Chapter 12. Further Results on Formal Functions 

To see this use induction on p. Start by choosing xo, Xl, ... , Xn E V such that 
they generate Ipm. This is possible because V is non-degenerate in Ipm. So we may 
assume that the assertion holds for Xo, ... , xp (with p ~ n) and we want to find 
a point xp+ 1 such that the assertion still holds for Xo, Xl, ... , Xp+ 1. To do this, 
let {Hih be the (finite) family of hyperplanes of ]p>n generated by all subsets of 
n different points of {XO,X1, ... ,xp}. Since V is irreducible and non-degenerate 
in ]p>n, V cannot be contained in the union of all Hi's. Then picking an arbitrary 
Xp+1 E V \ UiHi, the points xo, Xl, ... , Xp+1 satisfy the requirements of the first 
step. 

Now take points Xo, Xl, ... ,Xns E V (Le. p = ns) such that each n + 1 of 
them generate ]p>n. Fix 1 ~ i ~ ns, and let Hi,l, . .. ,Hi,s be the s hyperplanes of 
]p>n, each generated by n points corresponding to a partition of {xo, ... , xns} \ {Xi} 
with subsets of n points. If hi,j is the equation of the hyperplane Hi,j, j = 1, ... ,s, 
then Ii := hi,l ... hi,s is the equation of a hypersurface of degree s of]p>n such that 
Ii(Xi) =I- 0 and Ii(Xj) = 0 for every j =I- i. In other words, the points x~, ... , x~s' 
with x~ := Vs(Xi), of the closed subvariety vs(V) of]p>m have the following property: 
for every 0 ~ i ~ ns there is a hyperplane Li of]p>m (namely, the one which 
corresponds to the hypersurface of degree s of pn of equation Ii = 0) such that Li 
contains all xj for j =I- i, but x~ ~ Li • Therefore the linear subspace of]p>m generated 
by x~, ... , x~s is of dimension ns. In conclusion, dim(Span(vs(V))) ;::: ns. D 

Corollary 12.4. The assumptions are as in Lemma 12.3 except that V might be 
degenerate in ]p>n. Then dim(Span( VS (V))) ~ s . dim(Span(V)). 

Remark 12.5. The statement of Lemma 12.3 and its proof was communicated to 
the authors of [17] by Iustin CoandiL In fact, all that is needed is an estimate of the 
type given in Corollary 12.4. Our original estimate of the dimension ofSpan(vs(V)) 
was far weaker than the above one (but good enough to prove Theorem 12.6 below). 
However, more recently, Mark Green told me that Lemma 12.3 is essentially due 
to Castelnuovo. 

Proof of Theorem 12.2. Set P := ]P>(E) , and denote by Op(l) the tautological line 
bundle on P. For m » 0 let 

be the morphism associated to the linear system IOp(m)1 (which by the definition 
of s-ampleness of E has no base points fo m» 0). Let rp: P ----) Z be the morphism 
with connected fibers deduced from rp' by Stein factorization. By the definition of 
s-ampleness, the fibers of rp have all dimension ~ s. Moreover, Op(m) = rp*(H'), 
with H' an ample line bundle on Z. 

Consider the (reduced) closed subscheme C of Z defined by 

C:= {z E Z I dim(rp-l(z)) = s}. 

Then dim(C) ~ u := d + r - 1 - s (by the definition of C and because dim(P) = 
d + r - 1). Set V := rp-l(C)red, 'lj; := <piV: V ----) C, and j = jt: V ----) ]p>n, where j 
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is the composite of the inclusion of V into P followed by the canonical projection 
1f: P ---> Y, followed by the embedding of Y into IP'N associated to IOy(t)l, with 
t> '!:.. - s 

Let c E C be an arbitrary point. By the definition of 'P, Op(m)I'l,b-I(c) 
is trivial, and therefore for every y E Y, Op(m)I'l,b-I(c) n 1f-I(y) is also trivial. 
Recalling that Op(m)I1f-I(y) is ample, this implies that 'l,b-I(C) n 1f-I(y) is finite 
for every c E C and y E Y. In other words, the morphism 

is finite for every c E C. It follows that 

is also finite for every c E C. 
Now, let W be an arbitrary irreducible component of dimension s of 'P-I(C)red 

(with c E C). Then we get the finite surjective morphism W ---> W' := j(W). In 
particular, W' is irreducible of dimension s. By the choice of t (i.e. t 2: ~) and by 
Corollary 12.4 we get 

dim(Span(vt(W'))) 2: t· dim(Span(W')) 2: t· s 2: u 2: dim(C), (12.1) 

for every irreducible component W of an arbitrary fiber of'l,b. As long as (12.1) 
holds we can apply a theorem of Bertini-Hironaka (see [79], Lemma 2.1, or also 
Proposition 12.15 of Appendix C at the end of this chapter) to deduce that 

(12.2) 

for every c E C and for every general H E lOy (t) I. Recalling that for every 
z E Z \ C, dim('P-I(z)) ::::; s - 1, we have proved the following. Setting pI := 
1f-I(H) = IP'(EIH) and i: pI '----t P the canonical closed embedding, and using 
(12.2), the morphism 'PI := 'P 0 i has the following two properties: 

(i) 'Pi(H') = Op,(m), with H' an ample line bundle on Z, and 

(ii) The fibers of 'PI are all of dimension::::; s - l. 

But these two conditions imply that EH = EIH is (s - I)-ample. D 

We are ready to prove the desired refinement of Theorem 9.28 of Hartshorne: 

Theorem 12.6 ([17]). Let X be a smooth projective connected variety, and let Y be 
a smooth connected closed subvariety of X of dimension d > O. Assume that the 
normal bundle N ylX of Y in X is (d - 1) -ample. Then Y is G2 in X. 

Proof. If d = 1 then E := NYI X is ample and the result follows from Theorem 
9.28. So assume d 2: 2. Then applying Theorem 12.2 repeatedly, we find a positive 
integer t > 0 and d - 1 general hypersurfaces HI, .. ' ,Hd - 1 E IOx(t)1 with the 
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property that EI(HI n ... n Hi) is (d - i - 1)-ample for every i = 1, ... , d - 1, 
where Ox(1) is a a very ample line bundle on X. In particular, if we set YI := 

HI n··· n H d- I , then Y1 is a smooth projective curve such that EIY1 is ample. 
On the other hand, look at the canonical exact sequence of normal bundles 

Since Y1 is a complete intersection in Y of d -1 hypersurfaces of degree t, Nyly ~ 
(d - 1)OYl (t), and therefore is ample. Since on the other hand we just saw that 
ElYl is ample, we infer from the above exact sequence that NY1I X is also ample. 
Applying Theorem 9.28 again we infer that Y1 is G2 in X, i.e. the canonical map 
K(X) --+ K(X/yJ is a finite field extension. 

Now, since Y1 C Y we get canonical maps 

K(X) --+ K(X/y) --+ K(X/yJ. 

Since Y is connected and X is smooth, K(X/ y ) is a field by Proposition 9.2. 
Therefore the map K(X) --+ K(X/y) defines a finite field extension (since the 
above composite is), i.e. Y is G2 in X. 0 

The next result gives natural examples of d-dimensional closed subvarieties 
Y of an abelian variety X with (d - 1)-ample normal bundle. Before stating it, 
let us first give a definition. Let Y be a closed irreducible subvariety of an abelian 
variety X. We shall say that Y generates X if there exists a point Yo E Y such that 
the subgroup generated by all elements of the form y - Yo, Vy E Y (in the group
theoretical sense) coincides with X. This is the same as saying that the subgroup 
generated by the closed subvariety Y - Y coincides with X. If Y passes through 
the origin, Y generates X if and only if the subgroup generated by Y coincides 
with X (see Definition 13.1 below for a more general concept of generatedness 
in the framework of homogeneous spaces). If general, if Y is a closed irreducible 
subvariety of X passing through the origin, it is easy to see that the subgroup K 
of X generated by Y is an abelian subvariety of X (see the more general discussion 
at the beginning of the next chapter). 

As an example, let Y be a smooth projective variety and let X = Alb(X) 
be the Albanese variety of X. If <p: Y --+ X is the canonical morphism then 
<p(Y) generates X (we didn't make explicit the reference point Yo E Y such that 
<p(yo) = 0). Indeed, if K is the abelian subvariety generated by <p(Y) then by 
the universal property of the Albanese variety, there exists a unique morphism of 
abelian varieties f: X --+ K such that f 0 <p = <po If g := i 0 f: X --+ X, with 
i: K --+ X the natural inclusion, it follows that go <p = <p, whence by the universal 
property again, g = idx . This implies that i is surjective, i.e. K = X. In particular, 
if Y is a curve, X = Jac(Y) is the Jacobian variety of Y and <p is the canonical 
embedding of Y in its Jacobian, then <p(Y) generates X. 

Proposition 12.7 ([17]). Let X be an abelian variety over an algebraically closed 
field of characteristic zero, and let Y be a smooth connected closed subvariety of 
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x of dimension d, with d 2: 1. Then the normal bundle N ylX is (d - I)-ample if 
and only if Y generates X. 

Proof. There is no loss of generality in assuming that Y passes through the origin 
of X (just replace Y by Y - Yo, with Yo E Y, if 0 (j. Y). 

Assume first that N ylX is (d - I)-ample. By Theorem 12.6, Y is G2 in X. 
Let K be the abelian subvariety generated by Y. If K =I X then Y is contained 
in the fiber over the origin of the (non-trivial) canonical morphism X -+ X/ K, 
and this is not possible because Y is G2 in X, by remark 9.24. So K = X, i.e. Y 
generates X. 

Assume now that Y generates X. If d = 1 we have to show that N ylX is 
ample. This follows from a result of Hartshorne (see [76], Proposition 4.1, or also 
Theorem 12.13 of Appendix C at the end of this chapter). So assume d> 1. Let 
HI,'" ,Hd-I be general hyperplane sections of X (with respect to some projective 
embedding of X), and denote by Y' the intersection Y n HI n H 2 ... n Hd- I . We 
claim that Y' also generates X. 

To see this, take an arbitrary abelian subvariety of K of X such that K =I X, 
and consider the composite f: Y -+ X -+ X/K. By remark (2.1.26), Y' is not 
contained in any fiber of f (since Y' is a complete intersection in Y, and therefore 
G2 in Y). In particular, Y' is not contained in K, whence Y' generates X. 

Since Y' is a smooth curve generating X, by Hartshorne's result quoted above 
(see [76], Proposition 4.1, or also Theorem 12.13 of Appendix C) the normal bundle 
NY'lx is ample. Hence its quotient N ylX IY' is also ample. 

Assume that E := NylX is not (d - I)-ample. This implies that, if n := 

dim(X), the morphism f : jp>(E) -+ jp>n-I, which is the composite of the closed 
immersion jp>(E) -+ jp>(Tx IY) ~ Y xjp>n-I with the projection onto jp>n-I, has a fiber 
of dimension d, i.e. containing Z := Y x p, for some p E jp>n-I. Here we use the fact 
that E is generated by its global sections. Restricting to Y' = Y n HI n ... n H d - I , 
we get that the composite of f with the inclusion jp>(EIY') -+ jp>(E) has a fiber of 
positive dimension, which contradicts the ampleness of ElY'. 0 

Next, following [15], we prove another criterion for extending formal-rational 
functions. For this we need some definitions. 

Definition 12.8. According to [61], an algebraic variety Z over k is said to be 
semi- affine if there exists a proper surjective morphism f: Z -+ V, with V an 
affine variety. Alternatively, Z is semi-affine if and only if the canonical morphism 
of schemes <p: Z -+ Spec(r(Z,Oz)) is proper (in which case Spec(r(Z,Oz)) is 
actually an algebraic variety, see [61], Corollary 3.6). We refer the reader to [61] for 
the basic properties of semi-affine varieties. For example, if Y is a closed subvariety 
of a complete irreducible variety X of dimension d 2: 2 such that X \ Y is a semi
affine variety, then Y has pure co dimension one in X (see [61], Corollary 6.8). 

Theorem 12.9 ([15]). Let X be a complete irreducible algebraic variety over k of 
dimension d 2: 2, and Y a closed (possibly reducible) subvariety of X. Assume 
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that U := X \ Y is semi-affine, U contains at most finitely many complete (d - 1)
dimensional irreducible subvarieties, and Y is the support of an effective Cartier 
divisor D of X (the latter assumption is always fulfilled if X is smooth). Then Y 
is G3 in X, and in particular, Y is connected. 

Proof. According to Corollary 8.5 of [61], the hypothesis that U is semi-affine 
implies that there exists a blowup f: X' -+ X with center outside U such that 
f-l(U) is the complement of the support of an effective Cartier divisor D' on X' 
whose linear system ID'I has no base points. Let cp: X' -+ pn be the morphism 
associated to ID'I. Set Z := cp(X'). Then there exists a hyperplane section H of 
Z such that cp* (H) = D'. In particular, the restriction 'lj;: f- 1 (U) -+ Z \ H of cp 
is a proper, surjective morphism onto the affine variety Z \ H. Since D' > 0 and 
X' is complete, dim(Z) > 0 (otherwise the divisor D' would be linearly equivalent 
to zero). If dim(Z) = 1, by the theorem on dimension of fibers and the fact 
that 'lj; is proper, the reduced fibers cp-l(Z)red is a complete (d - I)-dimensional 
subvariety of cp-l(U) ~ U for every Z E Z. But this contradicts the hypothesis 
that U contains at most finitely many complete (d - 1 )-dimensional irreducible 
subvarieties. Therefore dim(Z) 2:: 2. 

Now, since dim(Z) 2:: 2 and H is a hyperplane section on Z (in particular, 
a complete intersection in X), Corollary 9.26 shows that H is G3 in Z, i.e. the 
canonical map of k-algebras aZ,H : K(Z) -+ K(Z/H) is an isomorphism. Since 
cp: X' -+ Z is a proper surjective morphism such that cp*(H) = D' and Y' := 
Supp(D'), by Corollary 9.13, (i) we infer that the canonical map aX',Y' : K(X') -+ 

K(X' /y,) is an isomorphism. 
Finally, since f is a proper birational morphism such that f-l(y) = Y', 

by Theorem 9.9 we get K(X' /y,) ~ K(X/y). In other words, the map aX,Y : 
K(X) -+ K(X/y) is an isomorphism (because aX',Y' is so), i.e. Y is G3 in X. 0 

Corollary 12.10. Let X be a complete irreducible variety of dimension d 2:: 2 and 
U c X an affine open subset of X. Assume that Y := X \ Y is the support of an 
effective Cartier divisor of X (e.g. when X is smooth). Then Y is G3 in X. 

Recall that a divisor D on a smooth projective variety of dimension d 2:: 2 
is said to be nef and big if (D· C) 2:: 0 for every irreducible curve C c X and 
(D· d ) > o. 
Corollary 12.11. Let D > 0 be an effective nef and big divisor on a smooth pro
jective surface X. Then Y := Supp(D) is G3 in X. 

Proof. We first claim that U := X \ Y is semi-affine. This statement was noticed 
by F. Russo (see [125], Corollary 5). For the sake of completeness we indicate a 
direct proof, which is a simple consequence of some fundamental results of Zariski 
[152]. For every n 2:: 1 consider the fixed component Bn of the linear system InDI. 
In other words, Bn is the maximal effective divisor such that dim InD - Bnl = 
dim InDI. By a result of Zariski [152]' Theorem 10.1, the Bn's are bounded from 
above. This implies that Supp(nD \ Bn) = Supp(nD) for n sufficiently large. Set 
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D~ := nD - Bn , n » O. Then the linear system ID~I has no fixed components 
and Supp(D~) = Supp(nD) = Supp(D), "In» O. 

Since ID~I has no fixed components, by another result of Zariski (see [152]' 
Theorem 6.1, or also [12], Theorem 9.17), the linear system ImD~1 has no base 
points for m sufficiently large. Moreover, 

u = X \ Supp(D) = X \ Supp(D~) = X \ Supp(mD~), "1m» O. 

Since ImD~1 has no base points for m » 0, U is semi-affine by [61]' Proposition 
1.3. 

Next we prove that U contains at most finitely many complete curves. Let 
C be a complete irreducible curve contained in U. Then C n Supp(D) = 0, and 
in particular, (D· C) = O. Let C1 , ... ,Cs be arbitrary complete irreducible curves 
contained in U. Since D is nef and big and (D·Ci ) = 0, i = 1, ... ,s, by Hodge index 
theorem (see e.g. [12], Corollary (2.4)) the intersection matrix II (Ci · Cj ) Ikj=I, ... ,s 

is negative definite. In particular, C1 , ... ,Cs define linearly independent elements 
in the finite-dimensional IQ-vector space NS(X) ®z IQ, where NS(X) denotes the 
Neron-Severi group of X, whence s is bounded by the dimension of this vector 
space. 

Now the corollary follows from Theorem 12.9. o 

Remarks 12.12. i) The hypothesis that U contains at most finitely many complete 
(d - I)-dimensional subvarieties is necessary in Theorem 12.9 because of the fol
lowing example. Let g: X ----t B be a proper surjective morphism from a smooth 
projective variety X to a smooth projective curve B. Pick m 2': 2 arbitrary points 
b1 , ... ,bm of B and set 

m 

y := U g-l(b i ). 

i=1 

Then Y supports effective Cartier divisors, U := X \ Y is semi-affine (because 
U properly dominates the affine curve B \ {b1 , ... , bm } ), and Y is not connected 
(because m 2': 2). 

ii) One may naturally ask whether Corollary 12.11 can be extended in di
mension 2': 3. We do not know the answer in general. However, we can only notice 
that the proof of Corollary 9.9 made essential use of the fact that the complement 
X \ Supp(D) was semi-affine if dim(X) = 2. Unfortunately, if D is a nef and big 
effective divisor on a smooth projective variety of dimension 2': 3 the complement 
X \ Supp(D) need not be semi-affine in general. In fact, by [152] (see also [12], 
chap. 14) there are pairs (8, ~), with 8 a smooth complex projective surface and 
~ an effective nef and big divisor on 8 such that 

00 

R(8,~) := EB r(8, Os(i~)) 
i=O 
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is not a finitely generated C-algebra. By [152], Theorem 10.6, this means that 
Os(i~) is not generated by its global sections for every i > O. Consider the pl_ 
bundle X := P(Os(~) E9 Os) associated to the sheaf Os(~) EB Os (X coincides 
to the projective closure of the vector bundle V(Os(~))). Let D be the "zero
section" of the canonical projection 11": X ---t S, so that Ox(l) = Ox(D). Since 
~ is nef and big on S, D is also nef and big on X. I claim that the complement 
X\Supp(D) is not semi-affine; indeed, otherwise, by [61], Proposition 9.2, it would 
follow that Os(i~) is generated by its global sections for some i > O. 

Note that the above example was given by Russo in [125] to show that 
Proj(R(X, D)) is not always an algebraic variety when dim(X) 2: 3 (on the 
contrary, if D is a nef and big divisor on a smooth projective surface X, then 
Proj(R(X, D)) is always a quasi-projective surface, see [125]). 

iii) Under the hypotheses and notation of Corollary 12.11 and its proof, 
let 'P: U ---t Spec(f(U)) be the canonical dominant morphism, where f(U) := 
f(U, Ou). The fact that U is semi-affine implies that 'P is a proper morphism 
(in fact, this is one of the equivalent definitions of semi-affineness, see [61]), and 
since 'P is dominant, 'P is also surjective. Then we claim that f(U) is a finitely 
generated k-algebra. This follows from [61], Corollary 3.6, since U is semi-affine. In 
particular, Spec(f(U)) is an affine variety. However, one can also give the following 
direct argument. Since U is the complement of the support of the effective divisor 
~ := mD~, m» 0, such that the linear system I~I has no base points, by a result 
of Zariski (see [152]' Corollary 10.3, see also [12], Proposition 9.2) the graded 
k-algebra 

00 

R(X,~):= E9r(X,Ox(i~)), 
i=O 

is finitely generated; then using [66] I, (6.8.2) one has (in the notation of [66] I) 
f(U) = R(X, ~)(a), where a E f(X,~) is a global equation of ~ (cf. also [153]). 

Appendix C 

The first aim of this appendix is to prove the following special case of a result of 
Hartshorne, which was used in the proof of Proposition 12.7 (see [76], Proposition 
4.1, for a more general version): 

Theorem 12.13 (Hartshorne [76]). (char(k) = 0.) Let X be an abelian variety, and 
let Y be a smooth curve in X that generates X. Then the normal bundle NylX is 
ample. 

The proof of Theorem 12.13 makes use of the following ampleness criterion 
for vector bundles on curves: 

Theorem 12.14 (Gieseker [59]). (char(k) = 0.) Let E be a vector bundle over a 
smooth projective curve Y that is generated by its global sections. Then E is ample 
if and only if every quotient line bundle L of E is ample. 
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Proof of Theorem 12.13. We may assume that Y passes through the origin of X. 
Let Alb(Y) be the Albanese variety of Y (Le. the Jacobian variety of the curve Y). 
Let Y '-...T Alb(Y) be the canonical inclusion. By the universal property of the 
Albanese variety, the inclusion Y '-...T X can be uniquely extended to a morphism 
of abelian varieties f : Alb(Y) -t X. It is clear that saying that Y generates X 
is equivalent to saying that the morphism f is surjective (cf. also Corollary 13.6 
below). Therefore f yields an injective map (char(k) = 0) 

Since the latter vector space can be canonically identified with HO (Y, n} ), we ac
tually get that the canonical map HO(X, nlr) -t HO(y, n}) is injective. Since n1-
is trivial and Y is projective, HO(X,n1-) ~ HO(Y,n1-IY), whence the canonical 
map (induced by the canonical map n1-IY -t n}) 

(12.3) 

is also injective. 
On the other hand, the normal bundle NYlx is a quotient of Tx IY, and since 

Tx is trivial, N ylX is generated by its global sections. Therefore we may apply 
Theorem 12.14 of Gieseker. Let L be the quotient line bundle of NYlx. We have to 
check that L is ample on Y, i.e. deg(L) > O. Suppose to the contrary: deg(L) ::; O. 
Now L is also generated by its global sections, so we would have deg(L) = 0, and 
in fact, L ~ Oy. Therefore the dual N;"lx has a subbundle isomorphic to Oy, and 

in particular, HO(y, N;"lx) i= O. Now the canonical exact sequence 

implies that 

which contradicts the injectivity of the map (12.3). D 

Proof of Theorem 12.14. By a general property any quotient of an ample vector 
bundle is again ample (see e.g. [74]), so if E is ample, any quotient line bundle of 
E is also ample. 

Conversely, assume that any quotient line bundle of E is ample. We shall 
proceed by induction on the rank of E. If E is a line bundle the statement is 
trivial. Assume therefore that E has rank r 2: 2. If F is an arbitrary quotient 
vector bundle of E of rank::; r - 1 we may assume by induction that F is ample. 

Now since E is generated by its global sections, by Proposition 1.5 a general 
section s E HO(X, E) does not vanish at any point of Y. Such a section s yields 
an injective map Oy -t E (sending 1 to s), and the fact that s does not vanish 
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at any point of Y translates into the fact that the subsheaf Oy of E is actually a 
vector subbundle of E. Therefore we obtain an exact sequence of vector bundles 

o --+ Oy --+ E --+ F --+ 0, (12.4) 

with F a quotient vector bundle of rank r - 1. By induction hypothesis, F is 
ample. Moreover, the exact sequence (12.4) does not split, because otherwise Oy 
would be a quotient of E, hence Oy would be ample by hypothesis; but this is 
impossible because the curve Y is projective. Thus the proof of Theorem 12.14 is 
reduced to the following: 

Claim 1. (char(k) = 0) If we are given a non-split exact sequence (12.4) of vector 
bundles on a smooth projective curve Y, then E is ample if F is so. 

The proof of claim 1 will make use of the following: 

Claim 2. (char(k) = 0) Let f: Z --+ Y be a finite flat morphism of irreducible 
varieties, and let E be a vector bundle on Y. Then for every i ~ 0 the natural 
maps Hi(Y, E) --+ Hi(Z, f*(E)) are injective. 

We shall first prove claim 2. Since char(k) = 0 the natural map Oy --+ f*(Oz) 
has a retraction, namely the trace map f*( Oz) --+ Oy. (The existence of the trace 
map makes use of the fact that f is finite and flat.) In particular, Oy is a direct 
summand of f*(Oz). It follows that E is a direct summand of f*(Oz)®E. Since f is 
finite, Hi(Z, f*(E)) is canonically isomorphic to Hi(y, f*(J*(E))) and f*(J*(E)) 
is isomorphic to E ® f*(Oz). In particular, the map Hi(y, E) --+ Hi(Z, f*(E)) is 
injective, and claim 2 is proved. 

To prove claim 1, we have to show that Op(E)(l) is ample on IP'(E). We may 
regard IP'(F) as a closed subscheme of IP'(E). In fact IP'(F) can be described more 
explicitly as follows. Let s E HO(y, E) be the section given by the inclusion Oy ~ 
E of (**). Then s yields a section of p*(E) (where p : IP'(E) --+ Y is the canonical 
projection), and hence a section s' of Op(E)(l) on IP'(E) (as Op(E) (1) is a quotient 
of p*(E)). Then the zero locus Z(s') is just IP'(F) and Op(E) (l)IIP'(F) = Op(F)(l). 
In particular, Op(E) (l)IIP'(E) \ IP'(F) = Op(E)\P(F). 

Now to prove that 0(1) := Op(E)(l) is ample we use Kleiman's form of 
the Nakai-Moishezon criterion for ampleness (see [89], Chap. III, Theorem 1). 
According to this criterion we have to show that the following condition holds 
true: if Z is an arbitrary integral subscheme of dimension > 0 of 1P'( E), then there 
is a section t E HO(Z, O(n)IZ) for some n > 0 which vanishes at some point of Z, 
but does not vanish identically. 

If Z is contained in IP'(F) this condition follows from the fact that O(l)IIP'(F) = 
Op(F)(l) is ample, whence O(l)IZ is also ample. Assume therefore that Z is not 
contained in IP'(F). If moreover Z meets IP'(F) the section s'IZ does not vanish 
identically (because s' does not vanish at any point of IP'(E) \1P'(F)) , but does vanish 
on IP'(F) n Z =I- 0. So it will be sufficient to prove that every integral subscheme 
Z of IP'(E) of positive dimension meets IP'(F). Suppose it does not. Clearly we 
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may assume that Z is a curve. If Z is contained in a fiber of p then certainly Z 
meets lP(F). If Z is not contained in any fiber of p we get a finite flat morphism 
f:= plZ: Z -t Y (f is surjective and Y is a smooth curve) such that f*(E) has 
Oz as a quotient (because there is the canonical surjection p*(E) -t 0(1) and 
Z n lP(F) = 0 implies O(l)IZ ~ Oz). This implies that the extension induced by 
(12.4) 

o -t Oz -t f*(E) -t f*(F) -t 0 

is trivial. Since HI (Y, F*) classifies the isomorphism classes of all extensions of F 
by Oy, this implies that the natural map 

is not injective, contradicting claim 2. So Z meets lP( F) and claim 1 (and thereby 
Theorem 12.14) is proved. D 

The second aim of this appendix is to prove a result of Bertini type (see 
Proposition 12.15 below) that was used in the proof of Theorem 12.2. We shall 
follow [79] closely. 

First we need some setup. We shall fix a universal domain n, which is an 
algebraically closed field containing k, of infinite transcendence degree over k. All 
the base fields of the algebraic schemes we are going to consider will be subfields of 
n containing k, over which n has infinite transcendence degrees. A geometric point 
of an algebraic k-scheme X is a k-morphism Spec(n) -t X. This amounts to giving 
a point x of the scheme X together with a k-isomorphism of the residue field k( x) 
onto a subfield of n. These two isomorphic fields will be simply denoted by k(x) 
when there will be no danger of confusion. Let Z be an algebraic k-scheme and Xi 
a closed subscheme of ZKi := Z Q9k K i , i = 1,2, where Ki are field sub extensions 
of nlk of finite transcendence degree over k. We shall say that Xl "contains" X 2 

(and write Xl J X 2 ) if X IL J X2L in the scheme-theoretical sense (i.e. the ideal 
sheaf defining XlL in ZL is contained in the ideal sheaf defining X 2L in Zd, where 
L is the subfield of n generated by KI and K 2 • 

For a field subextension k c K of n, a K-subscheme Y of a k-scheme X is by 
definition a closed subscheme Y of X K . In particular, it makes sense to speak of a 
K-linear subspace of the projective space lPk over k. If W is a K-subscheme of lPk' 
the linear dimension of W in lPk is by definition the dimension of the smallest linear 
K-subspace of lPk which contains W, where K is the algebraic closure of K. Bya 
k-generic hyperplane we mean the closed subscheme of lPK = Proj(K[To, ... , Tn]) 

n 
defined by a polynomial of the form 2: Ui~' where the coefficients Uo,.··, Un are 

i=O 
algebraically independent elements of Kover k, and K = k(u) is the subfield of 
n generated by Uo, ... , Un over k. Finally, if X is a k-subscheme of lPk and if His 
a k-generic hyperplane as above, then X n H denotes the subscheme of X K , with 
K := k(u), whose ideal sheaf is generated in OXK by the ideal sheaf of H in lPK. 
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Proposition 12.15 (Bertini-Hironaka [79]). Let f: X --+ Y be a morphism of al
gebraic k-schemes, and j: X --+ 1Pk a proper morphism. Assume that for every 
y E Y and for every irreducible component W of f-I(Y)red such that dim(W) = 
dim(f-l(y)), the linear dimension of j(W) in JP>i: is 2: dim(Y). Then for every 
general hyperplane H ofJP>n, dim(f-l(y) nrl(H)) < dim(f-l(y)), 'Vy E Y. 

The key point in the proof of Proposition 12.15 is the following: 

Lemma 12.16 ([791, Lemma 2.1). Let f: X --+ Y be a morphism of algebraic k
schemes, and j: X --+ JP>i: a proper morphism. Let H be a k-generic hyperplane in 
JP>i:, and W an algebraic k(y)-subscheme of f-l(y) for some geometric point y of 
Y. If j (W) ~ H, then the linear dimension of j (W) in JP>i: is ::; tr . degk (k(y)) - 1. 

Proof. Since j is proper and W ~ f-l(y), j(W) is a k(y)-subscheme of JP>i:. Let 
r denote the linear dimension of j (W) in JP>i:. Then there are r + 1 projectively 
independent geometric points to, tl, . .. ,tT of the smallest linear k(y)-subspace of 
JP>n containing j(W) such that k(ti) is algebraic over k(y), i = 0,1, ... ,r. If the 

n 
equation of H is E uiTi, ti E H for 0 ::; i ::; r, this implies r + 1 independent 

i=O 

k(y)-linear dependences among the coefficients of Ui with 0 ::; i ::; n. Hence 

tr. degk(k(y)) + (n + 1) - (r + 1) 2: tr. degk(k(y, u)) 2: tr. degk(k(u)) 2: n + 1, 

so that tr. degk(k(y)) - 1 2: r. D 

Proof of Proposition 12.15. By hypothesis, for every irreducible component Wof 
f-l(Y)red such that dim(W) = dim(f-l(y)), the linear dimension of j(W) in 1P':k 
is 2: dim(Y). Since tr.deg(k(y)) ::; dim(Y), we infer that this linear dimension is 
2: tr . deg( k(y)) for every y E Y. Therefore by Lemma 12.16, a k-generic hyperplane 
H of JP>i: cannot contain j(W) for any such W. In other words, if H is a k-generic 
hyperplane H of JP>i:, then for every such W, W <z rl(H). This implies that 
for H k-generic, dim(f-l(y) n rl(H)) < dim(f-l(y)) for every y E Y. Then 
the conclusion follows by the general philosophy concerning Bertini-type theorems 
(see e.g. [87]). D 



Chapter 13 

Formal Functions on Homogeneous 
Spaces 

Unless otherwise specified, throughout this chapter k will be an algebraically closed 
field of characteristic zero. 

This chapter is based upon [18], except for Example 13.1 and Proposition 
13.20. Let X be a projective homogeneous space over k, acted on transitively by 
the connected algebraic group G, and let Y be a closed irreducible subvariety of X. 
Fix a point p E Y and consider the morphism 'P: G ---+ X defined by 'P(g) = g . p. 
Then the subset Gy,P := 'P-1(y) = {g E Gig· p E Y} is closed in G. Denote by 
Gy the subgroup of G generated by Gy,p' It is easily seen that Gy depends only 
on Y, and not on the reference point p E Y. A basic elementary fact is that G y 

is a closed subgroup of G (see [35], or also the discussion following Definition 13.1 
below when G is a linear algebraic group). 

Definition 13.1 (Chow [35]). One says that the closed subvariety Y generates the 
homogeneous space X if Gy = G, i.e. if Gy,p generates G (in the group-theoretical 
sense). 

Let us first remark that if Y generates X then g . Y also generates X for 
every g E G. Indeed, if we fix a point p E Y then Gg.y,g.p = gGY,pg-l as is easily 
seen, whence Gy,p generates G if and only if Gg.y,g.p generates G. 

From now on we shall fix a smooth point p of Y as the reference point. 
Since for all x E X the fiber 'P-1(x) is isomorphic to the isotropy group Gx of 
x, we infer that the morphism 'PIGy,p : Gy,p ---+ Y is smooth, and in particular is 
open. Moreover, GY,j) is irreducible if G acts 011 X by connected isotropy groups, 
because the fibers of 'PIGy,p are all irreducible, Y is irreducible and the morphism 
'PIGy,p is open. This is the case when G is a linear algebraic group. Indeed, the 
isotropy group P = Gp of the reference point p is a parabolic subgroup of G 
(since X ~ G/Gp is projective), whence P contains a Borel subgroup B. If pO is 
the connected component of P containing the unit element e of G, then pO still 
contains B (since B is connected). In particular, pO is also a parabolic t:iubgruup 



158 Chapter 13. Formal Functions on Homogeneous Spaces 

of G and P is contained in the normalizer Nc(PO) of pO in G. But by a result 
of Chevalley (see [30], Theorem 11.15), pO = Nc(PO), whence P = pO, i.e. P is 
connected. (Alternatively, the canonical morphism 7r: G / pO -+ G / P = X induced 
by the inclusion pO ~ P is a finite etale morphism of degree equal to the index 
of pO in P. Since X is a rational variety, it is simply connected, whence 7r is an 
isomorphism, i.e. pO = P.) 

If G is an arbitrary connected algebraic group, p = 4?(e) is a smooth point 
of Y and the morphism 4?IGy,p is smooth, whence e is a smooth point of Gy,p. 
In particular, there is a unique irreducible component, call it H, of Gy,p passing 
through the point e. By using general dimensionality arguments, Chow observes 
in [35] that Y generates X if and only if H generates G (in the group-theoretical 
sense). 

In the above notation, fix a natural number i :2: 1 and consider the morphism 
4?i: H2i -+ G (where H2i = H x ... x H (2i times)) defined by 

Since 4?i (91, ... , 92i) = 4?H 1 (91, ... , 92i, e, e), we infer that 4?i (H2i) ~ 4?H 1 (H2( H I)) 
for every i :2: 1. Moreover, because 9 = 4?1 (e, 9), V 9 E G, H ~ 4?1 (H2). From the 
definition of 4?i we get that 9-1 E 4?i(H2i), for every 9 E 4?i(H2i ), and 4?i(H2i) . 
4?j(H2j) ~ 4?Hj(H2(Hj)) for every i,j E N. It follows that the subgroup (H) 

00 

generated by H coincides with U 4?i(H2i ). 
i=l 

On the other hand, the ascending sequence 

of closed irreducible subsets (where "overline" means taking closure) has to become 
stationary, i.e. there is an n :2: 1 such that 4?n(H2n) = 4?n+p(H2(n+p)) for every 
p :2: 1. Set F := 4?n(H2n). Then F is the closure in G of the subgroup (H), and 
so F is a closed (connected) subgroup of G. Since by a general result of Chevalley 
4?n(H2n) contains a non-empty open subset U of F, we infer that 

and in particular, (H) is an open subgroup of F, whence (H) = F. In other 
words, we proved the well-known fact that the subgroup (H) generated by a closed 
irreducible subvariety H passing through e is a closed connected group of G. 
Note that we also showed that there exists an n :2: 1 such that the morphism 
i.pn: H2n -+ (H) is dominant. In particular, i.pn(H2n) generates the subgroup (H). 

Proposition 13.2. Let X be a projective homogeneous space, and let Y be a closed 
irreducible subvariety of X. Then Y generates X if and only if Y intersects every 
irreducible hypersurface of X. 
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Proof. This result was proved by Speiser in the case when X is an abelian variety 
(see [141]), and by Debarre in general in [41], (2.1). The proof which follows (taken 
from [18]) is an adaptation of Speiser's proof to the general case. Assume that 
Y generates X and that there is an irreducible hypersurface D of X such that 
Y n D = 0. If 'P: G ---+ X is the morphism 'P(g) = g . p from the beginning of this 
chapter, set D' := 'P-1(D). 

Claim 1. For every g E G we have either gGy,p n D' = 0, or gGy,p ~ D'. 

Indeed, since Gy,p = 'P- 1 (Y) claim 1 is a consequence of the following statement: 
either gY n D = 0, or gY ~ D. Assume that this statement does not hold, i.e. 
gY n D i= 0 and gY g D. Then Y n g-l D i= 0 and Y g g-l D. Hence the cycles 
y. D = 0 and y. g-l D > 0 are numerically equivalent on Y, but this is impossible 
since Y is a projective variety. This proves claim 1. 

Claim 2. For every g, h E Gy,p one has D' h -1 g ~ D'. 

To prove claim 2, let g, h E Gy,p and IS E D' be arbitrary elements. Then IS E 

ISh- 1G y,p n D' (because h E Gy,p), and so, by claim 1 we get ISh- 1G y,p ~ D'. In 
particular, ISh- 1g ED', and since IS was arbitrary in D', we get D'h- 1g ~ D'. 

By applying claim 2 repeatedly we get that for any n ~ 1 and for every 
gl,g2,'" ,g2n E Gy,p one has 

D' -1 -1 CD' g2n g2n-1 ... g2 gl - , 

from which, using the discussion following Definition 13.1, we get D' . Gy ~ D'. 
So far we didn't use the hypothesis that Y generates X. This means that G = Gy . 

Therefore D' . G ~ D', which is obviously impossible because D' is a hypersurface 
ofG. 

The converse is immediate. Indeed, if Y does not generate X, set X = G / P, 
with P the isotropy group of the reference point p E Y, and denote by P' the 
(closed) subgroup of Gy (generated by Gy,p), and by n: X = G/ P ---+ X' := G/ P' 
the canonical (surjective) morphism. Then n(Y) is a point of X' and dim(X') ~ 1 
(because Y does not generate X), whence there exists an irreducible hypersurface 
H of X' such that n(Y) tf- H. Then any component of n- 1 (H) is an irreducible 
hypersurface of X which does not meet Y. 0 

Corollary 13.3. Let X be a projective homogeneous space, and let Y be a closed 
irreducible subvariety of X of dimension ~ 2. Let Ox(l) be a very ample line 
bundle on X. If Y generates X then Y' := Y n H also generatf,8 X, for every 

general HE IOx(l)l. 

Proof. Let Z be an arbitrary hypersurface. By Proposition 13.2 it will be sufficient 
to show that Y' n Z i= 0. Since Y generates X, by Proposition 13.2, Y n Z i= 0, 
and since dim(Y) ~ 2, dim(Y n Z) ~ 1 (because the ambient space is smooth). 
This implies that H n (Y n Z) i= 0 (since H is a hyperplane section), whence 
~nZ#0. 0 
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Theorem 13.4 (Chow [36]). (i) Let X be a projective homogeneous space over k, 
and let Y be a closed irreducible subvariety of X. Then the natural map K(X) -t 

K(X/ y ) is an algebraic field extension if and only if Y generates X in the sense 
of Definition 13.1. 
(ii) Under the hypotheses of (i), assume that Y generates X. Let ( E K(X/ y ) be 
a formal-rational function which is algebraic of degree dover K(X). Then there 
exists a finite etale morphism f: X' -t X of degree d from a smooth irreducible 
projective variety X' such that: j*(() E K(X'), the irreducible components of 
f- 1 (Y) are mutually disjoint, numerically equivalent to each other as cycles on 
X' and are mapped by f isomorphicaUy onto Y. 

Proof of part (ii) of Theorem 13.4. We follow [18], using a beautifully simple idea 
of Chow [35]. By Theorem 9.16 there exists a finite surjective morphism f: X' -t 

X, with X' normal and irreducible, a closed subvariety Y' of X' with the following 
properties: f(Y') ~ Y, the restriction flY' : Y' -t Y is an isomorphism, f is etale 
in a neighbourhood of Y', and j*(() E K(X'). We will show that f is everywhere 
etale. 

Let D-.' c X' be the ramification locus of f, and let D-. := f(D-.') be the branch 
locus of f. Since f is etale along Y', Y'nD-.' = 0. Let u be the generic point of the 
group G, and let v be the generic point of Y. If s: G x X -t X is the morphism 
arising from the action of G on X, then by transitivity of this action we get that 
s( u, v) = u . v is the generic point of X. It follows that U· Y = s( {u} x Y) is dense 
in X, whence f-l(U' Y)) is also dense in X', and in particular, f-l(u· Y) is an 
irreducible scheme over k(u) = K(G) (because X' is irreducible). Consider the 
incidence variety Z:= {(gy,g) I 9 E G, y E Y} c X x G, and let 'l/J: Z -t X and 
71': Z -t G be the morphisms defined by 'l/J(gy,g) = gy ('l/J is surjective because 
G acts transitively on X) and 71'(gy,g) = g. Clearly 'l/J17I'-I(U) defines a k(u)
isomorphism between 71'-I(U) and U· Y. It follows that the k(u)-scheme of finite 
type f-l(U . Y) is irreducible. If k(u) is an algebraic closure of k(u) we infer 
that the irreducible components of the k(u)-scheme (71' 0 cp)-I(u) Q9k(u) k(u) ~ 
f-l(u. Y) Q9k(u) k(u) are all conjugate over k(u) under the natural action of the 

Galois group Gal(k(u)lk(u)). Thus we get the commutative diagram with cartesian 
squares 

f-l(U' Y) Q9k(u) k(u) -- (u· Y) Q9k(u) k(u) -- Spec(k(u)) 

Z' ~ Lx z ~ .1 ~.l 
], f .l~ 
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Clearly the ramification locus of rp is ~1 := p-1(~'). On the other hand, by the 
proof of Corollary 9.22 we know that Y' is an isolated connected component of 
r1(y), which is isomorphic to Y. It follows that (Jf 0 rp)-l(e) has an isolated 
irreducible component (corresponding to Y') which is contained in the etale locus 
of rp. Since this component is a specialization of an isolated irreducible component 
T of the geometric generic fiber r1(u . Y) 0k(u) k(u), it follows that T does 

not intersect the ramification locus of the morphism f-1(u . Y) 0k(u) k(u) ----; 

(u· Y) 0k(u) k(u). Since the irreducible components of f-1(U' Y) 0k(u) k(u) are 

conjugate under the action of Gal(k(u)lk(u)), we infer that the morphism 

is etale and every irreducible component of f-1(U' Y) 0k(u) k(u) is isolated and 

maps isomorphically onto (u· Y) 0k(u) k( u). In particular, (Jf 0 rp)-l (u) n ~1 = 0. 

It follows that (Jf 0 rp)-l(U) n ~1 = 0, which implies that u tf- Jf(rp(~l))' Set 
U := C \ Jf(rp(~d). Since the morphisms Jf and rp are proper, Jf(rp(~d) is a 
proper closed subset of C, whence U is a non-empty open subset of C. Therefore 
for all 9 E U, f-1(g. Y) n~' = 0. In other words, (g. Y) n ~ = 0, 'l:/g E U. 

Now, since Y generates X, g. Y also generates X, and since (g. Y) n ~ = 0, 

'l:/g E U, codimx(~) 2: 2, by Proposition 13.2. Finally, since X is smooth we 
can apply the purity of the branch locus (see e.g. [1], VI, Theorem (6.8), or [68], 
expose X,Theorem 3.4) to deduce that codimx(~) 2: 2 implies ~ = 0, i.e. f is 
everywhere etale. In particular, since X is smooth and f etale, X' is also smooth. 

Actually we got even more: the irreducible components of f-1(g . Y) are 
mutually disjoint, all isomorphic to g. Y, and numerically equivalent to each other 
for every 9 E C. 0 

Remark 13.5. The implication "Y generates X" ==} "the fields extension K(X) ----; 
K(X/y) is algebraic" of (i) is the hard part of Theorem 13.4. Chow's proof given 
in [36] follows the idea of the proof of the analytic counterpart of it (see [35]) plus 
arguments involving non-archimedian function theory. 

Note also that the proof of the reverse implication of (i) is easy. Indeed, 
assume that K(X) ----; K(X/ y ) is an algebraic field extension. Then Y must gen
erate X. Assume not. Since X = C I F we can take as the reference point p just 
e mod F. Let Q := C y be the (closed) subgroup of C generated by CY,p' Since 
Y ~ QI F, Y is mapped to a point by the canonical proper surjective morphism 
f: X = CIF ----; CIQ. Since dim(CIQ) 2: 1, it follows from Remark 9.24 that the 
field extension K(X) ----; K(X/y) is transcendental, a contradiction. 0 

Corollary 13.6 (Hironaka-Matsurnura [81]). Let Y be a closed irreducible subvari
ety of an abelian variety X, let i: Y ----; Alb(Y) be the canonical morphism into the 
strict Albanese variety Alb(Y) of Y in the sense of [81] (if Y is smooth, the strict 
Albanese variety coincides with the usual one), and let f : Alb(Y) ----; X be the 
morphism induced by the inclusion Y ----> X arising from the universal property of 
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strict Albanese varieties (f is a homomorphism of abelian varieties if we assume 
that Y passes through the origin Ox of X). Then: 

(i) Y generates X if and only if f is surjective. 

(ii) The morphism i is a closed embedding and iCY) is G3 in Alb(Y). 

(iii) ffY generates X then Y is G2 in X. Moreover, Y is G3 in X if and only if 
Y generates X and the canonical morphism f has connected fibers. 

Proof. Part (i) is trivial, as well as the fact that i is a closed embedding (because 
f 0 i coincides with the inclusion Y C X). Clearly iCY) generates A := Alb(Y). 
If Y is smooth, Proposition 12.7 implies that the normal bundle of iCY) in A 
is (dim(Y) - I)-ample, whence by Theorem 12.6, iCY) is G2 in A, i.e. the field 
extension K(A) ---+ K(Aji(Y)) is finite. If Y is singular, by Theorem 13.4, (i), the 
field extension K(A) ---+ K(Aji(Y)) is algebraic anyway. Assume that there is a 
formal-rational function ( E K(Aji(Y)) \ K(A). Since in both cases ( is algebraic 
over K(A), by part (ii) of Theorem 13.4 there is a finite etale morphism g: A' ---+ A 
such that g*(() E K(A/) and such that the embedding i: Y ---+ A lifts to an 
embedding i' : Y ---+ A'. Then by a theorem of Serre-Lang (see [114], Chapter IV, 
§18) there is a unique structure of abelian variety on A' such that g becomes an 
isogeny of abelian varieties. Then by the universal property of Alb(Y), there is a 
unique morphism h: A ---+ A' such that hoi = i'. It follows that go h = idA, which 
would disconnect A' if deg(g) > 1. Thus deg(g) = 1. Recalling that deg(g) = 
degK(A)(() we infer that ( E K(A), i.e. iCY) is G3 in A. So, part (ii) is proved. 

Part (iii) follows now easily from (ii). Indeed, look at the map j* : K(X/ y ) ---+ 

K(Aji(Y)). By (ii), K(Aji(Y)) = K(A), whence j*(K(XjY)) ~ K(A). But the 
extension 1* : K(X) ---+ K(A) is finitely generated, so that the subextension 
K(X) ---+ K(XjY) is also finitely generated. Being also algebraic, it is finite, i.e. Y 
is G2 in X. To prove the last statement of (iii), we apply Corollary 9.7 according 
to which there exists a finite morphism u: X' ---+ X with the following properties: 
X' is a normal projective variety, the inclusion Y C X lifts to an inclusion Y C 

X', u is etale along Y, and Y is G3 in X. Then the argument of the proof of 
part (ii) of Theorem 13.4 applies also in this situation to yield the fact that u is 
everywhere etale. Since X is an abelian variety, X' is also an abelian variety and 
u is a homomorphism of abelian varieties (by the same theorem of Serre-Lang 
quoted above). By the universal property of Alb(Y) the morphism f factors as 
Alb(Y) ---+ X' ---+ X, and this yields immediately the conclusion. 0 

Remark 13.7. The above proof of the G2 condition in Corollary 13.6, taken from 
[18]' is completely different from Hironaka-Matsumura's proof [81]. 

Corollary 13.8. Let X be a projective homogeneous space over k, and let Y be a 
closed irreducible subvariety of X that generates X. Assume furthermore that one 
of the following two conditions is satisfied: 

(i) X is a rational variety, or 
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(ii) y. Y -# 0 (in the Chow ring of cycles modulo numerical equivalence). 

Then Y is G3 in X. 

Proof. Since Y generates X, by Theorem 13.4, (i) the extension K(X) ~ K(X/ y ) 
is algebraic. Let ( E K(X/y) be an arbitrary formal-rational function. Since ( 
is algebraic over K(X), by Theorem 13.4, (ii) we find a finite etale morphism 
f: X' ~ X of degree equal to degK(x) ((), with X' normal, such that a closed 
subvariety Y' of X' with the following properties: f(Y') ~ Y, the restriction 
flY' : Y' ~ Y is an isomorphism, and j*(() E K(X'). Under hypothesis (i), X 
is algebraically simply connected (as any rational variety, see e.g. [67]), hence f is 
an isomorphism. This implies that degK(x)(() = 1, i.e. ( E K(X). Thus the map 
aX,y : K(X) ~ K(X/y) is an isomorphism in case (i). 

Assume now (ii), and that f is not an isomorphism. Since f is a finite etale 
morphism, it follows that d := deg(f) ::::: 2. Then f- 1 (Y) consists of n irreducible 
components Y1 = Y', Y2 , ... , Yd. By Theorem 13.4, (ii), Vi is numerically equivalent 
to Y1 = Y', i = 2, ... , d, and these components do not meet each other. It follows 
that 

Y1 . f* (Y) = Y1 . (Y1 + Y2 + ... + Yd) = dY1 . Y2 = o. 
Then, by the projection formula, we get 0 = f*(Y1 . f*(Y)) = f*(Y1 ) . Y = Y . Y, 
contradicting the hypothesis (ii). This completes the proof of Corollary 13.8. 0 

Remark 13.9. Corollary 13.8 is an algebraic analogue of an analytic result of Chow 
[35]. We are going to use it in connection with the following problem raised by 
Hartshorne [74], page 208, problem 4.8): let Y be a smooth closed subvariety of a 
smooth projective variety of dimension n such that dim(Y) ::::: ~ and the normal 
bundle NylX is ample. Is then Y G3 in X? 

The following result answers this problem affirmatively in the case when X 
is a projective homogeneous space. 

Theorem 13.10 ([18]). Let Y be a smooth closed subvariety of a projective homo
geneous space X of dimension n such that dim(Y) ::::: ~ and the normal bundle 
NylX is ample. Then Y is G3 in X. 

Proof. Since the normal bundle NYI X is ample, Y is G2 in X by Theorem 9.28. 
(Alternatively, the ampleness of NylX implies that Y generates X, so that, instead 
of using Hartshorne's result, one could use Chow's Theorem 13.4, (i) above to get 
that the field extension K(X/Y)IK(X) is algebraic.) So, to prove G3, in view of 
Corollary 13.8, (ii), it will be sufficient to check that y. Y -# o. To do this, we first 
apply a result of Kleiman [91]' valid if char(k) = 0 (see also [73]' Theorem 10.8, 
page 273), which asserts that for general 9 E G (with G the connected algebraic 
group acting transitively on X) either yngY = 0, or Y and gY have a non-empty 
proper intersection. Clearly, we have to rule out the first possibility. Since NYIX is 
ample and dim(Y) + dim(g Y) = 2 dim(Y) ::::: n (by hypothesis), we can conclude 
that Y n gY -# 0 by applying a result of Lubke (see [102], or also [54] for a slightly 
more general result, with a different proof). 0 



164 Chapter 13. Formal Functions on Homogeneous Spaces 

For further consequences of Theorem 13.4 we need to recall the following: 

Definition 13.11 (Ran-Debarre [122], [42]). Let Y be a d-dimensional closed irre
ducible subvariety (d > 0) of an n-dimensional abelian variety X, and let s ~ 0 be 
a non-negative integer. Then Y is said to be s-geometrically non-degenerate in X 
if for every abelian subvariety K of X the image under the canonical morphism 
X -4 XI K is either XI K, or has dimension ~ d - s. If Y is O-geometrically non
degenerate in X one simply says that Y is geometrically non-degenerate ([122]). 

A closed irreducible subvariety Y is s-geometrically non-degenerate precisely 
if for every closed subvariety Z of X such that dim(Y) + dim(Z) ~ dim(X) + 
s one has Y n Z -# 0 (see [42], (1.5), or also Theorem 13.22 of Appendix D 
at the end of this chapter). Examples of s-geometrically non-degenerate closed 
subvarieties are smooth irreducible (positive dimensional) closed subvarieties Y of 
an abelian variety X whose normal bundle NYlx is s-ample, (see [42], (1.3), or also 
Proposition 13.23 of Appendix D below). Every irreducible (positive-dimensional) 
closed subvariety Y of a simple abelian variety X is geometrically non-degenerate. 

Corollary 13.12. Let Y be a closed irreducible subvariety of dimension d of an 
abelian variety X of dimension n, and assume that d ~ ~ and that Y is (d -
[~])-geometrically non-degenerate in X. Then Y is G3 in X. In particular, every 
closed irreducible subvariety of dimension d ~ ~ of a simple n-dimensional abelian 
variety X is G3 in X. 

Proof. Since d - [~l ::; d - 1, the hypothesis implies that for every proper abelian 
subvariety K of X (i.e. K -# X), the image ofY in XI K is at least one-dimensional. 
This implies that Y cannot be contained in any proper abelian subvariety of X, 
hence Y generates X. Thus, by Corollary 13.6, (iii) of Hironaka-Matsumura, Y is 
G2 in X. 

To get the result, it will be sufficient to check that condition (ii) of Corollary 
13.8 is fulfilled. By [91], for general x E X the intersection of Y with the translate 
tx(Y) = Y + x is either empty, or smooth of dimension 2d - n. In particular, Y 
and tx(Y) are in general position for x E X general. To show that Y . Y -# 0, 
it remains to show that for every x E X, Y n tx(Y) -# 0. This follows from the 
above mentioned intersection properties of s-geometrically non-degenerate closed 
subvarieties [42], (1.5) (see also Theorem 13.22 of Appendix D). D 

The last part of Corollary 13.12 was first proved by Hironaka-Matsumura 
[81], and in the analytic context, by Barth [21]. 

Corollary 13.13 (Sommese [140]). Let Y be a positive dimensional connected closed 
subvariety of an abelian variety X. Assume that dim(Y) - codim(Y) ~ m, where 
m is the maximum dimension of a proper abelian subvariety of X. Then Y is G3 
inX. 

Proof. The inequality dim(Y) -codim(Y) ~ m implies that Y cannot be contained 
in any proper abelian subvariety of X, whence Y generates X, and so, by Corol-
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lary 13.6, (iii), Y is G2 in X. Then, as in the proof of Corollary 13.12, it will be suf
ficient to show that Y n tx (Y) =I 0, 't/x EX. Let K be an arbitrary proper abelian 
subvariety of X, and denote by 'P: X ----) X / K the canonical morphism. Clearly, 
dim('P(Y)) 2: dim(Y) - dim(K) 2: dim(Y) - m. Therefore Y is m-geometrically 
non-degenerate, and since dim(Y) + dim(tx(Y)) = 2dim(Y) 2: dim(X) + m (by 
hypothesis), by [42], (1.5) (or also Theorem 13.22 of Appendix D), Yntx(Y) =I 0, 

't/x EX, as claimed. D 

Corollary 13.14 (Babakarian-Hironaka [8]). Let Y be a closed irreducible subvari
ety of positive dimension of a Grassmann variety X. Then Y is G3 in X. 

Proof. Indeed, if X is a Grassmann variety, then X is a homogeneous space 
X = G / P, with P a maximal parabolic subgroup of G, whence for every closed 
subvariety Y of positive dimension we have Gy = G, i.e. Y generates X. Then 
the conclusion follows from Corollary 13.8, (i). D 

Remark 13.15. If X is a projective space Corollary 13.14 is of course identical 
to Theorem 9.14. This generalization of Theorem 9.14 to Grassmann varieties 
had been obtained for the first time by Babakarian and Hironaka in [8] (even in 
arbitrary characteristic). 

Before stating the last application let us recall Goldstein's notion of coam
pleness of a projective homogeneous space X (see [60]). 

Definition 13.16. Let X be a projective homogeneous space X. Then the tangent 
bundle Tx is generated by its global sections. Consider the projective bundle 
lP'(Tx) associated to Tx. It follows that the tautological line bundle OIl'(Tx)(l) is 
also generated by its global sections. Consider then the morphism 'P : lP'(Tx) ----) lP'N 
associated to the complete linear system IOIl'(Tx )(l)l. By definition the ampleness 
of X, denoted amp(X), is the maximum fiber dimension of the morphism <po By 
definition the coampleness of X, denoted ca(X), is given by the formula ca(X) := 
dim(X) - amp(X). 

Goldstein studied the coampleness of a rational projective homogeneous space 
X = G / P over C, showing that for G a semi-simple complex Lie group (which we 
can always assume), ca(X) 2: r, where r is the minimum of ranks of the simple 
factors of G. In particular, for a complex rational projective homogeneous space 
X, ca(X) 2: 1. More precisely, Goldstein computed ca(X) explicitly in each of 
the cases corresponding to the Dynkin diagrams (see [60]). For example, in the 
case G = SLn+l (<C) one has ca( X) = n for every homogeneous space of the 
form X = G / P, with P an arbitrary parabolic subgroup of G. For example, 
ca(G(n, r)) = n for every Grassmann variety G(n, r) of r-planes in lP'n. 

Next we will show that the closed subvarieties of a homogeneous space X of 
small codimension always generate X. 

Lemma 13.17. Let X be a projective homogeneous space and let Y be a closed 
irreducible subvariety of X. If codimx (Y) < ca(X) then Y generates X. 
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Proof. The argument (taken from [18]) is completely formal. Let X := G j P. 
Indeed, assume that Y does not generate X. Taking p = e mod P, let Q := Gy 

be the subgroup of G generated by Gy,p' Q is a closed subgroup of G containing 
P. Moreover, Y is a closed subvariety of Qj P. Consider the canonical fibration 
X = GjP ---+ GjQ with fiber QjP. Then the normal bundle NFlx of F:= QjP 
in X = G j P is trivial, and since it is a quotient of Tx IF, we get 

amp(X) = amp(Tx) 2 amp(TxIF) 2 amp(NFlx) = dim(F). 

It follows that codimx(F) 2 ca(X). Since Y ~ F we have codimx(Y) 2 
codimx(F), whence codimx(Y) 2 ca(X), contradicting the hypothesis. 0 

Corollary 13.18 (Faltings [47]). Let Y be a closed irreducible subvariety of a ratio
nal projective homogeneous space X = GjP over C. Ifcodimx(Y) < ca(X) then 
Y is G3 in X. 

Proof. Combine Lemma 13.17 with Corollary 13.8, (i). o 

Following [17J we can give an independent proof of Corollary 13.18 (in the 
case when Y is smooth) as an application of Theorem 12.6. 

Proof. Since the normal bundle NYI X is a quotient of TxIY, and since Tx is 
(dim(X) - ca(X))-ample, NYI X is also (dim(X) - ca(X))-ample. The inequality 
assumed in Corollary 13.18 is equivalent to dim(Y) - 1 2 dim(X) - ca(X). In 
particular, NYI X is (d - I)-ample, with d := dim(Y). Therefore Y is G2 in X by 
Theorem 12.6 (in this way we avoid using the difficult part (i) of Chow's Theorem 
13.4). To get that Y is G3 in X use the fact that Y is G2 in X and Corollary 13.8, 
W. 0 

Another application of Corollary 13.4 is the following: 

Theorem 13.19 ([17]). If X is a homogeneous space over C as above, then the 
diagonal ~x is G3 in X x X. 

Proof. The normal bundle of ~x in X x X is just the tangent bundle Tx of X. 
According to Goldstein [60], ca(X) > 1. In particular, Tx is (d - I)-ample, with 
d := dim(X). Therefore we can apply Theorem 12.6 above to deduce that ~x is 
G2 in X xX. 

To get G3 from G2 in this case one proceeds exactly as in the proof of 
Corollary 13.18 (using Corollary 13.8, (i)), since X x X is a rational projective 
homogeneous space. 0 

Example 13.1. (See [82], [119J, or also [85J, if n = 2.) Consider the projective 
bundle X := IP'(TlP'n) associated to the tangent bundle TlP'n of IP'n, with n 2 2. 
Assume that the ground field is C. We have dim(X) = 2n -1. The Euler sequence 

o ---+ OlP'n ---+ (n + 1) OlP'n (1) ---+ TlP'n ---+ 0 



Chapter 13. Formal Functions on Homogeneous Spaces 167 

implies that X is a closed subvariety ofJPl((n+ l)O]pn (1)) ~ JPln xJPln. More precisely, 

X ~ {([xo, ... ,Xn], [Yo, . .. ,Yn]) E JPln x JPln 1 XoYo + ... + XnYn = a}. (13.1) 

Now identifying JPln with its dual (JPln)* via the map a = [ao, ... , an] --t Ha (where 
Ha is the hyperplane in JPln of equation aoxo + ... + anXn = 0), we also get the 
following description of X: 

In particular, X is a flag variety, and hence, a rational projective homogeneous 
space (see [118], page 47 for another description of X = JPl(T]pn )). In case n = 2 
the threefold X is sometimes called Hitchin's flag manifold (see [119]). 

From now on we shall regard X as a submanifold of JPln x JPln via the iso
morphism (13.1). Denote by 7I"i: X --t JPln, i = 1,2, the restrictions to X of the 
canonical projections of JPln x JPln, so that 71"1: X --t JPln identifies with the canonical 
projection JPl(T]pn) --t JPln. Let L be a line in JPln. Then 7I"1 1(L) = JPl(T]pnIL) is a 
JPln-l-bundle over L = JPl1 . We claim that 

To see this observe that the normal sequence 

o --t TL = O]pl(2) --t T]pnIL --t NL1]pn = (n -l)O]pl(l) --t 0 

splits, whence TJPnlL ~ (n -l)O]pl(l) E& O]pl(2). 

(13.2) 

Using (13.2) we get that 7I"1 1(L) can be identified to the blow up of JPln 
along a 2-codimensional linear subspace M of JPln. In fact the blow up morphism 
71" 11 (L) --t JPln is just the restriction r.p := 71"2171"1 1 (L). Let now C c JPln be a line 
in lpm such that C n M = 0, and set Y := r.p-l(C). Then Y is a section of 
the morphism p := 7I"1171"11(L) : 7I"11(L) --t L and the restriction of 71"2 yields an 
isomorphism Y ~ C = JPll such that 

(13.3) 

On the other hand, 

where Ox(a,b):= 7I"i(O]pn(a)) 071"2(OJPn(b)), Va,b E Z. Since Y is a section of p, 
from (13.4) it follows that 

(13.5) 

Consider now the canonical exact sequence 
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Since HI (jp'1 , OlP'!) = 0 this exact sequence splits, and therefore 

(13.6) 

Since Y ~ jp'1 then (13.6) shows that Y is a quasi-line in the sense of [19], see also 
Definition 14.1 of the next chapter. Moreover, Ox(l, O)IY ~ OlP'! (1), and Y is a 
conic in jp'n2+2n with respect to the Segre embedding X '---' jp'n X jp'n '---' jp'n2+2n. 

Now we have the following: 

Proposition 13.20. In the notation of Example 13.1, the formal completions X/ Y 

and jp'/~~; are not isomorphic. 

Proof. By (13.6), N ylX is ample, and hence by Theorem 9.28, Y is G2 in X. 
Since X is a rational projective homogeneous space by Theorem 13.4, (ii), we 
infer that Y is G3 in X. On the other hand, any line in jp'2n-1 is G3 in jp'2n-1 by 
Theorem 9.14. Assume now that there exists a formal isomorphism X/ y ~ jp'/~~el. 
By Corollary 10.6 it follows that the embeddings Y '---' X and line '---' jp'2n-1 are 
Zariski equivalent, i.e. there exist a Zariski open subset U of jp'2n-1 containing a 
line, a Zariski open neighbourhood V of Y in X and an isomorphism f: U ---) V 
sending the line on Y. In particular, f yields an isomorphism 1* ( - K v) ~ - K u 
on anticanonical classes. Hence we get an isomorphism 

00 00 

i=O i=O 

Now we show that this last fact is impossible. Indeed, since NylX is ample, Y 
generates the homogeneous space X (otherwise Y would be contained in a fiber 
of a surjective morphism f: X ---) T, with dim(T) 2: 1). Then by Proposition 13.2 
Y meets every irreducible hypersurface of X. This implies co dim x (X \ V) 2: 2. 
Since we also have codimIl'2n_l(lP'2n-1 \ U) 2: 2), the above isomorphism yields an 
isomorphism between the anticanonical rings 

00 00 

i=O i=O 

Since X and jp'2n-1 are both Fano varieties, it follows that f extends to an iso
morphism between p2n-1 and X; but this is impossible because Pic(jp'2n-l) ~ Z 
and Pic(X) ~ Z x Z. 0 

Remarks 13.21. i) In the case n = 2 Proposition 13.20 was proved by Ionescu and 
Voica in [85] with a completely different argument. Also H. Kurke found another 
proof (if n = 2), using the Weyl tensor (to appear). Subsequently, Ionescu and 
Naie found another proof of Proposition 13.20, see [84]. 

ii) The proof of Proposition 13.20 yields in fact the following more general 
assertion. Let (Xi, Yi), i = 1,2, be two pairs each consisting of a projective rational 
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homogeneous space Xi of dimension d ~ 2 (char(k) = 0) and a quasi-line Yi in Xi 
(i.e. a curve Yi such that Yi ~ WI and NYilXi ~ (d - l)Oll>1(l)). Assume that Xl 
and X 2 are Fano varieties (in fact by a general result, every projective rational 
homogeneous space is always a Fano variety, see [93]' page 241, Theorem 1.4). If 
there exists an isomorphism of formal schemes X I / Yl ~ X 2 / Y2 , then there is an 
isomorphism f: Xl ---) X 2 such that f(yd = Y2 · 

Appendix D 

Throughout this appendix the characteristic of the ground field k is assumed to 
be zero. The aim of this appendix is to prove, following Debarre [42] and [43], an 
important characterization of s-geometrically non-degenerate closed subvarieties 
of abelian varieties (see Definition 13.11 above). Precisely, we have: 

Theorem 13.22 (Debarre [42]). A closed irreducible subvariety Y of an abelian 
variety X is s-geometrically non-degenerate in X if and only if Y meets every 
closed irreducible subvariety Z of X such that dim(Y) + dim(Z) ~ dim(X) + s. 

Examples of s-geometrically non-degenerate closed subvarieties of abelian 
varieties are given by the following: 

Proposition 13.23 (Debarre [42]). Let Y be a closed irreducible smooth subvariety 
of an abelian variety X such that the normal bundle N ylX is s-ample for some 
s ~ O. Then Y is s-geometrically non-degenerate in X. 

The converse in Proposition 13.23 is false in general, see [42], page 189, for 
an example of a 2-dimensional smooth closed subvariety Y of an abelian variety 
X which is geometrically non-degenerate in X, but N ylX is not ample. 

To prove Theorem 13.22 we need some preparation (see [43]). Let Y be a 
closed subvariety of an abelian variety X, of irreducible components YI ,··· ,Ym , 

and let Yo E Y be an arbitrary point of Y. According to the discussion following 
Definition 13.1, denote by (Y) the subgroup generated by Y - Yo. Then using the 
fact that the law group of X is commutative we easily see that (Y) is a closed 
subgroup of X which is independent of the choice of the point Yo E Y. In general 
this group is not connected if Y is not so. Clearly, if Y is irreducible (i.e. m = 1), 
(Y) is connected, i.e. (Y) is an abelian subvariety of X. If Y is not irreducible, and 
if i,j E {I, ... , m} are such that Yinlj =10, we have Yi -lj ~ (Yi - Yi)+(lj -lj) 
(if X E Yinlj, Yi E Yi andYj E lj, thenYi-Yj = (Yi-X)+(X-Yj))· IfYip···,Yis 
are irreducible components of Y such that Yip n Yi P+ l =I 0, 'lip = 1, ... , s - 1, 
then by induction Yi l - Yi., ~ (Yi 1 - Yi 2 ) + (Yi 2 - Yi,,) + ... + (Yi s - 1 - YiJ ~ 
(Yi l - Yi l ) + (Yi 2 - Yi 2 ) + ... + (Yis - Yis)· Using the discussion following Definition 
13.1 we infer that if Y is connected, the closed subgroup (Y) coincides with the 
sum of the abelian subvarieties (Yi), i = 1, ... , m, whence (Y) is also connected. 
In this case we shall call (Y) the abelian subvariety generated by Y. In general 
(i.e. if Y is not necessarily connected) we shall define the abelian subvariety of X 
generated by Y as the sum of the abelian subvarieties (Y;) = (Y; - Y;), i = 1, ... , m. 
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Lemma 13.24. Let Y be a closed subvariety of an abelian variety X, and denote 
by K the abelian subvariety of X generated by Y. Let L be a vector subspace of 
the tangent space ToX of X at the origin, and assume that for a general point Y 
in Y, the tangent space To(Y - y) is contained in L. Then ToK ~ L. 

Proof. There is no loss of generality in assuming that Y is irreducible and passes 
through the origin. Then by the discussion following Definition 13.1 there exists 
an n ~ 1 such that the morphism f: y2n ----+ X defined by 

f(YI,"" Y2n) = YI - Y2 + Y3 - ... + Y2n-I - Y2n, V(YI,"" Y2n) E y2n 

has K as image (y2n is projective and the corestriction y2n ----+ K is dominant). 
It is a general elementary fact that, fixing a general point (YI, ... ,Y2n) E y 2n, the 
morphism 9 : (Y - YI) x ... x (Y - Y2n) ----+ X defined by 

V(ZI,"" Z2n) E (Y - yd x ... x (Y - Y2n), has the differential 

dg(o, ... ,O) : T(o, ... ,O) ((Y -YI) x··· x (Y -Y2n)) = To(Y -yd x··· xTo(Y -Y2n) ----+ ToX 

given by 

V( VI, ... ,V2n) E To(Y -yd X· .. xTO(Y -Y2n) (see [30], chap. I, (3.2)). In particular, 
since by hypothesis To(Y - Yi) ~ L for every i = 1, ... 2n, we get ToK ~ L as 
soon as we know that the corestriction map 

dg(o, ... O) : To(Y - YI) x ... x To(Y - Y2n) ----+ ToK 

is surjective. This surjectivity follows from the generic smoothness in character
istic zero (see [73], Corollary 10.7, page 272), which implies that the surjective 
morphism f: y2n ----+ K is smooth at a general point (YI,' .. , Y2n) E y2n. D 

Now we need the following: 

Definition 13.25 ([43]). Let YI , ... , Yr be closed irreducible subvarieties of an 
abelian variety X. One says that (YI , ... , 1';.) fills up X if for every abelian sub
variety K of X one has 

r 

L dim(7f(Yi)) ~ (r - 1) dim(X/ K), 
i=l 

where 7f: X ----+ X / K is the canonical morphism. 

Lemma 13.26. For every closed subvariety F of an abelian variety X we have 
To(F - F) = ToK, where K is the abelian subvariety of X generated by F. 
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Proof. Let Fl , ... , Fr be the irreducible components of F. If for two indices i and 
j we have 0 E (Fi - Fj ) then Fi - Fj ~ (Fi - Fi) + (Fj - Fj ). In other words, we get 
the inclusion (F - F) ~ K locally around 0, whence To(F - F) ~ ToK. Conversely, 
for every point x E F we have To(F - x) ~ To(F - F), so that ToK ~ To(F - F) 
by Lemma 13.24. D 

Lemma 13.27. Let Z be a closed irreducible subvariety of an abelian variety X. 
Assume that for any general point a E Z, there exists an abelian subvariety Ka of 
X such that Ta(a + Ka) ~ TaZ. Then Z + Ka = Z for any general point a E Z. 

Proof. We shall need the following rigidity result: if {Ka}aEZ is an algebraic family 
of abelian subvarieties of X, then there exists a non-empty open subset Z' of Z 
such that the family {Ka}aEZI is constant. To see this, let U ~ X x Z be the 
closed subscheme giving rise to our family, i.e. if p: U ~ Z is the restriction to 
U of the projection X x Z ~ Z, then p-l(a) = Ka, 'Va E Z. Fix a general point 
ao E Z, and let f: U ~ XIKao be the morphism obtained by composing the 
canonical morphism X ~ XI Kao with the restriction to U of the other projection 
X x Z ~ X. Since f(Kao) is a point, from the well-known rigidity lemma (see 
e.g. [29], (4.1.13)) it follows that there exists an open subset V of Z containing ao 
such that f(Ka) is a point for every a E V, i.e. Ka ~ Kao ' 'Va E V. On the other 
hand, since ao was a general point of Z, dim(Kao) S dim(Ka), whence Ka = Kao ' 
'Va E V. 

Coming back to our situation, consider the above non-empty open subset 
V ~ Z such that Ka = K, 'Va E V. Consider then the (surjective) addition 
morphism g: Z x K ~ Z + K. Since char ( k) = 0 for (a, x) E V x K a general point, 
(a, x) is smooth on V x K (which implies that a is smooth on Z), g( a, x) = a + x 
is smooth on Z + K, and so the differential 

is surjective. Therefore the differential 

dg(o,o) : T(o,o)((Z - a) x K) = To(Z - a) x ToK ~ To(Z - a + K) 

is also surjective. The hypothesis says that ToK ~ To(Z - a). Using again [30], 
Chap. I, (3.2) we infer that the image ofToK under dg(o,o) is contained in To(Z -a), 
whence To(Z - a) = To(Z - a + K), i.e. Ta+AZ + x) = Ta+x(Z + K). Recalling 
that a and a + x are smooth points on Z and Z + K respectively, it follows that 
dim(Z + K) = dim(Z), and since Z ~ Z + K, this implies Z + K = Z. D 

Proposition 13.28 ([43]). In the notation of Definition 13.25, (Yl , ... , Yr) fills up 
X if and only if the morphism cp: Yl x ... X Yr ~ xr-l, defined by CP(yl' ... , Yr) = 
(Y2 - Yl, ... , Yr - Yl), is surjective. 

Proof. If (Yi, ... , Yr) does not fill up X, there exists an abelian subvariety K of 
r 

X such that L dim(7r(Yi)) < (r-l) dim (XI K), with 7r: X ~ XI K the canonical 
i=l 
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morphism. Then dim(7rr- I (<P(YI x··· x Yr ))) < dim((X/Kr- I), whence <p cannot 
be surjective. 

Assume now that (YI, ... , Yr ) fills up X. We shall proceed by induction on 
the dimension of X. Assume that <p is not surjective, i.e. Z := <p(YI X ... X Yr ) i-

r 

xr-I. Since (Yll ... , Yr ) fills up X we have E dim(Vi) ~ dim(Xr- l ) > dim(Z). 
i=1 

Therefore if a = (a2' ... , ar) is a general point of Z, there exists a closed subvariety 
Fa of YI of positive dimension such that 

Then we have (Fa + ai) ~ Vi, i = 2, ... , r. From this we get a + ui(Fa -
Fa) ~ Z, where Ui: X --t X r- I is the (i - l)-th canonical inclusion (for instance 
U2(X) = (x, 0, ... ,0), \:Ix E X). Indeed, for example, taking i = 2, we have to check 
that (a2 + VI - v~,a3, ... , ar) E Z, \:Ivllv~ E Fa. Taking ZI = v~, Z2 = a2 + VI, 
Z3 = a3 +V~ , ... , Zr = ar +V~, we get (ZI' ... ,Zr) E YI x· .. X Yr and <P(ZI' ... ,zr) = 
(a2 + VI - v~, a3, ... , ar) . 

Now, if in Lemma 13.26 we take F = Fa we get Ta(a + ui(K~)) ~ TaZ 
for every i ~ 2, where K~ is the abelian subvariety of X generated by Fa. Thus 
Ta(a + K~r-I) ~ Ta Z . Setting Ka := K~r-\ we may apply Lemma 13.27 to the 
abelian variety xr-I to get Z + Ka = Z + K~r-I = Z for every a E Z general. 
Since the images of YI , ... ,Yr in the quotient abelian variety X / K~ fill up X / K~, 
by the induction hypothesis we get Z + K~r-I = xr-I. Comparing the last two 
equalities we get Z = xr-I, which contradicts the hypothesis that <p was not 
surjective. 0 

We can draw the following immediate consequences of Proposition 13.28. 

Corollary 13.29. Let YI , ... ,Yr be closed irrducible subvarieties of an abelian va
riety X. If (YI , ... , Yr) fills up X then YI n Y2 n··· n Yr i- 0. 

Proof. By Proposition 13.28, <p-I(~) i- 0, where ~ is the diagonal of xr-I. 0 

Corollary 13.30. Let Y and Z be two closed irreducible subvarieties of an abelian 
variety X. Then (Y, Z) fills up X if and only if Y + Z = X. 

Proof. Clearly, (Y, Z) fills up X if and only if (Y, -Z) does. Then the conclusion 
follows from Proposition 13.28. 0 

Lemma 13.31 ([42]). Let Y and Z be two closed irreducible subvarieties of an 
abelian variety X such that Y is s-geometricaUy non-degenerate and dim(Y) + 
dim(Z) ~ dim(X)+s. Then the morphism<p: YxZ --t X defined by<p(y,z) = y-z 
is surjective. 

Proof. Let 7r: X --t X / K be a quotient abelian variety of X. We claim that 
dim(7r(Y)) + dim(7r(Z)) ~ dim(X/K). Indeed, if 7r(Y) = X/K this is obvious; 
otherwise, dim(7r(Y)) 2: dim(Y) - So, where So := min(s,dim(K)) (indeed, if 
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So = dim(K) > s, this follows from the theorem on the dimension of fibers applied 
to Y ~ n(Y)). From this we get: 

dim(n(Y)) + dim(n(Z)) ;::: dim(Y) - So + dim(Z) - dim(K) 

;::: dim(X) + s - So - dim(K) ;::: dim(Xj K). 

This shows that (Y, Z) fills up X. Therefore by Proposition 13.28, the map rp is 
surjective. D 

Now we are ready to prove Theorem 13.22. 

Proof of Theorem 13.22. ([42]) Assume that Y meets any closed subvariety of X 
of dimension;::: codimx(Y) + s, and let n: X ~ XjK be an arbitrary quotient 
abelian variety of X. If n(Y) =I Xj K, there exists a closed subvariety Z' of Xj K 
of dimension dim(Xj K) - dim( n(Y)) - 1 that does not meet n(Y). Since Y does 
not meet n-1(Z'), codimx(Y) + s > dim(n-1(Z')) = dim(X) - dim(n(Y)) - 1, 
whence dim( n(Y)) ;::: dim(Y) - sand Y is s-geometrically non-degenerate. 

Conversely, assume that Y is s-geometrically non-degenerate, and let Z be 
a closed irreducible subvariety of X of dimension;::: dim(X) - dim(Y) + s. From 
Lemma 13.31 it follows that Y - Z = X, whence Y meets Z. This finishes the 
proof of Theorem 13.22. D 

It remains to prove Proposition 13.23. To this extent, let Y be a closed 
irreducible smooth subvariety of an abelian variety X. For every y E Y we have 
the natural inclusion To(Y - y) S;;; ToX. The proof of Proposition 13.23 will be an 
easy consequence of the following simple lemma: 

Lemma 13.32 ([42]). Under the above hypotheses, let S be a closed irreducible 
subvariety of Y, and fix an integer s ;::: O. Then the following two conditions are 
equivalent: 

(i) The restriction NYlx IS to S of the normal bundle of Y in X is s-ample. 

(ii) For every hyperplane H ofToX, dim({y E S I To(Y - y) S;;; H})::; s. 

Proof. From the normal sequence restricted to S 

o ~ TylS ~ TxlS ~ NYIXIS ~ 0 

we get the canonical closed embedding lP'(NYIXIS) '----+ lP'(TxIS). Since Tx is iso
morphic to the trivial vector bundle of rank dim(X), we get an isomorphism 
lP'(Tx IS) ~ lP'(ToX) x S. Consider the composite 

f: lP'(NYlxI S ) '----+ lP'(TxI S ) ~ lP'(ToX) x S ~ lP'(ToX) , 

where the last arrow is the first projection on lP'(ToX). Then 1* (Oll'(ToX) (1)) ~ 
Oll'(Ny1x IS)(I). Now by [140], Proposition 1.7, NYIXIS is s-ample if and only if the 
fibers of f are all of dimension:::::: s. Finally, since the restriction of the projection 



174 Chapter 13. Formal Functions on Homogeneous Spaces 

IP(NYIXIS) - S to any fiber of f is injective, the lemma follows since the set 
{y E S I To(Y - y) ~ H} is just the image of f-l([H]) under this projection, 
where [H] is the point of IP(ToX) corresponding to the hyperplane H of ToX. 0 

Finally, we are ready to prove Proposition 13.23. 

Proof of Proposition 13.23. Let 7r: X - X/K be a quotient abelian variety of X 
such that 7r(Y) -# X/K. To prove that Y is s-geometrically non-degenerate it is 
sufficient (by the theorem on dimension of fibers) to prove that the general fiber 
of the morphism 7r' := 7rIY: Y - Y' := 7r(Y) is of dimension::; s. Since Y is 
smooth, the morphism 7r' is proper and char(k) = 0, by generic smoothness (see 
[73], Corollary 10.7, page 272) we infer that 7r,-l(Z) is smooth for z a general point 
of Y'. Let S be an irreducible component of 7r,-l(Z). Then for every yES we 
have the commutative diagram 

TyY ~ To(Y - y) -- ToX 

j I d~o 
TzY' ~ To(Y' - z) -- To(X/K) 

in which the horizontal arrows are the natural inclusions. From this diagram we 
infer that S = {y E S I To(Y - y) ~ (d7rO)-l(To(Y' - z))}. Since Y' -# X/K and 
since z is a smooth point of Y', there exists a hyperplane H of ToY such that 
(d7rO)-l(To(Y' - z)) ~ H. In other words, S = {y E S I To(Y - y) ~ H}. By 
Lemma 13.32 the latter subset has dimension::; s, since NylX is s-ample. This 
proves that the dimension of 7r,-l(Z) is ::; s. 0 



Chapter 14 

Quasi-lines on Projective Manifolds 

Throughout this chapter the ground field will be assumed to be the field C of complex 
numbers. 

Most of the material in this chapter is taken from Badescu-Beltrametti
Ionescu [19]. Let X be a smooth projective complex variety of dimension n ~ 2, 
and let Y be a smooth connected curve in X. 

Definition 14.1. A quasi-line in X is a curve Y in X as above such that Y ~ jpll, 

and NylX ~ (n -1)OlID1(I), where NylX is the normal bundle of Yin X. 

Clearly, the lines in jpln are examples of quasi-lines. A first non-trivial exam
ple of a quasi-line in dimension ~ 3 was given in Example 9.1; that quasi-line is 
formally (but not Zariski) equivalent to a line in jpln. Finally, Example 13.1 pro
duces examples of quasi-lines in a smooth projective complex variety of dimension 
2n -1 (with n ~ 2), which by Proposition 13.20 are not even formally isomorphic 
to a line in jpl2n-l. On the other hand, we shall see that every quasi-line on a 
smooth projective surface is Zariski equivalent to a line in the projective plane 
(see Corollary 14.4 below, essentially due to d'Almeida [40]). 

The concept of quasi-line became of interest in mathematics especially in the 
framework of the so-called Kiihlerian twistor spaces, see Hitchin [82]. 

First we are interested in giving an intrinsic characterization for a curve Y on 
a smooth projective variety X to be a quasi-line in terms of the Picard group of the 
first infinitesimal neighbourhood Y(1) of Yin X. The consideration of the Picard 
group of the infinitesimal neighbourhoods of Y in X is also motivated by some 
work by Griffiths and Harris [64] and d'Almeida [40]. Indeed, in [64], pages 698-
699, the authors reinterpreted in modern language the classical condition of Reiss 
concerning the existence of a plane curve of degree d in jpl2 intersecting a given 
line in d different prescribed points, with prescribed tangents and second-order 
conditions. This involves considering the Picard group of the second infinitesimal 
neighbourhood of the curve L in jpl2. Later on, in connection with this problem, 
d' Almeida studied in [40] conditions under which the canonical restriction map 

a: Pic(X) --t Pic(Y(1)) 



176 Chapter 14. Quasi-lines on Projective Manifolds 

is surjective in the case when Y is a curve with positive self-intersection on a 
smooth projective surface X, and showed that this happens essentially when Y is 
a line in p2 (see Corollary 14.4 below). 

The first result gives the desired intrinsic characterisation of quasi-lines in 
terms of the restriction map a : Pic(X) ~ Pic(Y(I)). It is a slight improvement 
of Theorem (2.1) of [19]. 

Theorem 14.2. Let X be a smooth projective variety over C of dimension n 2: 2, 
and let Y be a smooth curve in X. Assume that the normal bundle NYlx of Y in 
X is ample. Then Y is a quasi-line if and only if the canonical restriction map 
a: Pic(X) ~ Pic(Y(l)) has finite cokemel. 

Proof. Assume first that Y is a quasi-line. The truncated exponential sequence 

o ~ N;"lx ~ 0;"(1) ~ 0;" ~ 0 

yields the exact sequence of cohomology 

The last space is zero because Y is a curve, and the first space is also zero because 
Y ~ pI and NYlx ~ (n - I)Ou>1(I). Therefore the restriction map Pic(Y(I)) ~ 
Pic(Y) is an isomorphism. In other words, the map a can be identified with the 
restriction map 'Y : Pic(X) ~ Pic(Y). Since X is projective, Y ~ pI and Pic (pI ) ~ 
Z, Coker(,,() (and hence also Coker(a)) is a finite (cyclic) group. 

Conversely, assume that the map a has finite cokernel. Then we claim that 
the natural map of Picard schemes Pic°(X) ~ Pic°(Y(l)) is surjective. 

Indeed, the commutative diagram with exact rows 

o -_t Pico(X) -- Pic(X) -- NS(X) -_t 0 

00 j 0 1 l~ 
0- PicO(Y(I)) -- Pic(Y(I)) -- NS(Y(I)) - 0 

and the snake lemma yield the exact sequence 

Ker(,6) ~ Coker(ao) ~ Coker(a). 

By Neron-Severi's theorem, NS(X) is a finitely generated abelian group, whence 
Ker(,6) is also a finitely generated abelian group. On the other hand, Coker(ao) 
has a natural stucture of a connected commutative algebraic group (because ao 
is a homomorphism of connected commutative algebraic groups). Recalling that 
Coker(a) is finite we infer that Coker(ao) = 0, i.e. the homomorphism of algebraic 
groups ao : Pic°(X) ~ Pic°(Y(l)) is surjective. 
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But Pic°(X) is an abelian variety because X is a smooth projective variety 
over C. Therefore the surjectivity of ao implies that Pico(Y(1)) is also an abelian 
variety. 

On the other hand, the above truncated exponential sequence yields the exact 
sequence of cohomology 

in which the last space is zero. Since HO(Oy) consists only of non-zero constants, 
the first map is surjective, and therefore we get the exact sequence 

° --t HI(Y,N;'lx) --t Pic(Y(1)) --t Pic(Y) --t 0. 

This yields the exact sequence of algebraic groups 

° --t HI(Y,N;'lx) --t Pic°(Y(1)) --t Pico(y) --t 0, 

where HI(y, N;'lx) is regarded as a product of hl(y, N;'lx) copies of the additive 

group Ga. Since we just proved that Pico(Y(1)) is an abelian variety and since 
HI (Y, N;'lx) is a linear algebraic group, we get 

HI (Y, N;'IX) = 0. 

Applying duality on Y, (14.1) becomes 

HO(y, N ylX ® wy) = 0, 

and by Riemann-Roch we get 

(14.1) 

(14.2) 

h°(Y, NylX ® wy) ~ deg(NylX ® Wy) + (n - 1)(1- g) (14.3) 

= deg(NYlx ) + (g -1)(n -1), 

where 9 is the genus of Y. Since by hypothesis NYI X is ample, deg(Ny1x ) > 0, 
whence the right hand side is > ° when 9 ~ 1. Therefore by (14.2) and (14.3) we 
get that 9 = 0, i.e. Y ~ Ip>! . 

Then by a theorem of Grothendieck [70], there are n -1 integers aI, ... , an-I 
such that 

NYI X ~ O(ad EEl··· EEl O(an-I), 

where O(a) := OIl>1(a), for each a E Z. Since by hypothesis N ylX is ample, whence 
ai > 0, for each i = 1, ... ,n - 1. Recalling (14.1) and the explicit cohomology of 
the projective line we get al = ... = an-I = 1, which concludes the proof of the 
theorem. 0 

Remark 14.3. The proof of Theorem 14.2 also yields the following assertion: under 
the assumptions of Theorem 14.2, the map a : Pic(X) --t Pic(Y(1)) is surjective 
if and only if Y is a quasi-line in X and the restriction map Pic(X) --t Pic(Y) is 
surjective. 
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The ampleness assumption on the normal bundle NYlx is essential for the 
validity of the conclusion of Theorem 14.2, as the following example shows. 

Example 14.1. Fix an arbitrary smooth projective curve C of genus g > 0, and let 
L be a line bundle on C of degree d :::; 2 - 2g. Set E := Oe EI1 L and X := jp>(E), 
and let 7r: X ---t C denote the canonical projection. Let i: Y '---t X be the section 
of 7r corresponding to the canonical map E = Oe EI1 L ---t L. Then the normal 
bundle of Y in X is isomorphic to L (and in particular, (y2) = d :::; 2 - 2g :::; 0). 
Since 7r 0 i = ide, we get i* 0 7r* = id, and in particular, the restriction map 
i* : Pic(X) ---t Pic(Y) is surjective. 

On the other hand, consider the exact sequence of cohomology 

By duality H1(Y,L- 1) ~ HO(Y,LQ9wy)*, and if L ~ wyl, then this last space 
is zero under the above assumptions. Thus, if d :::; 2 - 2g and L ~ wy1 , then the 
map Pic(Y(l)) ---t Pic(Y) is an isomorphism. 

Putting everything together it follows that under the above assumptions, the 
map a: Pic(X) ---t Pic(Y(l)) is surjective if d:::; 2 - 2g and L ~ wy 1. 

In conclusion, under the absence of the ampleness assumption of the normal 
bundle, there are many examples of curves of arbitrary genus Y on a smooth 
projective surface X such that the map a : Pic(X) ---t Pic(Y(l)) is surjective. 

Corollary 14.4. Let X be a smooth projective complex surface containing a closed 
smooth connected curve Y such that y2 > O. Then the following conditions are 
equivalent: 

(i) The cokernel of the map a : Pic(X) ---t Pic(Y(l)) is finite. 

(ii) The map a : Pic(X) ---t Pic(Y(l)) is surjective. 

(iii) There is a birational morphism f: X ---t JP>2 such that f is an isomorphism 
in a Zariski open neighbourhood of Y in X and f(Y) is a line in JP>2. 

Proof. (i)===}(iii) By Theorem 14.2, (i) implies that Y ~ jp>l and y2 = 1. Then 
it is well known (and easy to see, cf e.g. [12]) that the linear system IYI is base 
point free and yields a birational morphism f: X ---t jp>2 satisfying (iii). Clearly 
(iii)===}(ii) because Y ~ jp>l and (J*(0]p>2(1)) . Y) = 1. Finally, the implication 
(ii)===}(i) is trivial. 0 

Remark 14.5. Corollary 14.4 is a slight improvement of a result of d'Almeida [40]. 
Note also that the above proof is completely different from d'Almeida's proof. 

Corollary 14.6. Let X be a smooth projective complex variety of dimension n 2: 2 
such that Pic(X) ~ Z, and let Y be a smooth connected curve in X with ample 
normal bundle such that the restriction map a : Pic(X) ---t Pic(Y(l)) is surjective. 
Then X ~ JP>n and Y is a line in jp>n. 
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Proof. By Theorem 14.2, the surjectivity of the map 0: is equivalent with the 
following two facts: 

i) Y is a quasi-line and 

ii) the map 0:0 : Pic(X) ~ Pic(Y) is surjective. 

In particular, ii) implies that there is a line bundle L E Pic(X) such that LIY ~ 
0(1) (i.e. (L· Y) = 1). Since Pic(X) ~ Z and the restriction LIY is ample, we infer 
that L is ample on X. From i) we get NYlx ~ (n -1)Olll>1(1), and in particular, 
det(Ny1x ) ~ Olll>1(n - 1). Then the adjunction formula yields in our situation 
-(Kx . Y) = n + 1 (where Kx denotes the canonical class on X). This shows in 
particular that the line bundle K x + (n + 1) L is not ample (because its restriction 
to Y is trivial). Then applying a general result from the adjunction theory (see 
e.g. [29], (7.2.1)), we infer that X ~ jpn and L ~ 01l'n(1) and, since (L· Y) = 1, 
Y is a line. Alternatively, an even more direct argument is to notice that, since 
Pic(X) ~ Z and (Kx + (n + 1)L)IY ~ Oy, it follows that Kx + (n + 1)L is 
numerically trivial, and one can conclude by Kobayashi-Ochiai's characterization 
of the projective space (see e.g. [29], Theorem 3.1.6, page 71). 0 

Further remarkable examples of quasi-lines are given by the following result 
of Oxbury [119]. This result is particularly interesting because by Clemens and 
Griffiths [37] all smooth cubic hypersurfaces in jp4 are not rational. In particular, 
this result will also show that the conditions (i) and (ii) stated in Corollary 14.4 
need not be equivalent when n 2': 3. 

Theorem 14.7 (Oxbury [119]). Let X be a smooth cubic hypersurface in jp4 over 
C. Then X contains smooth conics Y which are quasi-lines on X. In particular, 
Coker(a) ~ Z/2Z, where a: Pic(X) ~ Pic(Y(1)) is the canonical restriction map. 

Proof. The proof that follows, different from Oxbury's original proof [119], is taken 
from [19]. Let Z := X n H, where H is a general hyperplane in jp4. Then Z is a 
smooth cubic surface in H = jp3. By the structure theorem of cubic surfaces (see 
e.g. [73] or [64]), Z is isomorphic to the blowing up of jp2 in six points PI'···' P6 

in general position. Let C be the proper transform of a smooth conic in jp2 passing 
through PI' ... ' P4 . Then C is a smooth conic on Z such that C2 = o. Thus 
NClz ~ Oc. Now consider the exact sequence of normal bundles 

In particular, deg(NClx) = 2, whence by Grothendieck's theorem [70], we get 

(14.5) 
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Assume first that sequence (14.4) does not split. Since Olln (2) is ample, by claim 
1 of the proof of Theorem 12.14, NClx is ample, and so by (14.5) we get NClx ~ 
2 Oil' 1 (1). In other words C is a smooth conic whose normal bundle in X is isomor
phic to 2 Oil' 1 (1), and in this case we are done. 

We can therefore assume that sequence (14.4) splits, i.e. 

(14.6) 

Consider the Hilbert scheme P parametrizing all curves in X having the same 
Hilbert polynomial as C. Pick a general point x E C and consider the closed 
subscheme Px of P parametrizing all curves of P which pass through the point x. 
Let us denote by [C] the closed point of P x corresponding to the conic C. From 
the theory of Hilbert schemes (see [69], expose No. 221, or also [93]' Theorem 1.7, 
page 95) the tangent space Tpx,[c] ofPx at [C] is isomorphic to HO(C, Nclx ®Jx), 
where Jx is the ideal sheaf of x in C. Moreover if 

(14.7) 

then Px is smooth at the point [C] (loc. cit). In our case, by (14.6) we get NClx ® 
Jx ~ OIl'1(-1) E9 Oll'l (1), so that (14.7) holds true. Thus we conclude that [C] is a 
smooth point of Px and dim[CI(Px ) = dim Tpx,[c] = 2. 

In particular, [C] belongs to a unique irreducible component P' of Px ' If 
T c P x X is the universal family of the Hilbert scheme P, denote it by T' := 

TIP' x X. Denote also by p : I' ----t P' the restriction to I' of the first projection 
of P' x X, and by q : T' ----t X the restriction to I' of the second projection of 
P' x X. Finally, set S := q(T'). Thus S is the locus of all curves in X parametrized 
by P' (all of them are conics in X). 

Since dim(P') = 2, we have dim(I') = 3. Assume that q is surjective, i.e. 

dimeS) = 3. (14.8) 

Then, by [93], Corollary 3.10.1, page 117, C can be deformed to a smooth rational 
curve C' such that TxIC' is ample (more precisely, C' is the image via q of a 
general fiber of p). Since NCllx is a quotient of TxIC', NCllx is also ample. 
(Note that there is a perfect analogue of Corollary 3.10.1 of [93] in the context of 
Hilbert schemes, which allows one to get directly the ampleness of NCllx,) Now, 
by construction, C' is also a conic, whence deg(Ncllx) = 2. Using (14.5) for C' 
and the ampleness of NCllx we get NCllx ~ 2011'1(1). In other words, if (14.8) 
holds, we can take Y = C' the conic we were looking for. 

It remains therefore to prove (14.8). Assume to the contrary. Then S is a 
surface. Observe that q-l(X) ~ P' via the morphism p, so dim(q-l(x)) = 2. 
Furthermore, for a general point yES, the theorem of dimension of fibers applied 
to q yields dim(q-l(y)) = 1. In other words, there is a 2-dimensional family of 
(smooth) conics passing through x and contained in S. Moreover, there is a 1-
dimensional family of conics passing through x and a fixed general point y, and 
which are contained in S. 
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Assume that 5 is not a plane. Then we claim that the surface 5 spans a JP'3. 
To see this, consider the projection 7r from the point x. Then the image 5' := 7r(5) 
is a surface which satisfies the condition that for each general point y' E 5' there 
is a I-dimensional family of lines through y'. This implies that 5' is a plane. This 
yields the fact that 5 spans a linear space L of dimension 3. Observe also that 5 is 
not a cone with vertex x because otherwise every conic passing through x would 
be degenerate. 

Now consider the linear system .cx ~ (JP'2)* of all planes in L passing through 
x. Since 5 is not a cone, the linear system cut out on 5 by .cx is not composed 
with a pencil. Then by Bertini, the intersection of 5 with a general plane P E .cx 

is an irreducible reduced curve r p. 

Consider also the algebraic variety Cx (which is isomorphic to PI) consisting 
of all conics in 5 passing through x. Then we have the natural rational map 
<Px : Cx ---t .cx which sends a conic D E Cx (which is not a double line) into 
the plane generated by D. Since two conics D, D' E Cx have the same image P 
if and only if they are contained in P n 5, the general fiber of <Px is finite. This, 
together with the equalities dim(Cx ) = dim(.cx ) = 2, implies that every general 
plane P E .cx is of the form P = <p( Cp ), with Cp a conic in 5. It follows that 
r p = Cp , i.e. the intersection of 5 with a general plane P of L through x, is a 
conic. This last fact clearly implies that 5 is a quadric surface in L. So, assuming 
that 5 is a surface, we have proved it is either a plane, or a quadric. 

On the other hand, by Lefschetz' theorem, Pic(X) = Z[Ox(l)]. Therefore 
there is a positive integer b such that Ox(5) ~ Ox(b). It follows that deg(5) is a 
multiple of deg(X) = 3, a contradiction. 0 

Remark 14.8. The above proof of Theorem 14.7 applies almost word by word to 
every Fano 3-fold of index 2 whose Picard group is Z, see [19], Theorem (3.2). 
According to Fano-Iskovskih classification [86], apart from smooth cubic hyper
surfaces in JP'4, these are: the smooth complete intersections of two hyperquadrics 
in ]p>5 and the intersection of the image of the Grassmann variety of lines in ]p>4 

(via the Plucker embedding) with three general hyperplanes of]P>9. 

The Hilbert scheme of a quasi-line 

Our next objective is to study the geometry of smooth projective complex varieties 
containing quasi-lines. Let Y be a quasi-line on a projective n-fold X, and let [Y] 
be a point of the Hilbert scheme Hilb(X) which corresponds to the curve Y. Since 
Hl (Y, Ny1x ) = Hl (]p>l, (n - 1 )O]p'l (1)) we conclude that [Y] is a smooth point of 
Hilb(X) (see [69], expose 221, or [113], or also [93], page 95). Therefore [Y] belongs 
to a unique irreducible component, H, of Hilb(X). 



182 Chapter 14. Quasi-lines on Projective Manifolds 

Consider the universal flat family in Hilb(X) x X 

F 
i 

-'ltxX 
P2 -X 

Pj 
id 

jp, 

'It -'It 

Denote q:= P2 oi: F ---t X. Note that for each t E 'It, Yi := q(p-I(t)) is the curve 
on X given by t and the restriction map 

is an isomorphism. 
For any given points x, x' E X, set 'ltx := p(q-I(X)) and 'ltx,x l := 'ltx n 'ltx" 

Then 'ltx (respectively 'ltx,x l ) is the closed subscheme of 'It consisting of those 
points t E 'It such that the curve Yi contains x (respectively x, x'). 

Lemma 14.9. Let X be a smooth projective complex variety of dimension n 2: 2. 
Let Yo := q(p-l(tO)) be a quasi-line in X, to E 'It. Then there exists an open 
neighbourhood U of to in 'It such that for each closed point t E U, the curve 
Yi := q(p-I(t)) is a quasi-line in X. 

Proof. Since the morphism p : F ---t 'It is flat and p-l(tO) ~ lID!, there exists an 
open neighbourhood U of to in 'It such that yt ~]p>1 for every t E U. By the base
change theorems (see e.g. [73], III, §9) the functions f(t) := dim HO(yt, N yt1x ) 
and g( t) := dim HI (yt, N ytlx ) are upper semi-continuous. Thus, shrinking U 
if necessary, g(t) = 0 for every t E U (because HI(yto,NYtolx) = 0). Hence 
f(t) = f(t) - g(t) = X(yt, Nytlx) is constant in U by base-change theorems again. 
Moreover, since ampleness is an open condition, shrinking U once again, we can 
assume that 

where ai = ai(t) are positive integers depending on t, Vi = 1, ... ,n - 1. Since 

n-I n-I 

dimHO(Yi,NYtlx) = 2)ai+ 1)=n-1+ Lai' 
i=1 i=1 

and 

n-I 
we conclude that L ai = n - 1 (because the function f is constant in U), or else, 

i=1 
ai = 1, for every i = 1, ... , n - 1 (because ai > 0, Vi = 1, ... , n - 1). 0 
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Fix now a quasi-line Y and two distinct points x, x' E Y. From general 
deformation theory (see e.g. [93], Theorem 1.7, page 95) we know that the tangent 
space to 1tx at [Y] is isomorphic to H°(Y, N ylX 0.Ix) and the tangent space to 
1tx,x' at [Y] is isomorphic to H°(Y, N ylX 0 .Ix,x')' where .Ix, .Ix,x' denote the 
ideal sheaves in Y of the subsets {x}, {x, x'} with reduced structures. Note that, 
since NYlx ~ (n - 1)0(1), one has 

NYlx 0.Ix ~ NYlx 00y(-x) ~ NYlx 001l'1(-1) ~ (n-l)Oll'l. 

Similarly we get 
NYIX 0 .Ix,x' ~ (n - 1)01l'1 (-1). 

We conclude that Hl(y, NYlx 0.Ix) = H1(Y,NYlx 0.Ix,x') = O. By loc.cit. we 
infer that 1tx and 1tx,x' are smooth at the point [Y]. Thus there exists a unique 
irreducible component, 1tx,[Y], of 1tx containing [Y]. From Lemma 14.9 we know 
that there exists an open subset, Ux C 1tx, such that for each t E Ux, q(p-l(t)) is 
a quasi-line containing x. Set 1t~ := 1tx,[Y] nUx and 1t~,x' := 1t~ n 1tx,x" 

The following result shows that there are only finitely many quasi-lines pass
ing through two distinct points, x, x', of a given quasi-line Y. In particular, [Y] 
will be an isolated point of 1t~ x" It will also follow that there are only finitely 
many quasi-lines passing through any two different points of X. 

Lemma 14.10. Let X be a smooth projective complex variety of dimension n ~ 2. 
Let Y be a quasi-line in X, and let x, x' E Y. With the notation and assumptions 
as above we have: 

(i) dim[y](1t~) = n -Ii 

(ii) dimlY] (1t~,x') = O. 

Proof. The tangent space to 1t~ at [Y] is isomorphic to H°(Y, NYlx 0.Ix) and 
the tangent space to 1t~,x' at [Y] is isomorphic to HO(y, NYlx 0 .Ix,x')' Moreover, 
1t~ and 1t~,x' are both smooth at [Y]. Thus we get 

dimlY] 1t~ = dim H°(Y, NYlx 0 .Ix) = dim H°(Y, (n - 1)01l'1) = n - 1, and 

dimlY] 1t~,x' = dim H O (Y, N ylX 0 .Ix,x') = dim HO (Y, (n - 1 )Oll'l ( -1)) = O. D 

The following result shows in particular that the family of quasi-lines in X 
fills up a dense open subset of X. 

Theorem 14.11 ([19]). Let X be a smooth projective complex variety of dimension 
n ~ 2. Let Y be a quasi-line in X, and let x be a fixed point of Y. With the 
notation and assumptions as above, we have: 

(i) There exists a non-empty open subset Ux of X such that for each point y E 

Ux, there exists a quasi-line passing through x and Yi 

(ii) The restriction map qx := qlp-l(1tx,[Yj) : p-l(1tx,[Yj) ~ X is surjective; 
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(iii) For every point y E X there exists a connected curve with rational (but 
possibly singular) irreducible components passing through x and y. 

Proof. (i) Since 1i~ is an irreducible open subset of 1ix ,[Yj and the fiber of p over 
an arbitrary closed point of 1i~ is isomorphic to Ip>! (and in particular, all the 
fibers of p-l(1i~) ----+ 1i~ are irreducible of dimension 1), we infer that p-l(1i~) is 
irreducible of dimension n (because by Lemma 14.10, dim 1i~ = n - 1). We claim 
that the morphism q~ := qlp-l(1i~) : p-l(1i~) ----+ X is dominant. Indeed, using 
the theorem of dimension of the fibers of a morphism between two irreducible 
schemes, it will be sufficient to show that there is a fiber of q~ with an isolated 
point. To this extent, pick an arbitrary point y E Y, y i- x. Since there is a 
one-to-one correspondence between (q~) -1 (y) and all the curves parametrized by 
1i~,y, and since [Y] E 1i~,y, Lemma 14.10, (ii) implies that [Y] corresponds to an 
isolated point of (q~) -1 (y). 

Now, by a theorem of Chevalley, there exists a non-empty open subset Ux in 
X such that Ux ~ q~(p-l(1i~)). This means that for every point y E Ux there is 
a quasi-line passing through x and y. This proves (i). 

Part (ii) follows from (i) because p-l(1ix ,[Yj) is a projective scheme contain
ing p-l(1i~) as an open subset. 

Part (iii) is a consequence of the following simple well-known lemma (applied 
to the proper flat morphism plp-l(1ix ,[Yj) : p-l(1ix ,[Yj) ----+ 1ix ,[Yj)' D 

Lemma 14.12. Let f: U ----+ V be a proper fiat morphism of projective algebraic 
schemes over C such that V is irreducible and the general fiber of f is isomorphic to 
]P'1. Then every fiber of f is a connected curve with rational (but possibly singular) 
irreducible components. 

Proof. Since the general fiber of f is ]P'1, it is geometrically irreducible. Then the 
flatness of f together with this imply that U is irreducible as well. Let x E V 
be a general point and y E V be an arbitrary point. Since V is irreducible, by a 
well-known elementary result we can find a closed irreducible curve C in V passing 
through x and y. (Hint: blow up V at x and at y to obtain the projective variety 
if and the morphism 7r : if ----+ V; then choose a projective embedding if C ]P'N; by 
Bertini one can find an irreducible hyperplane section W in if which necessarily 
meets 7r-1(x) and 7r- 1(y); taking W := 7r(W) one finds an irreducible hypersurface 
of V passing through x and through y; finally, use induction on dim(V).) Let 
g: G' ----+ V be composite of the inclusion G c V with the normalization morphism 
G' ----+ G, and set /': U' := G' Xv U. Then we may replace V by G', U by U' 
and f by f'. In other words, there is no loss of generality in assuming that V is 
a smooth curve. Then U is an irreducible surface. Replacing U by a resolution 
of singularities u : U1 ----+ U and f by f 0 u, we may assume U smooth as well 
(the morphism f 0 u remains flat since V is a non-singular curve). Then by the 
elementary theory of surfaces any fiber of a proper morphism f: U ----+ V, with V 
a smooth curve, U a smooth surface and the general fiber of f isomorphic to ]P'1, 

is a connected curve whose irreducible components are all smooth rational curves. 
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Indeed, in this case D := f-l(y) is an effective divisor on U. Since the function 
x ---+ h2(n- 1(x), 07r-l(x)) is constantly zero, the function x ---+ h1(n-1(x), 07r-l(x)) 
is constant by the base-change theorems (see e.g. [73]). Since for r1(x) ~ ]P'l 
for x E V general, we get Hl(D, OD) = O. Let E be any irreducible component 
of D. Then the surjection 0 D ---+ 0 E ---+ 0 yields a surjection Hl (D, 0 D) ---+ 

H1(E,OE) ---+ 0, whence E ~ ]P'l. To prove the connectedness of D, we use Zariski's 
connectedness theorem, see [66] III, Theoreme (4.3.1), or also [73], Corollary 11.3, 
page 279, according to which the morphism f factors as U ---+ V' ---+ V, where the 
first morphism has connected fibers and the second is finite (the Stein factorization 
of f). Since the general fiber of f is connected (~ ]P'l), the second morphism is 
birational, whence an isomorphism because V is a smooth curve. It follows that 
every fiber of f is connected. 0 

Remark 14.13. It is worth noting that, if X is a smooth projective surface, and 
if Y is a quasi-line in X, then through any of two distinct points x, y E Y there 
is no quasi-line in X passing through x and y, other than Y. To see this, first we 
have Y ~ ]P'l and y2 = 1. Then, by a standard elementary fact in the theory of 
surfaces (see e.g. [26] or [12]) the linear system WI is base point free and defines 
a birational morphism f: X ---+ ]P'2, such that 1* Oll'2 (1) ~ Ox (Y). Therefore Y is 
the pullback of a line, e, of]P'2. Since Y is irreducible we thus conclude that Y does 
not meet the locus of X where f is not biregular. Then Y ~ e and, since there is 
a unique line in ]P'2 passing through two distinct points, we are done. 

Theorem 14.14 ([19]). Let X be a smooth projective complex variety of dimension 
n ::::: 2. Then the following conditions are equivalent. 

(i) X contains a quasi-line Y. 

(ii) The locus of all quasi-lines passing through a general point of X is dense in 
X. 

(iii) There exists a non-empty open subset V of X x X such that for every point 
(x, y) E V, there is a quasi-line joining x and y. 

If furthermore n ::::: 3, the above conditions are also equivalent to any of the fol
lowing ones: 

(iv) There is a morphism f : ]P'l ---+ X such that 1* (Tx) ~ Oll'l (2) ffi (n -1 )Oll'l (1). 

(v) There is a morphism f : ]P'l ---+ X such that deg(J* (Tx)) = n + 1 and the 
locus of all deformations of f sending 0 E ]P'l to a given general point of X 
(see [93]) is dense in X. 

Proof. The equivalence (i){::::::}(ii) is a direct consequence of Theorem 14.11. Clear
ly (iii)===}(i). Assume therefore that (i) holds. Consider the open dense subset H' 
ofH which parametrizes the set of quasi-lines ofH, and define the incidence variety 

r:= {([C],x,x') E 'H' x X x X I x,x' E C}. 
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Denote by p : r --+ X x X the restriction to r of the projection onto X x X. 
By Lemma 14.10, (ii), there is a point (X, x') E X x X, with x i- x', such that 
p-l(x, x') is finite. Thus, by the theorem of dimension of the fibers, the morphism 
p is dominant. Then, as above, there is a non-empty open subset V of X x X such 
that V ~ p(r). This yields the required open subset of (iii), i.e. (i)===}(iii). 

Using the normal exact sequence of Y in X we easily get (i)===}(iv). Noting 
that the condition (iv) can be restated as deg(f* (Tx)) = n + 1 and f* (Tx) is 
ample, the equivalence (iv)~(v) follows from [106]' Lemma (2.6), page 101. 
Finally, (iv)===}(i) follows from [93], page 120, Theorem 3.14, (iii) (with B = 0), 
since n 2: 3. 0 

N ow we need the following: 

Definition 14.15 ([94]). Let X be a smooth projective variety over C of dimension 
n 2: 2. X is said to be rationally connected if one of the following equivalent 
conditions holds: 

i) Given arbitrary points Xl,.'" Xm E X there is an irreducible rational curve 
which passes through Xl, ... , X m . 

ii) Given two arbitrary points Xl, X2 E X there is an irreducible rational curve 
which passes through Xl and X2. 

iii) For sufficiently general (Xl, X2) E X x X there is an irreducible rational curve 
which passes through Xl and X2. 

iv) Given two arbitrary points Xl, X2 E X there is a connected curve which passes 
through Xl and X2 and whose irreducible components are all rational curves. 

v) There is a morphism f : ]P'l --+ X such that f*(Tx) is ample. 

For the proof of the fact that these conditions are equivalent we refer the reader 
to [94]. Moreover, by [93], Theorem 3.14, page 120, if n 2: 3 the condition v) above 
is also equivalent to the following one: 

vi) There is a smooth rational curve Y in X such that N ylX is ample. 

Remarks 14.16. i) The property iii) in Definition 14.15 is obviously a birationally 
invariant property. Therefore the concept of rationally connectedness is birational
ly invariant. 

ii) A smooth projective surface X is rationally connected if and only if X is 
rational. Indeed, by i) we may assume that X is minimal. Then the property v) 
of Definition 14.15 implies that the curve C := f (]P'l) satisfies (C . K) < 0 and 
(C2 ) > 0, where K is the canonical class of X. By the classification of surfaces (see 
e.g. [12], Proposition 13.1, page 195), Pl2 = 0, whence by Enriques' criterion (see 
[12], Theorem 13.2, page 195), X is ruled. If X were irregular, then the Albanese 
morphism P : X --+ B would yield a fibration onto a smooth projective curve B of 
genus q = dim HI (X, Ox) > O. But this is impossible because otherwise the ra
tional curve C would dominate the curve B of positive genus (because (C2 ) > 0). 
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Thus X is a surface with P12 = q = 0, whence X is rational by Castelnuovo's 
criterion ofrationality (see [12], Theorem 13.3, page 195). Conversely, if X is a ra
tional surface, then X is birationally equivalent to ]P'2 which is obviously rationally 
connected. 

iii) Any unirational manifold is rationally connected. Moreover, any Fano 
manifold is rationally connected (see [34], [94]). One of the important properties 
of rationally connected manifolds is that they are simply connected; moreover, 
if X is a rationally connected manifold then HO(X, 0mrl~) = ° for all m > 
0, and Hi(X,Ox) = ° for all i > ° (see [94], Proposition (2.5)). The rational 
connectedness is expected to be the "correct analogue of rationality" in dimension 
n ~ 3. 

Definition 14.15 and the above remarks motivate the following: 

Definition 14.17 ([19]). Let X be a smooth projective complex variety (or a pro
jective manifold) of dimension ~ 2. We say that X is quasi-linearly connected if 
X contains a quasi-line. Theorem 14.14 gives various characterizations of such 
manifolds. 

Remarks 14.18. i) If X is a smooth projective surface, by Corollary 14.4 X is 
quasi-linearly connected if and only if X birationally dominates ]P'2. For instance, 
the quadric surface lFo = ]P'1 X ]P'1 does not contain any quasi-line, i.e. is not quasi
linearly connected. However, if we blow up any point of lFo we get a surface which 
birationally dominates ]P'2 (and hence is quasi-linearly connected). In particular, 
the quasi-linearly connectedness is not birationally invariant. We also observe that 
any rational surface X is birationally dominated by a quasi-linearly connected 
surface X'. Indeed, let i.p : X ---t ]P'2 be a birational map. By [138], Theorem 3, 
page 254, there exists a birational morphism f : X' ----+ X, with X' a smooth 
projective surface, such that r.p 0 f : X' ----+ ]P'2 is a (birational) morphism. Then, by 
what we have said above, X' is quasi-linearly connected. 

ii) Let X be a smooth projective variety. If X is quasi-linearly connected then 
X is clearly rationally connected in the sense of Definition 14.15. Theorem 14.14 
may be considered, in the case of quasi-lines, a strengthened form of Theorem 
(2.1) in [94]. 

iii) It is well known that any smooth projective deformation of a rationally 
connected manifold is again rationally connected (see [106], page 107, Proposition 
(2.13)). This statement is no longer true for quasi-linear connectedness. For exam
ple the Hirzebruch surface IF 1 (the projective plane blows up at a point), which is 
obviously quasi-linearly connected, can degenerate into a IIirzebruch surface lF2e+1 

with e ~ 1, which is not quasi-linearly connected. However the following holds: 

Proposition 14.19 ([19]). Any small (smooth) projective deformation of a quasi
linearly connected manifold X is again quasi-linearly connected. 

Proof. Let f : X ----+ T be a smooth projective morphism such that there is a 
point to E T with the property that f- 1 (to) ~ X. By taking an appropriate base 
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change we may assume that T is a smooth curve. Let Y be a quasi-line in X. We 
may view Y as a curve in X. The proof of the openness of the deformations of 
rationally connected manifolds works in our situation as well (see the first part of 
the proof of Proposition (2.13) of [106], page 107). In fact in our case it becomes 
even simpler, working with the Hilbert scheme (instead of the Hom-scheme). In 
fact, the canonical exact sequence 

0----+ NylX ----+ NylX ----+ NxlxlY ~ Oy ----+ 0 

splits to get NylX ~ NylX EB Oy. Therefore 

Hence there exists a one parameter family of curves {Ys}sED (parametrized by 
the unit disk D) such that Yo = Y and Ys ~ Xto = X for s i= O. Since Yo is 
contained in the fiber j-l(tO), Ys is contained in some fiber X t , = j-l(ts), "Is, 
and the morphism s ----+ ts is unramified near o. Furthermore, ampleness of the 
normal bundle is an open condition on s. Therefore NY,lx,s is also ample for s 
near O. But since NYIX ~ (n -1)OIl>1 (1), as in the proof of Lemma 14.9 we deduce 
that NY,lx,s ~ (n - I)OIPl (1) for s near O. Thus, since T is a smooth curve, there 
is an open neighbourhood of to in T over which Xt contains a quasi-line, i.e. Xt 

is quasi-linearly connected. 0 

We remarked above already that the property of containing a quasi-line is 
not birationally invariant. However, we have the following result: 

Proposition 14.20. Let c.p: X ----+ X' be a birational morphism between smooth pro
jective complex varieties oj dimension n ~ 2. Assume that X' contains a quasi-line. 
Then X also contains a quasi-line. 

Proof. Let E be the locus where c.p is not biregular. Then the image c.p(E) is a 
closed subset of X, of dimension::; n - 2. Fix a general point x on X'. Then there 
is a quasi-line through x which does not meet c.p(E). Indeed, by Lemma 14.10, 
(ii), there is only a finite number of quasi-lines through x and some point y of 
c.p(E). Thus the locus of quasi-lines through x which meet c.p(E) is of dimension 
::; dim(c.p(E)) + 1 ::; n - 1. But from Theorem 14.11 we know that the quasi-lines 
through x fill up a dense open subset of X'. Thus we conclude that there exists 
a quasi-line, C, on X' such that C n c.p(E) = 0. Therefore Y := c.p-l(C) is a 
quasi-line on X. 0 

Remark 14.21. Let us point out that the converse does not hold in Proposition 
14.20: if c.p: X ----+ X' is as in Proposition 14.20 and X contains a quasi-line, it does 
not follow in general that X' does. For example, take X' = IF 0 = ]pl X ]pl, and as 
c.p: X ----+ X' the blow up morphism of X' at some of its points. Clearly, X' does 
not contain any quasi-line. On the other hand, X contains quasi-lines because X 
dominates the surface IF 1 (and hence X dominates ]p2). 
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From now on X will denote a complex smooth projective complex variety of 
dimension n ~ 2. 

Definition 14.22 ([19]). We say that X is strongly rational if there exist non-empty 
open sets U ~ X, V ~ lpm such that U is isomorphic to V and codimIl'n (]p>n \ V) ~ 2. 

Remarks 14.23. i) Any (smooth) hyperquadric of dimension n ~ 2 is certainly 
rational, but it is not strongly rational. Indeed, any strongly rational manifold 
contains a quasi-line. But we noticed above that the hyperquadrics do not contain 
quasi-lines. 

ii) If there is a birational morphism 7jJ: X --t ]p>n, X is strongly rational. 
Indeed, if E is the locus of X where 7jJ is not biregular, then codimIl'n(7jJ(E)) ~ 2, 
whence X contains an open subset isomorphic to ]p>n \ 7jJ(E). It is easy to see that 
any strongly rational surface is of this type, i.e. it dominates ]p>2. This no longer 
holds if n ~ 3 as we shall see later. 

Now, if X' is any (smooth) rational variety and f3: X' ---t ]p>n is a fixed 
birational map, it follows from Hironaka's results [80] that we can find a composite 
of blow ups with smooth centers, 'P: X --t X', and a birational morphism 7jJ: X --t 

]p>n such that 7jJ = f3 0 'P. Thus we see that any rational variety is dominated by a 
strongly rational one. 

We need the following general elementary fact. 

Lemma 14.24. Let Y be a quasi-line on X. Then there exist only finitely many 
prime divisors H on X such that (H· Y) = o. 
Proof. Let H be a prime divisor on X such that (H· Y) = O. Then we claim that 
H n Y = 0. Indeed, if x E H n Y is a point, by Theorem 14.11, (i), there exists 
a quasi-line Y' passing through x, not contained in H, and which is numerically 
equivalent to Y. In particular, (H. Y) = 0 implies (H. Y') = O. Since Y' is not 
contained in H, this last equality implies H n Y' = 0, contradicting the fact that 
x E H n Y'. This shows that H does not meet the locus of quasi-lines which are in 
the same family with Y, and hence H is contained in a proper closed subset of X. 
In particular, there are only finitely many prime divisors of X that are orthogonal 
to Y. D 

We can now prove the following result. 

Theorem 14.25 ([19]). Let X be a smooth projective complex variety of dimension 
n ~ 2. The following conditions are equivalent. 

(i) X is strongly rational; 

(ii) X contains a quasi-line Y such that the pair (X, Y) is Zariski equivalent to 
(]p>n, line); 

(iii) X contains a quasi-line Y and there exists a divisor D on X such that (D· 
Y) = 1 and dim IDI ~ n. 
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Proof. The implications (i)¢:::::}(ii) and (ii)=>(iii) are easy consequences of the 
definitions. To show that (iii)=>(i) we shall proceed by induction on n. Let us 
first prove this in the case n = 2. Consider the exact sequence 

0--+ Ox(D - Y) --+ Ox(D) --+ Oy(D) ~ Oll>1(1) --+ o. 
Assume dimHO(X, Ox(D)) ~ 4. Then dim ID - YI ~ 1, so that the divisor D
Y moves. Since ((D - Y) . Y) = 0, this contradicts Lemma 14.24. Therefore 
dimHO(X, Ox(D)) = dimHO(X, Ox(Y)) = 3 and dim ID - YI = O. This implies 
that E := D - Y is an effective divisor which must be the fixed part of IDI. Thus 
the rational maps associated to IDI and IYI coincide. But, as is well known, the 
linear system IYI has no base points and yields a birational morphism X --+ ]p2 

such that Y is the pull-back of a line (see e.g. [12]). 
Assume now n ~ 3. Write D = E+M, where E and M are the fixed and the 

moving part ofthe linear system D respectively. Since Y moves, we have (E-Y) ~ 0 
and (M· Y) ~ O. Therefore, by Lemma 14.24, the assumption (D· Y) = 1 yields 
(E· Y) = 0 and (M· Y) = 1. Since dim IMI = dim IDI ~ n we conclude that the 
divisor M satisfies the same assumptions as the divisor D. Thus we may assume 
that the linear system D is free from fixed components. Then from Hironaka's 
desingularization theory [80], we infer that there exists a morphism a: X' --+ X, 
which is a composite of blow ups along smooth centers, such that a*(IDj) = 
E' + ID'I, with ID'I a base point free linear system on X', E' ~ 0 the fixed part 
of IE' + D'I, and dim(a(E')) ::::; n - 2. In particular, (a- 1(y) . D') = (Y . D) = l. 
Therefore by the previous argument ID'I is not composed with a pencil. Since ID'I 
is base point free and not composed with a pencil, by Bertini a general member, 
1::1', of ID'I is smooth and connected. Fix such a 1::1' and set 1::1 := a(I::1'). 

Now take two general points x, y E X'. Since dim IDI ~ n ~ 2 we may assume 
that x, y E 1:1'. From Theorem 14.14, (iii) it follows that there exists a quasi-line Y 
on X passing through a(x), a(y). If Z denotes the locus of points where a- 1 is not 
defined, we have codimx(Z) ~ 2. The proof of Proposition 14.20 then shows that 
we may further assume that Y does not meet Z. So Y' := a-1(y) is a quasi-line 
on X' passing through x and y. Therefore {x,y} c 1:1' n Y' and the assumption 
that (1:1 . Y) = 1 implies (1:1' . Y') = 1. Since {x, y} c 1:1' n Y' this last equality 
forces Y' c 1:1'. 

Then we claim that Y' is a quasi-line on 1:1'. To see this, consider the exact 
sequence 

o --+ NY'I~' --+ NY'lx' ~ (n -1)Oll>1(1) --+ N~'lx'IY' ~ Orl(1) --+ O. 

By tensoring with Or1 ( -1) and dualizing we get the exact sequence 

0--+ Or1 --+ (n - 1)Orl --+ N;"'I~,(1) --+ 0 

on ]pl. From this we see that N;"'I~' (1) is globally generated and of degree zero. 
Hence it is trivial. This is equivalent to NY'I~' ~ (n - 2)Orl (1), i.e. Y' is a quasi
line on 1:1'. 
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Now consider the exact sequence 

(14.9) 

Since dim 16'12: n, we get hO(6', 06,./(6')) 2: n. Now apply induction on 6'. 
Then the rational map given by HO(6', 06,./(6')) maps a neighbourhood of 

a fixed quasi-line, Y' c 6', isomorphically to some open subset of lP'n-l, such that 
Y' corresponds to a line. Since H1(X', OXI) = 0 (see the remark following the 
proof of Theorem 14.14) we see from the cohomology sequence associated to the 
exact sequence (14.9) that the rational map given by HO(X',Ox/(6')) maps a 
neighbourhood of Y' c X' isomorphically to some open subset of lP'n, such that 
Y' corresponds to a line. We obtain the same conclusion for the pair (X, Y) via 
the birational morphism (T. This completes the proof of our theorem. 0 

Before passing to applications we need the following simple lemma: 

Lemma 14.26. Let X be a smooth projective complex variety of dimension n 2: 1, 
and let D be a divisor on X such that the linear system IDI has no fixed components 
and yields a birational map '{J: X - -+ lP'n which is an isomorphism between an open 
subset U of X and an open subset V of lP'n whose complement is of codimension 
2: 2 in lP'n. Then for every m 2: 0, '{J induces isomorphisms HO (X, Ox (mD)) ~ 
HO(lP'n,Oll"n(m)). In particular, if ImDI is base point free for some m > 0, then 
IDI is also base point free. 

Proof. Let U' be the open subset of X on which '{J is defined. Since IDI has no 
fixed components, codimx(X \ U') 2: 2, the restriction map HO(X, Ox(mD)) ----+ 

H°(U',Ox(mD)IU') is an isomorphism. By hypothesis codimll"n(lP'n \ V) 2: 2, 
whence the restriction map 'IjJ: HO (lP'n, Oll"n (m)) ----+ HO (V, Oll"n (m) IV) is also an 
isomorphism. Now the lemma follows easily from the commutative diagram 

HO (lP'n , Oll"n(m)) ~ H°(U',Ox(mD)IU') 

~I In 
~ 

HO(V,Oll"n(m)lV) -=-. HO(U,Ox(mD)IU) 

in which the second vertical (restriction) map is injective and the bottom horizon
tal map is an isomorphism. 

For the last assertion, observe that '{J is a morphism, being the composite of 
the inverse of the isomorphism Vm : lP'n ----+ Vm(lP'n) given by the m-th Veronese 
embedding of lP'n, and the morphism associated to ImDI. 0 

A first consequence of Theorem 14.25 is the following "birational version" of 
Kobayashi-Ochiai's result (see e.g. [29], (3.1.6)): 
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Corollary 14.27 ([19]). Assume that X contains a quasi-line Y. Let H be a nef 
and big divisor on X such that (H· Y) = 1. Let n := dimX. Then we have: 

(i) The pair (X, Y) is Zariski equivalent to (lPn, line); 

(ii) Assume moreover that there is no effective divisor orthogonal to Y. Then 
(X, Y) ~ (lPn, line). 

Proof. (i) Let d:= (Hn) > O. Consider the Hilbert polynomial pet) := x(Ox(tH)) 
(of degree n). By duality and the Kawamata-Viehweg vanishing theorem we have 
(for i = 1, ... , n) 

p( -i) = X(Ox( -iH)) = (-l)nX(Ox(Kx + iH)) = (-lthO(Ox(Kx + iH)). 

Since (Kx·Y) = -n-1, we get ((Kx+iH)·Y) < 0, and hence hO(Ox(Kx+iH)) = 
0, for i = 1, ... ,n. Therefore 

d 
p( t) = I" (t + 1) ... (t + n). 

n. 

On the other hand, 

p( -en + 2)) = (-l)nd(n + 1) = (-l)nhO(Ox(Kx + (n + 2)H)). 

Thus hO(Ox(Kx + (n+2)H)) = d(n+ 1) 2: n+ 1, so that there exists an effective 
divisor D E IKx + (n + 2)HI such that dim IDI 2: n. Note that (D· Y) = 1. Then 
Theorem 14.25 applies to give the result. 

(ii) With the same notation, arguing as in the proof of part (i), we have 

p( -en + 1)) = (-ltd = (-l)nhO(Ox(Kx + (n + l)H)) =I- O. 

Thus Kx + (n + l)H is an effective divisor. Since (Kx + (n + l)H) . Y = 0 we 
conclude that Kx + (n + l)H is trivial and hence H is linearly equivalent to 
D := Kx + (n + 2)H. Since H is nef and big, we can apply the Kawamata-Reid
Shokurov base point free theorem (see e.g. [29], (1.5.1)) to deduce that ImDI is 
base point free for some m 2: 1. From Lemma 14.26 it follows that IDI is base 
point free. SO IDI defines a birational morphism to IPn which is an isomorphism 
by Zariski's Main Theorem and our hypothesis. 0 

As a further application of Theorem 14.25, we give an example of strongly 
rational manifolds in any dimension n 2: 3 which does not dominate birationally 
IPn. 

Example 14.2. ([19]). Let n 2: 3 and let (J: Z --+ IPn-l be the blow up a point. 
Denote by E' the exceptional locus of (J and by H' the pullback of a hyperplane 
in IPn- 1 . Moreover, let L':= H' - E'. Denote by X the projective bundle IP(Oz Ell 
Oz(L')) and let 11": X --+ Z be the canonical projection. Denote by S the section 
of 11" given by the natural surjection Oz Ell Oz(L') --+ Oz(L'). Set E := 11"* E', 
H:= 1I"*H' and L:= 1I"*L'. 
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We first claim that there is no birational morphism from X to Ipm. To prove 
the claim it is enough to see that for any nef divisor, say A, on X, we have Ani- l. 
To this end we shall compute intersection numbers with respect to the basis of 
Pic(X) given by the classes of L, Hand S. Note that the normal bundle of S in X 
is identified via IT to Oz(L'). We get the following: (Li . Hn-i) = (Li . sn-i) = ° 
for any ° ~ i ~ n, and (Si . Lj . Hn-i-j) = 1 if i + j ~ n - 1 and 1 ~ i ~ n - 1, ° ~ j ~ n - 2. Now write A = aL + bH + cS, where a, b, c are integers. Assuming A 
nef and noting that Hand L are also nef, we get (A· sn-I) = b 2: 0, (A· Hn-I) = 
c 2: 0. Assume moreover that An = 1. Computing An by the preceeding formulae 
we first see that An is divisible by band c, so we get b = c = 1; thus, the expression 
for An becomes: 

Next we get (A2 . Hn-2) = 3 + 2a 2: 0, giving a 2: -1 since a is an integer. Now 
the above equality gives An > 1 if a 2: 0, while for a = -1 we get An = 2 if n 
is even and An = ° if n is odd. In conclusion, we proved that Ani- 1 if A is nef, 
which shows that there is no birational morphism from X to ]p>n. 

Secondly, consider the linear system IDI, where D:= S+E. As is easily seen, 
HI(X, Ox(E)) = 0, HO(X, Ox(E)) ~ C and HO(X, Ox(D)) ~ Cn +l . Let YeS 
be the curve corresponding via IT to the pullback of a general line in ]p>n-I via a. 
Clearly Y is a quasi-line on S; as we also have (Y . S) = (Y . L) = 1, from the 
normal bundles sequence it follows that Y is in fact a quasi-line of X. Moreover we 
have (D. Y) = 1 and dim IDI = n. So, Theorem 14.25 implies that X is strongly 
~~. 0 

We close this chapter by mentioning the following result of Ionescu and Naie 
[84] which explains the role of the quasi-lines in the framework of rationally con
nected varieties: 

Theorem 14.28 ([84]). Let X be an arbitrary rationally connected smooth projective 
variety X of dimension n 2: 2. Then there exists a birational morphism f : X' ----t 

X, which is a composite of blow ups of smooth 2-codimensional centers, such that 
X' is quasi-linearly connected. 

Idea of proof. Note that the case n = 2 was already settled in Remark 14.18, i). So 
we may assume n 2: 3. Then by the condition vi) of Definition 14.15 there exists 
a curve Y ~ ]p>1 in X such that NylX is ample. Therefore, by Grothendieck's 
theorem (see [70]) we have 

If al = 1 then Y is a quasi-line and we have nothing to prove. Assuming al 2: 
2, then the proof of the theorem follows by repeatedly applying the following 
elementary (but crucial) lemma: 
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Lemma 14.29 ([84], Lemma 2.2). Let X be a smooth projective variety of dimension 
n 2: 2 and let Y ~]P'l be a smooth rational curve on X such that the normal bundle 
N ylX satisfies (14.1O). Let Z be any 2-codimensional smooth closed subvariety of 
X such that Z intersects Y transversely in just one point (given any point y E Y 
by Bertini there always exists such a Z intersecting Y only in y, tranversely). Let 
a : X' ~ X be the blow up morphism of X of center Z, and let Y' be the proper 
transform of Y via a. Then 

Remark 14.30. In case n = 2 Lemma 14.29 follows from [138], Corollary 3, page 
253. If n 2: 3 the idea is to use generalized elementary transformations, see [84] 
for details. 
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